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PREFACE. 



The compiler of this work has had two objects constantly in view ; 
first, to make the student thoroughly and familiarly acquainted with 
the leading principles of Natural Philosophy ; and secondly, to fur- 
nish htm with as much useful information as possible^ within so lim« 
ited a compass. The foundation of all accurate attainments in Natural 
Pbtloeophy and Astronomy being laid in the science of Mechanics, 
a large proportion of the work is devoted to this subject. The 
Mathematical Elements of Mechanics are moreover first considered, 
separately, that the student may have nothing to divert his mind from 
the contemplation of these universal and fundamental truths. Still 
fiirther to render the knowledge of these truths familiar, as well as 
to supply a roost useful intellectual exercise to the student, a great 
variety of Problems are annexed to each chapter, the utility of which 
must be obvious to every experienced instructor. Indeed, Problems 
hold so important a place in the estimation of the writer, that he has 
introduced them into various parts of the woric, wherever the subject 
appeared to be susceptible of deriving aid from them. Problems put 
the student upon his own resources ; they compel him to think for 
himself; they lead him to a just understanding of the principles dem- 
onstrated ; and they teach him how to reduce his knowledge to prac- 
tice. These truths are so obvious, that it is difficult to account for 
the singular fact, that treatises on Natural Philosophy have, in gen- 
eral, contained few or no problems, although they occupy so large 
a space in most of the branches of the pure mathematics. 

The first (Art of the following treatise on Mechanics, comprising 
the " Mathematical Elements," is taken chiefly from Bridgets Me^ 
ehanics. This work was peculiarly adapted to our purpose, partly 
because it is written in a style well suited to the average capacities 
and attainments of college classes, and partly because it is enriched 
with a finer collection of problems than any similar work with which 
we are acquainted. We have aimed to select such parts as promised 
the most practical utility ; and in order to adapt the treatise to the 
purposes of recitalion, the propositions are more distinctly enunciated 
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than in the original work, and various alterations, and occasional 
additions, are introduced, and explanations added by note or other- 
wise, with the view of suiting it better to the course of instruction 
adopted in Yale College. 

In Part II, the Practical Applications of the Principles of Me- 
chanics to the Arts and to the Phenomena of Nature^ are pursued 
as far as our limits would permit, and farther perhaps than some in- 
structors will deem necessary ; for We are aware that some maiotain 
the expediency of occupying the attention of the student almost 
exclusively with general principles^ and leaving him to make the 
application for himself. According to our experience, however, the 
student who is furnished with the knowledge of abstract principles 
merely, seldom acquires the necessary readiness in reducing tbeia 
to practice. It has appeared to us no less necessary to initiate the 
learner in the habit of philosophizing, than in the doctrines of phi- 
losophy. In this manner, he will, indeed, acquire the knowledge 
of .fewer principles ; but he will know much better how to use his 
acqgisitions. 

We cannot, however, agree with those instructors who have yielded 
to the spirit of the age, (which is still hunting after a " royal road" 
to knowledge,) so far as to forsake demonstration altogether, and 
substitute for the mathematical elements of Natural Philosophy, 
text books in which the principles of the science rest on no better 
basis than mere popular illustration. Works of this kind may, indeed, 
furnish us with very useful materials for exhibiting the applications 
of these principles. The most successful writer of this class is 
Dr. Lardner, whose treatise on Mechanics, in particular, is an ele- 
gant specimen of a popular work on science. We have accordingly 
made frequent use of that work in the practical part of Mechanics. 
In the chapter on Machinery, we have also several timef had recourse 
to the excellent popular treatise of Dr. Bigelow^ on the " Elements 
of Technology.'' Dr. Amott^ in his " Elements of Physics," has 
affi>rded many felicitous illustrations of philosophical truths. These 
we have occasionally adopted ; but the entire work is too diiflTdse, 
and too barren of principles, to be recommended to the student of 
philosophy. The philosophical treatises in the Library of Useful 
Knowledge, have a higher degree of merit; although some of them 
are too superficial for the scholar, and others too recondite for the 
general reader. 
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The subsequent parts of tbe work are compiled from various 
authors. In the belief that the truths most important to be inserted 
in a text book on Natural Philosophy, are, in general, such as have 
long been known, no effort has been made to conform the style, 
either of the propositions or tbe demonstrations, to a modem dress ; 
but authors, old and new, English and French, have been consulted 
and used indiscriminately. Aiming solely at preparing such an ele- 
mentary work, as would be most useful to the academic student, we 
have not aspired to the praise of originality, nor felt at liberty to 
consult for the pride of authorship. 

Since the publication of the 6rst edition of this work, the com- 
piler has been favored with the opinions of a number of bis brethren 
of sister Colleges, who have used it as a Text Book. A few would 
prefer to have a more strictly mathematical complexion preserved 
throughout, in the place of those parts which are written in a more 
'popular style, since the method of expressing philosophical truths by 
mathematical formulae, is more concise and comprehensive, and bet** 
ter suited to mental discipline, and the cultivation of a mathematical 
taste. A greater number, however, of those who have been so good 
as to communicate their views to the writer, have approved of the 
method adopted, — namely, to establish the general principles of tbe 
science by rigorous mathematical demonstration, or by precise exper- 
iments, but to rehearse the applieaiions of those principles to the 
arts, and to tbe phenomena of nature, in a style divested, as far as 
possible, of technical phraseology. They believe that such a method 
renders the study of Natural Philosophy peculiarly attractive to the 
young learner, and conducive to tbe formation of habits of philosophi- 
cal observation, while they rely more on other parts of the scientific 
course, particularly on the pure mathematics, to fulfil the purposes 
of mental discipline, and to inspire a mathematical taste. We have 
desired to accomplish as far as possible, these several objects of a 
philosophical education, — to improve the faculties of the mind itself, 
to imbue it with a love of rigorous demonstration, and to commence 
tbe formatbn of habits of philosophical observation, which shall be 
carried forward, beyond the pale of academic study, to be confirmed 
and strengthened throughout the period of after life. The variety 
of subjects comprehended under Natural Philosophy, some admit- 
ting of strict geometrical and analytical reasoning, and others con- 



Tl PRCFACE. 

ducted wholly by experimental research, is well adapted to the at« 
taiocnent of these important objects ; and it is the prerogative of 
this science, at once to enlarge the mind by the roost profound in* 
quiriesy and to conduct it through the most delightfiil and varied 
fields of experiment and observation. 

In a work necessarily so limited as this, (when compared with the 
vast extent of the subject,) many topics must be treated with ex^ 
treme conciseness, and many others, essential to a complete philo- 
sophical education, must be omitted altogether. While we aim to 
furnish the student with a knowledge of the great lawi of natwr-B^ 
and to exemplify and illustrate them by numerous applications, we 
can claim nothing more than an " Introduction to Natural Philoso* 
pby," suited to beginners ; while we take the liberty of recommends 
ing to the more advanced student, the Treatise of Professor Renwick 
on Mechanics, — a work containing a full exhibition of the principles 
of the science, and enriched with a great amount of practical iofor*" 
mation. 

It is recommended to the student to make a free use of the AnnU 
ytU prefixed to each volume, especially in reviewing. Let him 
submit each of the particulars indicated in ihis outline, to deliberate 
and repeated reflection, and he will not only fully possess himself of 
the contents of the work, but will lay up in the mind a system' of 
beads, or ^* common places," under which he can conveniently and 
usefully arrange all his future acquisitions on similar subjects. 

The course of instruction in Natural Philosophy pursued in Yale 
College, to which this treatise is adapted, proceeds as follows. 

The mathematical part of mechanics is first recited, in the same 
manner as a branch of the pure mathematics. With the praetieal 
part commences a series of familiar Lectures,* designed to amplify 
the text, and to illustrate it by numerous experiments. These are 
continued during the perusal of the remainder of the work. 

To the same class is afterwards delivered a course of wriitem 
Lectures, which are chiefly devoted to the discussion of the great 
principles of Philosophy and Astronomy, and especially to such 

• ShoQld any teacher who may use tbis work, tbiDk it better to cooneet tbe Lee* 
tares and Practical Applications immediately with the theoretical part, it will be 
easy to do so, by giving occasional lessons in Part II, while the student i:i reading 
Part I. 
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subjects as require a fuller attention than they can receive in the 
elementary course. 

In the present edition, great pains has been taken to insure ac- 
curacy. The whole work has been thoroughly revisedi and some 
parts re-written. To many of the problems, new conditions are an- 
nexed. This became necessary, by the publication of '^ solutions" 
of the problems contained in the previous editions. It is also desi- 
rable, in a public Institution, that each class, in solving problems, 
should be entirely independent of the labors of preceding classes. 
For the chapter on Projectiles, in the previous editions, we have sub- 
stituted a new article, in which the analytical method is exemplified. 
To such a subject this method is peculiarly adapted ; although we 
do not think it so well suited to promote the great objects of a lib- 
eral education, as that adopted in the treatise which forms the basis 
of the first part of this work. 

Yale College, Mareh, 1838. 
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PART I.—MATHEMAflCAL ELEMENTS OF MECHANICS. 

(OK TSB BAflM 09 BAIXMB's KBCHAMICS.) 



PRELIUINART DEFINITIONS. 

m 

Art. I. Ifatural Philosophy is the science which treats of the 
Laws of the Material world.* 

The term lata, as here used, signi6es the mode in which the pow' 
trs of nature act. Laws are genera/ /ni^Aj; comprehending a great 
number of subordinate truths. 

Natural or Mechanical Philosophy is divided into Mechanics, Hy- 
drostatics, Pneumatics, Electricity, Magnetism, and Optics. 

Mechanics is that branch of Natural Philosophy, which treats 
of the Equilibrium and Motion of bodies. As the changes which 
occur between masses of matter, involve the idea of motion, hence, 
the causes which produce motion, or which prevent it, and the man- 
ner in which it takes place, (its laws^) constitute the great object of 
inquiry in mechanical philosophy. 

Body is any collection of matter existing in a separate form. 

Force is any cause which moves or tends to move a body, or which 
changes or tends to change its motion. Every force produces actual 
motion if it is not counteracted by contrary forces ; but if it remains 
counteracted, the motion which it tends to produce is called Virtual. 

That part of Mechanics which relates to the action of forces pro- 
ducing equilibrium or rest, in bodies, is called Statics ; that which 
relates to the action of forces producing motion, is called Dynamics.^ 

•This is the primilive signification of the term Natural Philosophy; but the 
vast extension given to inqairies into the laws of nature, rendered a division of 
tfaem necessary. Hence, those laws of nature which relate to masses of matter 
were retained by Natural Philosophy, (which has been farther divided into Me- 
chanical Philosophy and Astronomy,) while those which relate to particles of 
matter, and to the changes of constitution produced by their action on each oth- 
er, were assigned to Chemistry. 

t Tn the following treatisci it is found conveniest to disregard this dtstinction. 

Vol. 1.— N. P. 1 



« MECHANICS. 

The science of Mechanics comprehends those laws of equi- 
librium and motion only, which are common to all bodies in the uni- 
verse, and to bodies in every form, whether solid, fluid or aeriform ; 
but the laws of equilibrium and motion undergo certain additional 
modi&cations in consequence of the peculiar properties o( fluids. 
Hence, that branch of Mechanics which treats of the peculiar me- 
chanical properties of fluids in the form of water, is called Hydro- 
statics ; and that which treats of the peculiar mechanical properties 
of fluids in the form of air, is called Pneumatics. 

2. The two essential properties of matter, both of which are in- 
separable from it, are extension and impenetrability. Extension, in 
the three dimensions of length, breadth, and thickness, belongs to 
matter under all circumstances; and impenetrability, or the property 
of excluding all other matter from the space which it occupies j ap- 
pertains alike to the largest body and to the smallest particle. 

The word particle is much used in writings on physical subjects. 
In Natural Philosophy we mean by particles, the smallest parts into 
which a body may be supposed to be divided by mechanical means, 
without any reference to the different elements of which such parti- 
cles may be composed. Inquiries of this nature belong to Chemistry. 

The quantity of matter which a body contains, is called its Mass ; 
the space it occupies, its Volume; its relative quantity of matter un- 
der a given volume, its Density, All bodies have empty spaces 
denominated poret. In solids, we may often see the pores with the 
naked eye, and almost always by the microscope ; in fluids, their ex- 
istence can be proved by experiment. The ratio of the space oc- 
cupied by the pores of a body to that occupied by the solid matter, 
is not known ; but there are reasons for believing that, even in the 
densest bodies, the amount of solid matter is small compared with 
the empty spaces.* Hence it is inferred that the particles of mat- 
ter touch each other only in a few points.f 

Although extension and impenetrability are said to be the essen- 
tial properties of matter, because they are inseparable from its ve- 
ry existence, yet there are also several other properties which are 
known by experience to belong to all matter, as gravity y inertia^ 

* See NewtoD*s Optics, Lib. IL iii. Pr. 8. t Plajfair. 
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tnd divisUnliiy; and others still which belong not to matter univer- 
sally, but only to certain classes of bodies, as elasticity ^ or the pow- 
er a body has of recovering itself when compressed ; malleability^ 
or the power of being extended into leaves or plates ; and ductility , 
or the power of being extended in length, as when drawn into wire. 
In Oeonutry^ we conceive 6gures to possess extension only with- 
out solidity ; or to occupy space without excluding other figures 
from it ; but in Mechanics^ we take objects such as they occur in 
nature, viz. not only extended, but impenetrable.* 



CHAPTER I. 



OP MOTION AND THE LAWS OP MOTION. 

3. Attriction is the tendency which one portion of matter has 
towards another, and exists both between particlee and between 
moises of matter. Aggregation is the union of particles of the 
same kind in one body ; as of the particles of lead in a musket ball. 
Affinity is the union of particles of different Jcinds in one body ; 
as of particles of copper and of zinc in brass. Cohesion is the union 
of compound particles in one body ; thus, a particle of copper and 
a particle of zinc are united to form a particle of brass by affinity, 
and the particles of brass are united by cohesion. In mechanical phi- 
losophy, however, the term cohesion is usually employed to denote 
the union'ltif particles of all sorts whether simple or compound, leav^ 
ing to Chemistry all inquiries respecting the composition of bodies. 

Gravity is that property by which all terrestrial bodies tend to- 
wards the center of the earth. It is in this sense that gravity is un- 
derstood as a force in Mechanics. But in order to give the learner 
correct views of this important subject, we subjoin a few other par- 
ticulars respecting it. 

4. Gravity is a property of matter ^ universally ; and the force 
of gravity in any body is proportioned to its quantity of matter. 



« Whewsirs Mechanics, p. 3. 



4 MCCHANICS. 

Since every panicle of matter is endowed with ibis property, it 
follows that the force of gravity is proportioned to the mass or quan- 
tity of matter.* We do not say what gravity it, but what it doe#, — 
namely, that it is something which gives to every particle of mat- 
ter a tendency towards every other particle. This influence is con- 
veyed from one body to another without any perceptible interval 
of lime.f 

Gravity extends to all known bodies in the universe, from the 
smallest to the greatest ; but the consideration of the subject, in this 
extent, belongs to astronomy. We at present contemplate gravity 
only as it affects terrestrial bodies. By it all bodies are drawn to- 
wards the center of the earth, not because there is any peculiar pro- 
perty or power in the center, but because, the earth being a sphere, 
the aggregate effect of the attractions exerted by all its parts upon 
any body exterior to it, is such as to direct the body towards the 
centre ; as will be more fully explained hereafter. 

5. This property discovers itself, not only in the motion of falling 
bodies, but in the pressure exerted by one portion of matter upon 
another which sustains it ; and bodies descending freely under its in- 
fluence, whatever be their figure^ dimensions, or texture, are all 
equally accelerated in right lines perpendicular to the plane of the 
horizon. The apparent inequality of the action of gravity upon dif- 
ferent species of matter near the surface of the earth, arises entire- 
ly from the resistance which they meet with in their passage through 
the air. When this resistance is removed, (as in the exhausted re- 
ceiver of an air-pump,) no such inequality is perceived ; bodies of all 
kinds there descend with equal velocities ; and a guinea, a feather, 
and the smallest particle of matter, if let fall together, are observed 
to reach the bottom of the receiver exactly at the same instant. 

6. The weight of a body is the force it exerts in consequence of 
its gravity, and is measured by its mechanical effects, such as bend- 

* A decisive proof that the force of gravity is always proportioned to the quan- 
tity of matter, is famished by the peDdalum, its vibrations (which depend on grav- 
ity and measure its force, as will be shown hereafter) being always performed in 
the same time, of what material soever it is made. — Prancawr^ Mech. p. 63. 

t If the action of gravitation is not instantaneous, it moves more than fifty mil- 
lions of times faster than light*— J^^ntrier, Eulogy on La Place. 
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ing a springi or turning a balance. The force thus exerted by a giv*. 
en mass of matter, (as a cubic foot of water,) being taken as the stan- 
dard, called 1000, and accurately counterpoised in a balance by some 
substance easily susceptible of division, (as a mass of lead for exam- 
ple,) multiples or aliquot parts of this standard weight, afford the 
means of estimating the weights of all other bodies. Hence, tveights 
are nothing mere than measures of the force of gravity in different 
bodies ; but since the force of gravity is proportioned to the quantity 
of matter, (Art. 4,) weights are also measures of the comparative 
quantities of matter in different bodies. 

7. Oravity at different distances from the Earth, varies inverse- 
ly as the square of the distance from its center. 

^be total amount of attraction exerted by the earth upon bodies 

exterior to it, is the same as though that force were all concentrated 

in the center. (Art. 4.) But a force or influence which proceeds 

in right lines from a point in every direction, is diminished as the 

square of the distance is increased. For, 

Fig. 1. 




Let S be the 9enter of the earth ; and since the force of gravity acts 
in right lines directed towards that center, whatever be the nature of 
gravity, its influence at the distance SA, will be equally diffused over 
the surface ABCD ; and, at the distance SE, it will be equally dif- 
fused over the surface EFGH. Therefore its intensity or force will 
be as much less at the point E than at A, as EFGH is greater than 
ABCD ; that is, the force of gravity at E, is to the force of gravity 
at A, as EFGH to ABCD inversely. 

But EFGH and ABCD, being similar figures,* are to one another as 
the squares of their homologous sides, that is, asEF' to AB'-'. the 
forces of gravity at E and A, are inversely asEF* : AB^*. Again, 

*Eac. 19>3.8Qp. 
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since SAB and SEP are similar triangles, £F> : AB« : : SE' : 

SA«.-. 

The forces of gravity at E and A are inversely as SE' : SA'. — 
Q. E. D. 

8. The weight of a body, therefore, will vary at different heights 
above the earth's surface. Thus, at twice the distance from the cen- 
ter, or at the height of about 4000 miles above the earth, the force of 
gravity is only one fourth as great as at the surface, and a given body 
would weigh only one fourth as much as at the earth. The moon 
being 60 times as far from the earth's center, as the distance from that 
center to the surface, the attraction of the earth upon the moon is 
3600 (60*) times less than upon bodies near the earth. But the 
heights at which experiments are commonly made upon the weights of 
bodies, bear so small a ratio to the radius of the earth, that this varia- 
tion is commonly imperceptible. At the height of half a mile, the 
diminution does not amount to more than about t^Vv^^ P^^'^ ^^ ^^^ 
weight at the surface. 

For, let fs^the radius of the earth=4000 miles ; and let x be 
the height of the body, W its weight at the earth's surface, and W^ 
its weight at the height x. Then 

W iyf'::7+x* : r«::r«+2rx+a?' : r». 
But when a? is a small fraction of r,* x^ may be neglected, and then 

W : W'::r»+2ra? : r«::r+2a? : r, 

w : w-W'::r+ar:ar.\ 

W X2:c 
W— W'= =the difference between the weights at the sur- 

r+2x 
face of the earth and at the height denoted by x. Let x be half a 

mile; then this difference = ^=y^»yTth part of the whole 

' 4000+1 

weight. But if the height were 100 miles above the earth, then 

^y^Oyrs^'^; and the square of this=TTVv of the radius of the earth, 

a quantity too large to be neglected, and the difference of weights 

at the surface and at the height of 100 miles, will be found by the 

- I Wx2ra?+cc» 

formula - — - — -, derived from the first proportion. 

r'+2ra?4-^ 
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• If, for example, «==qqoo °^ '"» or 4 a mile, thtin ^*=k.g0OO/ "~ 64 000000 * 
a qaantity so small that it may be neglected. 
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What loss of weight would a body swtain by being elevated 500 
miles above the earthi Ans. ^\. Were x* neglected, then the 
loss would be j, which difiers from i} by only ^Jj. 

9. A body situated within a hollow sphere, would remaiti at rest 
in any part of the void** 

The force of gravity is directly as the quantity of matter, and 

inversely as the square of the distance ; that is, G : ^: :^ : J^; or 

Goc^-t (Art. 4 and 7.) 

Let CAD represent the surface of 
a hollow sphere, and P any point in 
the void. Through P let the plane 
CD pass, dividing the sphere into any 
two segments CAD and CaD. 

Let PBA and Fba represent two 
cones meeting in a very smalt angle 
at P, and having their bases in the 
surface of the sphere ; which bases, 
being indefinitely small, may be con- 
sidered as plane figures, and, being similar, they are to one another 
as the squares of their homologous sides ; that is, as AB' to ab^. 
But when BA and ba are indefinitely small ,^^b<^ lines PB and PA 
may be considered equal, as also. Pa and Fb, Therefore, the two 
triangles PAB and Fab are similar, and AP« : aP> : : AB« : a6«. 
But AB' : fli^:: base of PAB : baseof Pa6::Q : yJ.'.AP^ : aF^ 

: :Q : 5 : : D» : d».^ Hence 3_=i- . But, as before shown, G 

: g ::^ : ^.\G==g; that is, the point P (or a body at P) is 
D* o' 

equally attracted towards AB and ab, and the same will be the case 
with all the corresponding portions of the two opposite segments. 




* The solid part of the sphere is supposed to be throughout of UDiform density. 

t See the doctrine of " Variation or General Proportion," as eiplained in Day's 
Algebra, Art. 403, &c. It is earnestly recommended to the learner to refresh bit 
memory on this subject, great use being made of it in Mechanics. 

t The surface of the sphere is here considered as a thin lamina of matter. 

f Since here D and 3 are the same as AP and aP. 
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The same reasoning evidently applies to all the coocentric surfaces 
or laminaB of which the shell of the sphere may be supposed to be 
made up ; therefore a body situated ivithin a hollow sphere^ Sf^/^ 

] 0. The force of gravity below the earth's surface is, at different 
distances from the center, directly as those distances. 

Were a body placed at the center of the earth, being attracted 
equally in all directions, it would evidently remain at rest ; and were 
it situated at any point between the center and the surface, the forca 
of gravity towards the center would be diminished by the loss of the 
attraction of the matter exterior to it ; for the matter exterior to it 
would, by Article 9, have no effect upon it. Thus, if a body were 
to fall through a hole bored from the earth's surface to its center, the 
gravity of it would constantly diminish, until, at the center, it would 
become nothing. 

Let P be a body situated within the 
earth at any distance (D) from the cen- 
ter. Then it appears by the last article, 
that the gravity of P towards the center 
would not be affected at all by the shell 
exterior to PQR, and that P would grav- 
itate only by the force exerted by the 
sphere PQR. But this force (G) is di- 
rectly as the quantity of matter in PQR, 
and inversely as the square of the dis- 
tance from the center. That is, G oc^. But Q o: D'f.'.G cc - 

ocD. Therefore, the gravity of P varies as its distances from the 
center of the sphere.^ 

1 1. The Inertia of matter is its resistance to a change of state^ 
whether of rest or motion. The inertia of a body at rest is the re- 
sistance to be overcome to bring it to a given velocity ; or, in common 
language, "to start it;" and the inertia of a body in motion, is the 
resistance it makes to being stopped, after the moving force is with- 




* See Newton's Principia, Book I, Pr. 70. 

t The qaantity of matter in spheres l)eiDg as the cubes of their radii. 

t Principia, Book I, Pr. 73. 
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drawn. Thus the inertia of a steamboat, while getting under weigh, 
requires^ a great expenditure of force to bring the boat to its final 
velocity ; but its inertia carries it still forward after the engine is 
stopped.^ Since every particle is endued with this property, the in- 
ertia of a body 13 proportioned to its quantity of matter^ and of 
course (Art. 6,) to its weight. Inertia however is a more sure cri- 
terion of the quantity of matter in a body than weight is; for inertia 
is always, and under all circumstances, the same ; whereas weight, 
being merely the measure of gravity, is diminished as gravity is di- 
minished ; so that it is less on the tops of high mountains, than at 
the general level of the earth. 

12. In observing the phenomena* connected with the actual mo- 
tion of a body, we consider the space over which it moves, the time 
of its motion, and the velocity. 

A body is said to move with uniform velocity when it describes 
equal spaces in equal tithes. When the spaces described by it in 
equal portions of time continually increase, it is said to move with 
an accelerated velocity ; and with a retarded velocity, when those 
spaces continually decrease. If its motion is so regulated, that it 
receives equal increments of velocity in equal times, then it is said 
to be uniformly accelerated; and uniformly retarded ^ if the body 
suffers equal decrements of velocity in equal times. 

The space described by a body moving with uniform velocity, tn- 
creases in the compound ratio of the time and velocity. 

For, a body moving 10 seconds, at the rate of 40 feet per second, 
will move over 10x40, or 400 feet ; and let cr=the number of se- 
conds for which a body moves uniformly, and let y=the number of 
feet described in each second ; then it is evident that xy will denote 
the number of feet (i. e. the space) described by it in x seconds. 

In general, if S=the space described by a body ; T=the time of 
its motion, expressed in seconds; V= the uniform velocity with 



♦ The word phenomena is much used in Natural Philosophy. It is thus defined ; 
The phrase Natural Phenomena, in its widest acceptation, denotes any effects 
in the matcriaT pari of the creation, addressed to one or more of the senses. (Pa^ 
kinson's Mechanics, p. 1.) 

Vol. L— N. P. 2 
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which it moves, expressed by the number of feet described in a se- 
cond ; then, S=TxV* 

This is the fundamental equation of uniform motion, from which 
the other equations may be derived by the common rules of Algebra. 

ForS=TxV.-.T=^, and V=^; and if «=the space, /=the 

lime, «=the velocity of any other body, expressed in the same 
manner ; then the relation between S, T, V, and 5, ^, v, may be 
expressed by the following proportion ; 

S : «::TxV : txv.f 

Adopting, therefore, the Algebraic notation for variable quanti- 

S S 

ties,| w? have S aT X V ; hence T cc and V oc—. If S be given, 

then T cc ^, and V cc L.^ 

The Laws of Uniform Motion, therefore, are comprehended in the 
following Theorems, which are to be treasured up in the memory. 

I. The Space equals the product of the time into the velocity;^ 
or (when different spaces are compared) the space varies as the pro- 
duct of the time into the velocity. 

II. 2%6 Time equals the space divided by the velocity; or (when 
different limes are compared) the time varies as the space divided 
by the velocity. 

III. The Velocity equals the space divided by the time; or (when 
different velocities are compared) the velocity varies as the space 
divided by the time. 

IV. When the space is given, the time varies inversely as the ve- 
locity. 

13. Questions on Uniform Motions. 

1 . A ball was rolled on the ice with a velocity of 30 feet per 
second, and moved uniformly 45 seconds ; what space did it de- 
scribe! Ans. 1350 feet. 



* The young learner is apt to be puzzled with such abstract expressions as 
" Space equal to tivie multiplied into velocity /" but it may be observed that by 
velocity is meant nothing more than the space passed over in o'm second ; which 
may evidently be so multiplied as to equal another space. 

t Euc. V. 7. t Day's Algebra, Art. 403, &c. S Do. 419: 

U This is a concise mode of saying, The number expressing the space, eqtials 
the product of the number expressing the time into the number expressing the 
velocity. 
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2« A iteanUfoat mottd steadily across a lake 53 miles wide, at 
the rate of 16 miles per hour ; what time was occupied in cross-' 
ingi Aos. 3pV hours. 

3. On the supposifion that the earth describes an orbit of 600 
millions of miles in 365^ days, with what velocity does it move 
per second? Ans. 19 miles nearly, 

4. Three planets describe orbits which are to each other as 15, 19, 
and 12, in times which are as 7, 3, and 5 ; what are their comfara- 
TiVE velocities ? Ads. 225, 665 and 252.* 

X. 

14. 7%e Momentum of a body is its quantity of motion, and is 

as the product of its quantity of matter and velocity. The quan- 
tity of motion, or momentum, of each particle evidently depends on 
its velocity ; and therefore the momentum of the whole must depend 
on the same particles multiplied into the common velocity. By velo- 
city is understood the space moved over in a second. According to 
this definition, a body at rest cannot be said to have any momentum, 
but it is then said to have an amount of inertia corresponding to its 
mass. Inertia opposes the same resistance as momentum of similar 
amount. 

Let M=the momentum of a body ; Q=its quantity of matter or 
weight expressed in pounds; V=its velocity, expressed in feet; 
and let m=the momentum, y^the weight, t?=the velocity, of any 
other body expressed in the same manner ; then the relation between 
M, Q, V, and m, j, v, will be expressed by the following propor- 
tion; M : fn::QxV : yXr.f 

Hence MaQxV; 'QoM and Voc^.J If Q be given, M 

odV ; if V be given, M ocQ ; and if Q oc_,or V cr^, then M will 

be given. 

The following Theorems therefore comprehend the doctrine of 
Momentum. 

• I. The Momentum equals the product of the quantity of matter 
into the velocity ; or (when different momenta are compared) the 
Momentum varies as the product of the quantity of matter into the 
velocity. 

♦ Day's Algebra, 360, cor 1. t Euc. V. 7. t Day's Algebra, Art. 403, &.c. 
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II. The QuANTiTT OF Matteb equab the Momentum divided 
by the velocity; or (when different masses are compared) the Quan- 
tity of Matter varies a$ the Momentum divided by the velocity. 

HI. The Velocitt equalt the Momentum divided by the quantity 
of matter; or (when different velocities are compared) the Velocity 
varies as the Momentum divided by the quantity of matter. 

IV. If the quandty of matter is given^ the momentum ig as the 
velocity, 

v. IT ^he velocity is given^ the momentum varies as the quantity 
of matter. 

VI. If two bodies move with velocities tohich are inversely as 
their quantities of matter^ they have equal momenta. 

Thus, if a ship of 100 tons, sailing at the rate of 7 knots, meet 
another ship of 50 tons, sailing 14 knots per hour, they will encoun- 
ter each other with equal momenta. This constitutes a fundamen- 
tal principle in the mechanical action of bodies. 

« 

15. Questions on Momentuh. 

1. A ship weighing 336,000 lbs. is dashed against the rocks in 
a storm, with a velocity of 16 miles per hour; with what momen- 
tum did she strike 1 Ans. 7,884,800 lbs. 

2. On the supposition that Goliath of Oath presented an obsta-- 
de of 350 Ibs.f and that the stone hurled by David* s sling weighed 
two ounces, with what velocity must it have been thrown to have 
prostrated the giant 1 

Ans. It must have exceeded 2800 feet per second.*" 

3. Wishing to know the velocity of a musket ball weighing 1 oz., 
J suspended, after the manner of a pendulum, a log of wood weigh" 
ing 53 tts. The ball on entering the log gave it a motion of 2 
feet per second; what was the velocity of the ball? 

Ans. 1696 feet per second. 
A. If a comet moving at the rate of 1,000,000 miles per hour, 
were to meet the earth moving 19 miles per second, what ratio will 
the mass of the comet bear to that of the earth, supposing that they 
mutually destroy each other* s moti<ms 1 



• The maximum velocity of cannon ball is usually reckoned 2000 feet per second. 
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Ans. 1 : 14,6 ; or the comet must have nearly- V^ as macb mat- 
ter as the eanh. 

5. TVo railway can hat^ their quantities of matter as 1 to 3^ 
and their momenta as S to 5 ; what are their respective velocities 1 

Ads. As 34 to 35, or nearly as 5 to 7. 

• X 

16. FoRCS is any cause which moves or tends to move a hody^ or 
which changes or tends to change its motion. (Art. 2.) Forces 
can for the most part be reduced to the three following classes, at- 
tractiany repubion, and animal strength. Thus, the power of the 
waterfall can be traced to gravitation ; that of steam to the repulsive 
energies of heat ; and that of the horse and the ox to animal strength. 

Forces are divided into two kinds, according to the manner in which 
they act. If a force acts instantaneously, and then ceases, it is 
called an impulsive force. A ball, suddenly put in motion by the 
hand or any instrument, along a horizontal plane, is an instance of 
the effect produced by an impulsive force. When a. force acts in- 
cessantly, it is called an accelerating force, and is either constant or 
variable ; constant, when the increments or decrements of velocity 
caused by it, in equal successive parts of time, are equal; and vari- 
able, when the increments or decrements of velocity thus produced 
are uneqttal. The force of gravity near the Earth's surface is an 
example of a constant force ; for it causes equal increments or de- 
crements of velocity in equal portions of time, not by impulses, but 
by incessant action. Gravity at different distances from the earth 
IS a variable force, whose variation is estimated in the same man- 
ner as that of weight in article 8. 

17. Different constant forces generate velocities, which are as 
the product of the forces and times. 

Let T denote the time, and F the constant force ; and conceive 
the time to be divided into exceedingly small equal portions ; then 
since equal impulses, and of course equal velocities, are added to the 
moving body at each of these instants, the whole velocity acquired 
must be proportioned to that of each instant (which is the measure 
of F) multiplied by the number of instants ; or V ocFxT. 

One steam car was propelled by a constant force of 26 lbs. for 
10 minutes above what was sufficient to overcome all resistances, 
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and another was driven by a similar force of IS lbs. for 7 minutes ; 
what were their comparative velocities 7 

Ads. As 250 to 126 ; or the first car had nearly twice the velo- 
city of the second. 

18. There are three great principles of motion called the Laws 
or Motion, derived from universal experience and observation, and 
of such extensive application as to comprehend all the phenomena 
of mechanics. 

19. First Law. — A body continues in the state in which it is, 
whether of rest or motion^ until compelled by some external force 
to change its state. That a body at rest will continue at rest, is a 
consequence immediately arising from the inertia of matter. That 
a body in motion unll continue to proceed uniformly along the right 
line in which it began to move, until it is acted upon by some exter^ 
nal force, is inferred from the fact, that any deviation from uniform 
rectilinear motion, in a moving body, is observed to be owing to 
som& external force ; and that such deviation is diminished in pro- 
portion as such external force is withdrawn ; hence were it, entirely 
withdrawn, we infer that the motion of the body would then become 
uniform, rectilinear and perpetual. We may see approximations to 
such a state in a ball rolled successively on the earth, on a floor, and 
on smooth ice. The most general impediments to motion are fric" 
tion, resistance of the air, and gravity. But if a small wheel is put 
in motion round a horizontal axis, the effect of gravity is taken off, 
(since one side of the wheel gains as much in falling as the other 
loses in rising,) and no impediments remain but the resistance of the 
air and friction, the former of which may be removed by placing 
the apparatus in the vacuum of an air pump, and the latter may be 
greatly diminished by methods to be described hereafter. In pro- 
portion as these several impediments are removed, the wheel approx- 
imates to a motion which is uniform and continued. A pendulum 
has been constructed to move with so little resistance as, when bare- 
ly set in motion with the finger, to continue to vibrate 24 hours. 

20. Second Law. — Motion, or change of motion, is proportion- 
ed to the force impressed, and is in the direction of that force. It 
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has already been observed, that every change in the state of rest or 
motion in a body must be effected by the agency of some force ; 
this Second Law asserts, that this change will in all cases be prtH 
portional to that force, and will be produced in the direction in which 
the force acts* 

That motion or change of motion in a body will be proportional to 
the force which produces it, is also inferred from observation and ex- 
periment, as well as from the known connection between cause and 
eflFect. Thus a ball which moves with a double or triple velocity is 
found to generate in another, by impulse, a double or triple velocity. 
Two bodies meeting with equal quantities of motion mutually stop 
each other. Two forces, which, by acting similarly during equal 
times, produce equal velocities in some third body, are found by act- 
mg together during the same length of time, to produce a double ve- 
locity. If a new force is impressed upon a body in motion, in the 
direction in which it moves, its motion is increased proportionally to 
the new force impressed : if this force acts in a direction contrary to 
that in which the body moves, it is found to lose a proportional part 
of its motion : if the direction of this force is oblique to that of the 
moving body, it gives it a new direction compounded of both. A 
force which we know to act equally, produces equal increments of 
velocity in equal tlmes.'*^ 

Hence it follows, that the smallest force is capable of moving the 
largest body. 

With respect to the direction in which a body moves, it is evi- 
dent that when it is under the direction of any given force, whether 
it be an impulsive one, or one that acts incessantly, the body can 
have no tendency whatever to deviate to the one side or to the oth- 
er,! b"^ ^^^^ proceed along the right line in which the force acts. 

*^ 21. Third Law. — When bodies act on each other, action and 
re-action are equal and in opposite directions. The meaning of 
this law is, that when a body imparts motion in any direction, it loses 
an equal quantity of its own in the opposite direction — that when a 
body receives a blow, it gives to the striking body an equal blow — 

* Gregory's Mechanics, I. 9. 

t According to the principle of the sufficient reason, there being no cause 
why the body should deviate to one side of this liae.rather than the other j hence 
it will remain in it. (See Playfair's Outlines, I. 4.) 
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Fig. 4. 




that when A presses on B, B returns to it an equal pressure and 

that when it attracts or repels B, it receives from B the same influ- 
ence in the opposite direction. 

This law is brought to the test of experiment by means of the ap- 
paratus represented in Fig. 4, 
«where A and B are two balls, 
of lead for example, suspended 
at C, by a flexible line,by which 
A may be drawn out towards X, 
and let fall upon B. The ve- 
locities gained or lost are in- 
dicated by the graduated arc 
XY ; and it is found that when 
A falls on B, whatever motion 
A communicates to B, is com- 
municated to A in the oppo- 
site direction ; that is, the same amount is taken from A. Thus, 
if the two bodies are equal, and A falls on B at rest, they will, af- 
ter the blow, move on together, with half the velocity of A, B hav- 
ing acquired, and A having lost an equal amount of motion. If A 
is greater than B, still it is found that the momentum gained by B 
(ascertained by multiplying its mass by the velocity) is precisely equal 
to the momentum lost bv A ; and if A meets B with a momentum 
greater than that of B, the latter will deprive A of a momentum 
equal to its own, and return along with A, both bodies having a mo- 
mentum equal to the difference of their momenta previous to collis- 
ion. It is a general Law in the Material World, that no body loses 
motion in any direction. Without communicating an equal quantity 
to other bodies in the same direction ; and conversely, that no body 
acquires motion in aViy direction, without diminishing the motion of 
other bodies by an equal quantity in that same direction.* 

Nov tl^e moving force by which A communicates momentum to 
B, is called the action of A ; and the tendency of B to diminish 
the momentum of A is called the re-action of B. Since, therefore, 
according to this meaning of the words action and re-action, the ef- 
fect produced by the action of A is equal to the effect produced by 
the re-action of B, action and re-action are said to be equal during 



♦ Playfair, Outlines, 1. 8. 
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• 

the impact of A upon B. That these effects are produced in '* op- 
posite directions/' is evident from the very nature o( the case. 
• This law applies not only to the impact of bodies, but to every 
case in which one body acts upon another. It holds good, not only 
when bodies come into actual contact, but when they act upon one 
another at any distance whatever. A body A for instance, is sus> 
tained by another body B, and both bodies remain at rest; if the 
pressure exerted by the two bodies were not equal, it is evident that 
some motum would ensue; which is contrary to the supposition. If 
motion does ensue, then the case becomes, in a great measure, anal- 
ogous to that of impact ; and the effects produced, estimated in a 
similar manner, are found to observe the same law. 

The mutual attractions of bodies are also subject to this law. 
Thus, if two equal magnets, connected with two equal and similar 
pieces of cerk, be made to float upon the surface of water, as soon 
as they come within the sphere of attraction, they are observed to 
move towards each other in a right line, with equal velocities, and 
consequently with equal momenta ; and as the resistance which each 
body meets with from the fluid is evidently the same, we infer that 
their actions upon each other are equal.* 

22. These " fundamental principles of mechanics" rest on three 
different kinds of evidence : — 

1. They are conformable to all experience and observation. 

2. They are confirmed by various accurate experiments. 

3. The conclusions deduced from them have always proved true 
in fact, without exception.f 

Observation and Experiment, then, constitute the basis of the 
science of Mechanics. Observation is the close inspection, and at- 
tentive examination, of those phenomena, which arise in the course 
ofnature.X Experiment is an artificial trial made for the purpose 

* If two unequal magnets, placed upon pieces of cork similar to each other, and 
proportioDal to the respective magnets, were made to float in the same manner, 
they would approach each other with velocities inversely proportional to the qaan- 
titles of matter moved, and consequently with equal momenta ; but this experi- 
ment is liable to very great inaccuracy, from the different resistances which the 
bodies would meet with. 

t See Gregory's Mechanics, 1, 9. Atwood on Rectilinear Motion, p. 360. 

t Leslie's Natural Philosophy, T, 2. 

Vol. I.— N. P. 3 
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• 

of learning the powers of nature, or the properties of sohstances. 
The most comprehensive results obtained by both these methods, so 
far as respects Mechanics, are expressed in the' foregoing Laws of 
Motion. Upon these, therefore, the science of Mechanics is built* 
Algebra and Geometry, called in to the aid of these fundamental 
principles, lead to the discovery of new relations, and bring to light 
a great number of subordinate truths, of the highest degree of 
practical utility. Granting the truth of the Laws of Motion^ as 
these subordinate truths are attained by principles purely scientific, 
(namely, those of Algebra and Geometry, and especially the latter,) 
they are attended with the evidence of demonstration ; but since the 
conclusions can be no more certain than the premises, we can claim 
for the truths in Mechanics that degree of evidence only, which re- 
sults from observation and experiment, applied in their greatest per- 
fection. 

83. Questions on the Principles of Motion. 

1 . A bird of passage was observed to fly with a uniform velocity 
of 19 feet per second : over what space troiiU she pass in 24 hours 1 

Ans. 310.909 miles. 

2. A lame man set out to travel round the world. He could waUc 
but two miles an hour for seven hours out of the twenty four. Pro^ 
vided he could go forward^ without impediment ^ on the circumference 
of a great circle of the globe^ (25,000 miles,) what Time would he 
require to complete the journey 1 Ans. 4 years and 325^ days. 

3. A wind blows uniformly from the equator to the pole, {say 
6000 miles,) in 12 days: What is its Velocitt j7er hour? 

Ans. 20 1 miles. 

4. How much weight would a roclc that weighs ten tons (22,400 
lbs,) at the level of the sea, lose if elevated to the top of a moun- 
tain Jive miles high 7 Ans. 55.8952 lbs.* 

5. If the Earth were a hollow sphere, and if through a hole bored 
through the center, a man were let doum by a rope, would the force 
required to support him be increased or diminished as he descended 

* The weight would be ascertained, in this case, by the effect on a spring, (Art. 
, 10,) and not by scales, since a counterpoise would sustain a loss of weight in \he 
same degree with the body in question. 
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through the solid cru$t^ and where would it become equal to nothing 7 
(See Art. 9.) 

6. How much would a 44 pound shot weigh at the center of the 
earth; atvSL how much at a point half way from the center to the sur^ 

face? (See Art. 10.) 

7. If a hole were bored through the center of the earth, and a stone 
were dropped into it, in what manner would the stone move in its way 
to the center and after it reached the center 7 (See Arts. 9 and 10.) 

8. Suppose the battering-ram of Vespasian weighed 5760 lbs., 
and was found sufficient, when propelled with a certain velocity, to 
demolish the walls of Jerusalem ; and suppose that a 32 pound can^- 
non-ball, ^red with a velocity of flOOO feet per second, is found ca- 
pable of doing the same execution ; what was the velocity of the 
battering-ram 7 Ans. 11.11 feet per sec. 

9. Suppose a grain of light, moving at the rate of 192,000 miles 
per second, to impinge directly against a mass of ice moving at the 
rate of IA5 feet per second ; what weight of ice would the light 
stop7 Ans. 99877.832 lbs.,* or nearly 44^ tons. 

10. If a ball of the same density unih the earth, j\th of a mile in 
diameter, were placed at the distance ofj\th of a mile above the earth; 
what space would the earth move through to meet it, the diameter of 
the earth being taken at 8000 miles 7 

Ans. yy^^^J^^yy^th inch, nearly. 

11. 7^e quantity of matter in the sun being 340,000 times that 
of the earth, and their distances from each other being 96,000,000 
miles ; if the two bodies were abandoned to their mutual attraction, 
where would they meet 7 

Ans. 282.35 miles from the center of the sun ; or the sun would 
advance so far to meet the earth.f 

12. Two men are pulling a boat ashore by a rope, one at each 
end, A being in the boat and B on the shore : How will the time of 
bringing the boat ashore compare toith the time in which A would 
pull it ashore alone, were the other end of the rope fixed to an immo- 
vable post 7 (See Art. 21.) 

* 1 lb. av. 3E 7000 grains. 

t In thU problem it is supposed that all the matter of each body is collected in 
its center, (Art. 4,) and that their ovn setiai-diameters present no obstacle to the 
approach of their centers. 
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CHAPTER II. 

OF THE LAWS OF FALLING BODIES. 

24. SiNCE^ when a body moves with a uniform velocity for a given 
time^ the space described is in proportion to that time and velocity 
conjointly, (Art. 12,) therefore if one side of a right-angled par- 
allelogram represents the time of a body's motion, and the oth^r 
the uniform velocity with which it moves, the parallelogram itself 
(whose area is equal to the product of the two sides) will represent 
the space described in that time. Thus, let the line AE be divided 
into any number of equal parts in the . ^^S- 5- ,, 

points B, C, D, Sec, and from those 
points draw the equal straight lines AF, 
B6, CH, be, at right angles to AE, and 
complete the parallelogram AFLE ; then 
if AB, BCjCD, be.,. represent equal suc- 
cessive portions of time, and AF, B6, 
CH, be, represent the uniform velocity 
with which a body moves, then will the 
parallelograms AG, BH, CK, be, represent the spaces described in 
those equal portions of time, and the parallelogram AFLE the whole 
space described in the time represented by AE.* 



B 



D 



G 



H 



* Since the track described by a moTing body is a line^ how (it may be asked) 
can the space be properly represented by a superficies? 

To avoid misconception on this snbfect, it will be usefai for the young learner to 
recHr to a few elementary principles. GLuantity (it will be recollected) is any 
thing which can be increased or diminished^ or which is capable of being meas- 
ured. (Algebra, Art. 1.) Thus time is a quantity whose measure can be expressed 
in hours, minutes and seconds. Velocity is a quantity, being measured by the num- 
ber of feet passed over in a second. Bat these two quantities (time and velocity) 
have no permanent representatives of their own, like numbers, which are repre- 
sented by the digits, or like magnitudes, which are denoted by lines, surfaces, and 
solids. Hence, such quantities as times, velocities, and forces, are denoted by rep- 
resentatives borrowed from those of magnitude. In the case before us, the space 
described by a moving body is represented by a parallelogram, not because the 
•pace actually described has any resemblance to a parallelogram, but because a 
parallelogram has the- same releUion to the sides of which it is the product, as space 
has to the two quantities, time and velocity, of which it is the product. An idcTt- 
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S5. Suppose now that a body moves uniforinly as before, during 
the equal successive portions of time represented by AB, BC| CD, 



B 



F 



Fig. e. 
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be., but at the end of each portion of 
time receives an increase of velocity ; 
for instance, during the time AB let 
It move with a velocity represented by 
AF| during the time BC with a velo- 
city represented by BH, &c. ; com- 
plete the parallelograms AG, BK, 
CM, and DO, then the space descri- 
bed in* the time AB will be repre- 
sented by the parallelogram AG, in 
the time BC by the parallelogram BK, &c., and the whole space 
described in the time AE by the irregular Jigure AFOE. 

26. Let us next suppose that a body receives equal increments 
of velocity at the end of each successive portion of time, so that 
during the second interval of time it moves with tunce the velocity, 
during the third interval with three times the velocity, Sec, then will 
CK^2BG, DM=3BG, &c. But AC=2AB, AD=3AB, &c. ; 
.-.AC : CK: : AB : BG: : AD : DM, ^ 
&c. : hence the figures ABG, ACK, 
ADM, &c., are similar triangles, and ^ 
if AG, GK, KM, be, be joined, AO 
will be a straight line, and the figure 
AFOE, which represents the space 
described in the time AE, will differ x) 
from the triangle. AOE only by the 
sum of the triangles AFG, GHK, E 
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KLM, MNO, which are all equal to each other. 

S7. Now let the intervals of time and the corresponding incre- 
ments of velocity be only half wh^t they were in the former instance. 

tity being thus established between tbe relations that subsist among magnitudes, 
and those that subsist among such quantities as have no representatives of their 
own, the representatives of magnitudes may be substituted to denote the relations 
of the other quantities ; and thus a great number of new relations are frequently 
discovered to exist among those quantities, because they are known to exist among 
the magnitades, as the lines, surfaces, &c., which are taken to represent them. It 
is thus that Geometry becomes a powerful auxiliary to Mechanics. 
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Bisect AB, BC, CD, &c., (Fig. 8,) in b, c, d, &c., and complete the 
parallelograms as before, then the figure which represents the space 
described in the time AE will differ from the triangle AOE by the 
sum of the small triangles A^, ^FG, GAt, &c., which is only half 
the sum of the triangles AFG, GHK, KLM, fcc, in the preceding 
figure. By continually halving these intervals of time and the cor* 
responding increments of velocity, the figure AFOE will approach 
to the form of the triangle AOE ; and when they are diminished ad 
infinitum A/, (which represents the velocity with which the body 
begins to move) will be equal to ; ^^--^f ^*^' ®* 

as will also the sum of the triangles b 
Afgy gFGj fcc. ; the space therefore g 
described by a body beginning to 




move from rest^ by the continued ac- q 

tion of a force which generates equal 

increments of velocity in equal times, D 

will be accurately represented by the 

right-angled triangle AOE, one of e 

whose sides (AE) represents the ^tm€of the body's motion, and the 

other (OE) the last acquired velocity, 

28. We have seen, (Art. 24,) that, in uniform motion, thd time, 
velocity, and space, have the same relation to each other, as the 
sides and area of a right-angled parallelogram. Now if a moving 
body should retain all the velocity it has already acquired, and 
take on equal increments at equal successive instants, we see by the 

• 

last article, that the whole space described would be represented by 
the sum of the parallelograms described successively. We see, 
moreover, that the smaller the time is taken, the nearer the whole 
space approaches to a right-angled triangle. But when a body is 
descending by the force of gravity, its velocity increases continu' 
ally ; the instant is reduced to nothing ; and the little triangles wnich 
denote, in the other case, the difference between the figure descri- 
bed and that of a right-angled triangle, vanish, and leave the trian- 
gle as the proper representative of the space described. 




FALLING BODIES. 23 

The laws of variable motion, however, are more perfectly exhib- 
ited by means of the calculus, than they can be geometrically.* 

29. The spaces described by bodies falling from rest under the 
influence of gravity ^ are to each other as the squares of the times 
in which they are described, or as the squares of the last acquired 
velocities, or as the times and last acquired velocities conjointly, f 

For let S=the space described, y=the velocity acquired by a 
body falling from rest for the time T; t=space described, vsvelo- 
city acquired at any other period (<) of its A^ Fig. 9. 

fall ; then, from what has already been de- 
monstrated, if the ratio of T : / be repre- 
sented by the lines AB, Ab, and the ratio 
of V : v by the lines BC, be, drawn at 
right angles to them, the ratio of S : « will 
be represented by the triangles ABC, Abe. 
Now the triangle ABC : the triangle Abe 
: : AB« : A6^ , or as BC" ; 6c«, or as AB 
XBC : Abxbc.t Hence S : s: :T^ : t^, or as V" : t?>, or as T 

xV : txv. 

As equal increments of velocity are generated in equal times, it 
is farther evident that the velocity acquired varies as the time : the 
same conclusion may also be deduced from the similar triangles ABC, 
Abe; for BC : be: :AB : Ai, i. e. V : v::T : t. 

Since the spaces described are as the squares of the times ; if a 
body falls from rest for times which are represented by the numbers 
1, 2, 3, 4, 5, tac, the spaces described in those times will be as the 
square numbers,.!, 4, 9, 16, 25, he. ; and the spaces described in 
equal successive portions of time will be as the odd numbers 1,3, 5, 
7, 9, &c., as exhibited in the following table. 



* See Young f Elements of Mechanics, art. 106. JRentnck, p. 46. 

t The demonstration applies to any uniformly accelerating force, as well as to 
grariiy ; and hence, although " Falling Bodies" are here under particular consid- 
eration, yet the proposition may be predicated of all bodies urged by uniformly 
accelerating or constant forces. 

t For the right-angled trianglei ABC, A^, are to each other both as the squares 
of their homologous sides, (by Euc. 6, 19,) and in the ratio of the parallelograms 
of which they are respectively halves. 
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THmes. 



1 

2 

3 
4 
5 

be. 



spaces deserib€d,\ Spaces described in equal successive portions 9f time. 



1 

4 

9 
16 
25 

&c. 



In 1st portion of time - 
2d - - - -' 



3d 
4th 
5th 
&c. 



4-1 =3 

9-4 =5 

16-9 =7 

25-16=9 

&c.=bc. 



30. If a body be projected perpendicult^rly upwards ^ with the ve- 
locity which it has acquired in falling from any height, it will rise 
to the point from which it fell, before it begins to descend again. 

As, in the descent of a body, the force of gravity generates equal 
increments in equal times, so, in its ascent, equal portions of velocity 
will be destroyed in equal times. The spaces described in equal 
successive parts of time, by a body thus ascending, reckoning from 
the beginning of its motion, will be the same as those stated in the 
foregoing table, but in an inverted order : thus, if the time be divi- 
ded into four equal parts, then the spaces described in the descent of 
the body during these equal times are as the numbers 1, 3, 5, 7, but 
in its ascent they will be as 7, 5, 3, 1 ; i. e. the space described in 
the first portion of time, in its ascent, will be the same as that de- 
scribed in the last portion of time, in its descent, and so on, till the 
body arrives at its highest point. 

31. The space which a body describes from rest in any time, by 
the action of gravity, is half that which it would describe in the 
same time with the last acquired velocity continued uniformly. 

Let the triangle ABC represent the space 
described by gravity in the time AB, and 
BC the last acquired velocity; produce AB to 
D, making BD equal to AB, and complete the 
parallelogram BCDE ; then, if a body moves 
for the time BD with the uniform veloci- 
ty represented by BC, the space described in 
that time will be represented by the parallel- 
ogram BCDE (Art.24); but the triangle ABC 
is half the parallelogram BCDE ; hence the space described with 
the continually increasing velocity during the time AB is half that 
which would be described in the same time (BD) with the velocity 
(BC) continued uniformly. 



Fig. 10. 
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Since the space described by a body falling from rest, is AoZ/'that 
which it would describe in the same time with its greatest velocity 
continued uniformly, and since a body projected perpendicularly up- 
wards rises to the same height as that from which it must fall to 
acquire the velocity of projection, the whole space described by 
a body projected perpendicularly upwards^ is half that which it 
would describe in the same time with its first velocity continued iint- 
Jormly. 

32. The space described in any time by a body projected downr 
wards with a given velocity, is equal to the space which would be 
described with that velocity continued uniformly for that time, to- 
gether with the space through which a body would faH from rest by 
the action of gravity in the same time. 

Let AD represent the given velocity of projection, and AB the 
given time, and complete the right-angled parallelogram ABED; 
produce BE to C, and let EC repre- A D 

sent the velocity generated by gravity 
in the time AB or DE, and join DC. 
Then, according to what has been 
said in Art. 24. a body moving under 
the influence of projection alone, with 
a uniform velocity represented byADy 
would describe the parallelogram 
ABED in the time AB ; and, by Art* 
27. a body falling from a state of rest 
during the same time, so as to acquire the velocity represented by. 
EC, would describe the triangle DEC ; hence the figure ABCD 
truly represents the joint effects of both forces, or the whole space 
described. 



Fig. 11. 




33. The space described by a body ascending for a given time 
is equal to the difference betw *.en the space which would be described 
by the body moving uniformly for that time with the velocity of pro- 
jection^ and the space through which a body would fall from rest by 
the action of gravity in the sai %e time. 

Let BC (Fig. 12.) represent the given velocity of projection, and 
AB the time in which it must fall from rest to acquire that velocity ; 
Vol. I.— N. p. 4 
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Fig. 12. 




draw BC at right angles to AB^ and join AC, then the triangle ABC 
will represent the space through which 
the body must ascend to lose all its ve- 
locity. (Art. 30.) In AB take any 
point &, and complete the parallelogram 
BCD6 ; then will be represent the ye* 
locity of the body at the end of the time 
B6 of its ascent, and cD will represent 
the velocity destroyed by gravity in the 
same time. But the velocity destroyed 
by gravity iDL any time is equal to the 
velocity generated by gravity in the same time ; (Art. 30.) hence 
the triangle CDc will represent the space through which a body 
would &11 from rest in the time CD or Bb. Now the figure BCc5 
represents the space through which the body would ascend in the 
time Bbf and the parallelogram BCDi represents the space through 
which a body would move in the time B6 with the velocity BC con- 
tinued uniformly ; but the figure BCcb is equal to the difference be- 
tween the parallelogram BCD& and the triangle CDc. 

34. The foregoing investigations show the ratios between the 
velocities, times, and spaces of falling bodies ; but in estimating the 
actual motion of bodies descending or ascending by the force of 
gravity, it is necessary to have recourse to some Jixed standard of 
measurement of space and velocity. Now it has been ascertained, 
by the most accurate experiments, that a body falling freely* from 
rest describes a space equal to 16 j\ feet in the Jirst second of its 
fall; and (Art. 31.) a body so falling would acquire a velocity which, 
if continued uniformly, would carry it over 32^ feet (i. e. twice the 
space) in the same time. If, therefore, rn^lGy^^ feet, tn will express 
the space fallen through from rest in V, and 2m will express the 
velocity per second acquired in that time. Let S= the space de- 
scribed by the body in any other time T, and V the velocity acquir- 
ed ; then since the spaces are as the squares of the times, we have, 

* All bodies descending or ascending near the surface of the earth, meet with 
more or less resistance from the air; so that, strictly speaking, a body can never 
be said to descend freely but in the exhausted receiver of an air-pump. It is in 
vacuo that a body describes 16-iV ^^^^ ^Q & second ; the conclusions, therefore, 
deduced in this section, will approximate to the truth only in those cases where 
the resistance of the air bears liule or no proportion to the weight of the body. 
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s /s 

S : «::T* : l«,.-.S=:jnT%andT«=-orT= V -• The spaces 

01 III 

are likewise as the squares of the velocities (Art. 29.) ; hence S : m 

mV* V* 

::V« : 2w|»(4mO,.-.S=^j^=^,and V«=4f»SorV=2v/mS. 

Again, since the time varies as the velocity^ (Art. 29.) we have T : 1 

V 

: : V : 2m, .•.V=2mT, and T^g-- Hence, of the three quanti- 
ties S, T, y, any one being given, the other two may be found by 
the following Rules. 

, I. To find the Space fallen through in feet. — Multiply the square 
of the time by 16y'y ; or, divide the square of the velocity by 64 J. 

IL To find the Time of falling. — Divide the velocity by 82^ ; or, 
divide the space by 16^7, and take the square root of the quotient. 

III. To find the' Velocity. — Multiply the time by 32j ; or, muU 
tiply the space by 167'^, and double the square root of the product. 

1. A body has been falling for 6 seconds; What space has it 
fallen through in that ttme, and what is the velocity which it has ae- 

quired 1 
By Rule I. S=mT* = 16TVX36=579 feet. 
By Rule III. V=2otT=32j^x6=:I93 feet per second. 

2. How far must a body fall to acquire a velocity of iO feet in a 
second; and how long will it be in falling 1 

Rule I. S=38.86 feet. 
Rule II. T=:1.55 seconds. 

3. A body fell from the top of a tower which was 150 feet high; 
How long was it in fallings and what velocity had it acquired when 
it got to the bottom 1 

T=3.054 seconds. V=98.237 feet per second. 

4. A body was projected perpendicularly upwards with a velocity 
of 100 feet in a second; How far would it ascend before it began to 
return 1 

By Art.^ 30, the height to which the body would ascend is equal 

to that through which a body roust fall from rest to acquire the velo- 

V« 10000 
city of projection; here therefore VwlOO, and S«7r=»TT7Tgnr 

30000 

155.44 feet. 
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5. A body woi observed to fall for 3 seconds, and afterwards to 
move uniformly for 2 seconds along the horizon with the velocity 
which it had acquired by itsfaU; what was the whole space described 
in its perpendicular and horizontal motion 1 

The space described in its fall =mT> = 16^^x9=1441 feet. 
The velocity acquired =2mT=32i x3=s96^ feet per second ; and 
as it moved along the horizon for 2 seconds with this velocity, it must, 
in that time have described 193 feet ; hence the whole space descri- 
bed from the beginning of its fall to the end of its horizontal motion 
is 144}+193, or 337| feet. 

6. A cannon ball fired perpendicularly upuHtrds, was gone 10 
seconds, when it returned to the same place. How high did it rise^ 
and what was the velocity of projection 1 

Ans. Height 402^*, feet. Velocity of projection 160| feet per 
second. 

35. Since the spaces described in equal successive parts of time 
(by Art 29.) are as the odd numbers 1, 3, 5, 7, 9, &£c., and since 
the space described by a body falling from rest is in the first second 
m feet, the space described in successive seconds will be m, 3m, 5m, 
7m, 9m, &cc. feet. 

1. A body had been falling for 5 seconds; compare the spaces 
described in the third and fifth seconds of its falL 

Ans. The space described in the third second =s80y't feet ; tlie 
space described in the fifth second =144| feet. 

2. A body has fallen through 519 feet; what was the space de- 
scribed by it in the last second 7 - 

Ans. It will be found that the body has been falling 6 seconds, 
therefore, the space described in the last second is I76|} feet. 

36. The method adopted in the last example for finding the space 
described by a body in the last second of its fall, is only applicable 
when the time consists of a determinate number of seconds ; but it is 
not difficult to investigate a general expression for the space described 
in the last n seconds, whatever be the value of T. For the space 
described in T seconds s=mT^ ; and the space described in T— ji 

seconds =:mxT-nj*sxsmT* — 2mitT+mn» ; hence the space de- 
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scribed in the lasi n seconds « mT' -«iT» — 2«nT+mn" =2miiT 
— iiin«=m.2nT-n» ; if n^l, then the space described in the last 

second =»i.2T — 1 ; which expression will lead to the same results 
as the method practiced in example 1, and is likewise applicable in 
cases where the time does not consist of any even number of sec- 
onds. For example, let the time of falling be 6} seconds ; then 
the space described in the last second, namely, from 5^ to 6} sec- 
onds, will be le^'irX 13 -1 = 193 feet. 

If it were required to find the space describ<Bd in the second tm- 
mediately previous to the last n seconds, we have, 

Space described in the last n seconds ssm.2Tn — n* (A). 

Ditto in last n+1 seconds =TO.2TnTr- n+T|' (B). 
Subtract (A) from (B), then the space described in the second 

immediately previous to the last n seconds =ot.2T— 2n— 1. 

1. What vm$ the space described in the last 2 seconds by a body 
which had fallen from the top of a tower 300 feet high 1 

Ans. The whole time is found to be 4.32 seconds ; therefore, the 
space fallen through in the last 2 seconds is 213.58 feet. 

2. A body has been falling for 9} seconds ; what was the space 
described in the last second but AofiU fall 1 Ans. 160f feet. 

37. To find the space described in a given time by a bodypro- 
je^ed upwards or downwards with a given velocity. Let Vss the 
given velocity with which a body is projected downwards^ and Tss 
the time of its motion ; then the space described in the time T with 
the uniform velocity V will be equal to T X V, and the space through 
which a body would fall by gravity in the same time is iriT' ; hence, 
from what was shown in Art. 32, the space described in the time T 
by a body projected downwards with the velocity V is equal to 
TxV4-wT« ; and applying the same process of reasoning to Art. 
33, the space through which a body would ascend in the time T, 
if projected upwards with a given velocity V, will be equal to 
TxV-mT«. 

1. A body is projected downwards with a velocity of 30 feet in 
a second; how far wUl itfaU in 4 seconds! Ans. 377^ feet. 

2. A body is projected upwards with a velocity o/ 120 feet in a 
second 1 how far untt it rise in 3 seconds 7 Ans. 2151 feet. 
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38. M18CELLANXOU8 EXLIIIPLES. 

1. With what velocity mvst a body be projected downwards from 
the height (a), that it may describe it in T seconds 1 

Let cr=:the velocity required ; then the space described by a body 
projected downwards with velocity (x) in the time (T) b Tx+mT' ; 

benceTa?+mT'ssa, .'.xs^ Z^r . For instance, let ac= 150^ and 

TssS, then tbe velocity with which a body must be projected down« 
wards from the top of a tower whose height is 150 feet, so that it 
may arrrive at the bottom in two seconds=42f feet per second. 

2. With what velocity must a body be projected from the top 
of a totper 300 feet high^ to reach the ground in 4 seconds 1 

Ans. 10| feet per sec. 

3. The space described by a heavy body in the 4th second of its 
fall was to the space described in the last second except 4, as 1 to 
3 ; what was the whole space described by the body 1 

The space described in the 4th second =:7m; the space described 

in the last second but 4 (=fn.2T— 2n- l) = m.2T— 9, where 

T ss the whole time of falling ; hence from the question 7m : in.2T— 9 
: : 1 : 3, .-. 2T - 9 = 21, or T = 15 ; tbe whole space described 
therefore (=mT«)=16rVx225 = 3618| feet. 
y 4. Suppose at the same instant that a body begins to fall from 
rest from the point (D), another body is projected upwards toith a 
velocity which would carry it to A; it is required to find the point 
where they would meet. 

Let C be tbe point where the bodies would meet ; and p- ^3 
let AB=a, BD=6, DC=x; then will AD=a-i, AC=a .\' 

— 6+a:. Now the ime ot descending through DC-=\/- > 

m 

and the time of ascending through BC ( = time down AB 



•V 



— lime down AC) = v/ \/ ^ , but the time 

mm 

down DC must be equal to the time up BC ; hence we have 

mm m 

or \/x:s^y/a^y/a^b+x; 



• c 
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and a — h+x^^a-^-x — 2\/oa? ; 



ft> 



.'. S-v/axssJ, or 4cw?=6', and ^=41* 

5. Suppose a body to have fallen from A to B, (Fig. 14.) ii>A«n 
another body begins to fall from rest at D ; how far will the latter 
body fall before it is overtaken by the former 1 

Let C be the point where one body overtakes the other, p^^ ^4^ 
and let ABr=a, 30=6, DC=a?; then AC==a+6+x. l^ 

Now time down DC = \/-, and time down EC =time 



down AC - time down AB «v/S±f - y/^ ; but 

at the moment when the lower body is overtaken^ 
Time down DCs time down BC, 

orV^=v/i±S_v/«; 
m m m 

and a?+a+2v^aa?=a+i+^, 



B 



D 



• C 



or 2\/ax=bf .'. r:= 
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39. Questions on Falling Bodies. 

1. From a black doui a flash of lightning was observed^ and 15 
seconds afterwards it began to rain: on the supposition that the rain 
.began to fall on the instant of the flash, what was the height of the 
eloudl^ Ans. 3618.75 feet. 

2. A meteoric stone fell upon a projecting stick of timber, with 
a momentum which, from the motion given to the stick, was estimated 
at 18435 pounds. It occupied in falling 10 seconds : from what 

' height did it fall, and what was the weight of the stone 1 

Ans. Height, 1608^ feet ; Weight, 57.31 lbs. 

3. A man fell into a pit 500 feet deep : how long was he infalU 
ing, and what velocity did he acquire 1 

Ans. T = 5.57 seconds; V = 179.17 feet per sec. 



* No allowance is here made for the resistance of the air, which, in fact, greatly 
retards the descent of drops of rain. 
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4. Wiihing to ascertain the difference in the deptht of two wdU, 
I dropped a pebble into one of them^ and heard it strike the wUer 
in 6 seconds ; and then into the other ^ and heard it strike in 7 seconds: 
Vfhat was the difference of their depths 1 Ads. 209 rV feet. 

5. An archer wishing to know the height of a tower , found that 
an arrow sent to the top of it^ occupied 8 seconds in going and rC' 
turning : What was the height of the tower 1 Ans. 257| feet. 

6. In what time wovld a man fall from a balloon three mUes high, 
and what velocity would he acquire 7 

Ads. T=31.38 seconds, or about half a minute. 
V=: 1009.39 feet per second, or about half the 
maximum velocity of a cannon ball.* 

7. A body having fallen for 3^ seconds^ was afterwards (^served 
to move along the horizon {with the velocity which it had acquired 
in its descent) for 2^ seconds ; What was the whole space described 
by the body from the beginning of its fall 1 

Ans. 478^ feet, very nearly. 

8. Through what space wovld the aeronaut {in question 6.) fall 
during the last second 7 Ans. 993.3 feet. 



* In this problem we have an example of the immense velocity which bodies 
falling towards the earth from a great height finally acquire, being, in the case 
supposed, more than eleven miles per minate. To form an idea of the whole pro- 
gress of a very distant body falling towards the earth, we must conceive of it as 
at first moving with extreme slowness, and as accelerated by very small incre- 
ments of velocity. For, although in terrestrial mechanics, gravity is considered 
as a constant force, producing uniform acceleration, yet it must be remembered 
that it is, in fact, a variable force, diminishing as the square of the di^ance in- 
creases; and hence, that the acceleration which it produces in a given time, is not 
only much less at remote distances from the earth than at its surface, but that the 
rate of acceleration itself is constantly increasing as we approach the earth. The 
principles, therefore, which serve for estimating ike time, velocity, and space, of 
bodies falling near the earth, as in the foregoing examples, do not answer for 
bodies falling from great distances. The laws governing these are investigated 
by means of the Calculus. Since the accelerating force diminishes so rapidly as 
the distance from the earth increases, there is a limit to the velocity which a body 
can acquire by gravity. If it falls from an infinite distance, it can acquire only a 
velocity of about Mcen miles per second; and half of this is gained within 1354 
miles of the earth. Were a body projected from the earth with a velocity of 7 
miles per second, it would never return. (See Vince*s Fluxions, Sec. VIII, Prop. 
XL. 5. Young's Elements of Mechanics, Art. IIC.) 
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9. A boJg has fallen from the top of a tower 340 feet high ; What 
¥>as the space described by it in the last three seconds 1 

Ads. 298.957 feet. 

10. Suppose a body be projected downwards with a velocity of 
18 feet in a second; How far will it fall in 15 seconds ? 

Ads. 38881 feet. 
11.^ body is projected upwards with a velocity of 65 feet in a 
second; How far will it rise in 2 seconds 1 Ads. 65 | feet. 

12. With what velocity must a stone be projected into a well 450 
feet deep^ thai it may arrive at the bottom in 4 seconds 1 

Ads. V=48J feet id a secoDd. 

13. l^on a steeple 160 feet high^ is a spire of 50 feet; at the 
same instant that a stone was let fall from the top of the steeple, an- 
other was projected perpendicfdarly upwards from the bottom of itj 
with a velocity sufficient to carry it to the top of the spire ; At what 
point toUl these stones meet 1 

Ads. 96.96 feet from the top of the steeple. 

14. Upon the top of a tower 200 feet high^ is placed a flagstaff 
of 26 feet; a buUet is let fall from the top of this flag-staff ; and at 
the instant of its passing the bottom of ity a stone is let fall from a 
window 4Afeet from the top of the tower; At what distance from 
the bottom of the tower will the bullet overtake the stone 7 

Ads. 137.385 feet. 



CHAPTER HI. 

OF THE COMPOSITION AND RESOLUTION OF MOTION. 

40. In the two preceding Chapters, we have coDsidered the motion 
produced in bodies by the actioD of ooly a single force. We now 
proceed to show the manner in which a body would move when 
acted upon at the same time by several forces. Let us first consider 
the case of a body acted upon by two forces. 

41. Two impulses, which, wJien communicated separately to a 
body woidd make it describe the adjacent sides of a parallelogram 
in a given time, will, when they are communicated at the same in^ 

Vol. I.— N. P. 5 
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siantj cause U to describe the diagonal in that time ; and the motion 
in the diagonal will be uniform* 

Suppose a body placed at A to be acted upon bj two forces, one 
of which would cause it to move uniformly over the line AB, and 

Fig. 15. 




A B 

the other over the line AC in the same given time, then complete 
the parallelogram ACDB ; and if both forces act at the same instant 
upon the body, it will, by their jotW action, move uniformly over the 
diagonal AD in the same time that it would have described either of 
the sides AB or AC by the forces acting separately. For if we at- 
tentively consider the manner in which these forces act, it is evident 
that the force which acts in the direction AB, can have no tendency 
whatever to prevent the access of the body towards the line CD, 
which is parallel to AB (2d Law of Motion, Art. SO.)* When both 
forces act together, therefore, it will, by the action of the force in 
the direction AC, arrive at the line CD (but in a different point of 
that line) in the same time as if the force in the direction AB had 
not acted ; for the same reason, the force in the direction AC will 
have no tendency to prevent the access of the body towards BD, 
which is parallel to AC ; it will arrive therefore at the line BD in 
the same time as if the force in the direction AC had not acted. 
Hence the body will arrive at the lines CD and BD at the same 

* " When any force is exerted upon a body already in motion, the motion which 
the force would produce upon a body at rest, is compounded with the previous mo- 
tion in such a way, that both produce tkeir full effects parallel to their own direc- 
tions" (Whewell, 328.) That any force impressed upon a body, already moving 
under the inllnence of different forces, has its full effect, either in producing or in 
destroying nototion, is evident from the fact that a given ibrce is foimd to have the 
tame effect npon bodies in different parts of the earth, althoagh, in consequenca 
of the diamal motion of the earth, bodies apparently at rest are moving with ra- 
rioQt veloeitiet in different latitudes." (Ib^ 891.) 
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instant of time, and consequently will be found at their common in* 
tersection D ; and as the body, after it leaves the point A, is acted 
upon by no external force, it must, by the Jirsi law oftnotiony baye 
described the. diagonal AD with a uniform motion. 

42. As this motion of a body in the diagonal of a parallel- 
ogram by the joint a^ion of two forces which {acting separately) 
would have caused it to describe the two sides^ is a fundamental 
theorem with respect to the composition of motion, let us consider 
it in another point of view. Let the lines AC, AB be divided 

Fig. 16. 




into the same number of small equal parts Aa, a&, ic, be. ; Adf, 
<fe, ef be., which will be to each other as the whole lines AC, 
AB, i. e. Aa : Ad: : AC : AB ; ai : ife: : AC : AB ; be, and con- 
sequently (Alg. Art. 388.) Aa+ab (AA) : Ad+de (Ae)::AC : 
AB; be; if therefore the parallelograms Adga, Aekb, be, be 
completed, then (by Blue. 6. 26.) the points g^ k, m, be, will all 
fall in the diagonal AD. Now since AC, AB are described uni- 
formly in the same lime, the proportional parts Aa, Ad ; A6, Ae, 
be will be described uniformly in the same time. From what has 
already been demonstrated therefore, at the end of those different 
parts of time the body will be brought to the point g, Ir, m, be by 
the united action of the forces which would have separately made it 
move over Aa, Ad ; A6, Af , be Let the number of parts into 
which AC, AB are divided be indefinite, then the number of points 
gf kf fn,.be will be indefinite, and the lines Ag, gk, km, be will 
be indefinitely small ; the body therefore will begin to tnoft in tbt 
line Agi and, being found at the end of each successive instant of 
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time in the line AD, it must have moved over that line with the 
unifonn velocity with which it set off.* 

43. If a body be acted upon by two forces, one of wUch UH>uld 
cause it to move uniformly over one side of a triangle, and the other 
over another side of the trianglej in the same time, then by the joint 
action of those forces it wUl be made to describe the third side, in 
the same time that it would have described either of the sides by the 
forces acting separately. 

Thus if a body be acted upon by two forces^ one of which .would 
cause it to move uniformly over the side AC, (Fig. 15.) and the 
other over the side CD, of the triangle ACD, (or over a line par- 
allel and equal to CD,) then, by the joint action of those forces, it 
would be made to describe the third side AD in the same time that 
it would have described either of the sides AC, CD, by the forces 
acting separately. For if the parallelogram ACDB be completed, 
then, since AB is equal and parallel to CD, a force acting in the di- 
rection AB would make a body describe AB in the same time as 
that in which it would describe CD ; but by what has already been 
proved, if two forces act upon a body, by one of which it would be 
made to describe AC, and by the other AB, in the same time, it 
would by the joint action of these forces be made to describe the 
diagonal AD, which is the third side of the triangle ACD.' 

44. Let us next suppose a body placed at A, and acted upon by 
three forces, by one of which it would be made to describe AB, by 
another AC, and by the third AD, uniformly in the same time ; com- 
plete the parallelogram ABEC, and join AE : complete also the 
parallelogram AEFD, and join AF ; then AF will be the line over 

* Tbe body will also describe the diagonal AD, when acted upon by nniformly 
accelerating forces. For, let Ae, A<i, (Fig. 16.) be two spaces described in the 
times T, t, by one nniformly accelerating force, and Ab, Aa, be two spaces de- 
scribed by another similar force, then, 

Ae:Ad::Tt its 

Ab:As::T» :tt /. 

Ae : Ad : : Ab: Aa ; 
conseqaently, tbe points^, i*, which denote the positions of the body at the end of 
each $uccessi7e instant, are all in the same straight line. (Eac. YI. 96.) 
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Tvbich the body will move uniformly by the joint action of those 
forces, in the same timtf in which it would have described AB, AC, 
or AD, by either of the for- ^ Fig. 17. 

ces acting separately. For 
by Art. 41. a body acted 
upon by two forces in di- 
rections AB, AC would be a 
made to describe the diago- 
nal AE ; a body placed at 
•A therefore, and acted upon 
by three forces in directions 
AB, AC, AD, is under the d 

same circumstances as if it was acted upon by two forces one of which 
would make it describe AE, and the other AD in the same time ; 
but the line over which a body would move uniformly by the action 
of two forces in the directions AE, AD is the diagonal AF ; AF 
therefore is the line over which it would move uniformly by the 
joint action of the three forces in the directions AB, AC, AD. 

Since BE is equal and parallel to AC, (Fig. 17.) and EF equal 
and parallel to AD, it follows, (for the same reason as in Art. 43.) 
that if a body be acted upon by three forces, each of which act- 
ing separately would make it describe innLecession, the three sides 
AB, BE, EF of the figure ABEF, (or lines parallel and equal to 
them,) taken in the order of the letters, A, B, E, F, it would by 
the joint action of those forces be made to describe the fourth side 
AF in the same time that it would have described those sides re- 
spectively when the forces act separately. And since the same 
mode of reasoning applies to a polygon of any number d^ sides, we 
have in general^ the following theorem. 

45. If a body be impelled by any number of forces, which acting sep^ 
aratelyj toould^ in a given time, make it describe all the sides of a poU 
ygon except the last side; when all these forces act at the same in- 
stant, it mil be made to describe the remaining side in the same giv- 
en time. 

Thus, if a body be impelled by any number of forces which act- 
ing separately, would, in a given time, make it describe each of the 
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tides AB, BC, CD, DE of the polygon ABODE; when all those 
forces act at the same instantf it wilt be made to describe the re- 
maining side AE in the same given time. 




46. yall the sidei of a polygon except the last represent the gtf/rn- 
iity and direction of several forces^ acting at the same instant upon 
a body, the remaining side wUl represent the quantity and direction 
of a force equivalent to them all. 

A force is said to be equivalent to any number of forces, when 
« it will, singly, produce the same effect that the others produce joint- 
ly in any given time. The single force is frequently called the re- 
sultant, and the forces that produce it are called the components. 

By the second law of motion, the space described is proportional 
to the force impressed; in all these cases, therefore, the spaces re- 
spectively described by the body will represent the quantity and di- 
rection of fte forces by which it is impelled. Thus (see Fig. 15.) 
if the quantity and direction of two farces be represented by the 
two sides AB, AC of the parallelogram ACDB, the diagonal AD 
will represent the quantity and direction of a force equivalent to them 
both; or if the two sides AC, CD of the triangle ACD represent 
the quantity and direction of two forces acting at the same time up- 
on a body, the third side AD will represent a force equivalent to 
them both. With respect also to the forces by which a body is 
made to describe the sides AB, BC, CD, DE, of the polygon ABCDE 
(Fig. 18.); if AB, BC, CD, DE represent the quantity and direc- 
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tion of several forces actiag at the same instant upoti a body, the 
remaining side AE will represent the quantity and direction of a 
force equivalent to them all.'* 

47. Since the lines which represent the proportion of the forces 
in these different figures are described in the same time, and since 
the velocity of a body is proportional to the space described in a 
given time, these lines will also represent the proportion of the ve» 
locities with which they are respectively described. Thus (Fig. 
15.) the velocity with which the diagonal AD is described • veloci- 
ty with which either of the sides AC or AB is described: t AD : 
AC or AB ; and in the case of the polygon in Art. 45, the velocity 
with which the side A£ b described : velocity with which either of 
the sides AB, BC, CD, or DE is described : : AE : AB, BC, CD 
orDE. 

48. Hitherto the forces have been supposed to be such as by their 
separate action would produce uniform velocities ; in which case, a 
body by their joint action will be made to describe a straight line 
with a uniform velocity. But if two forces act upon a body, by one 
of which it would be made to describe a straight line with a uniform 
velocity, and by the other with a variable velocity, then the body, by 
the united action of those forces, will neither describe a straight line, 
nor will it move with a uniform velocity; but will describe with a 
variable velocity some curve line, the form of which must be deter- 
mined from the particular nature of the two forces which act sepa- 
rately upon the body. Let us take the case of a body projected 
obliquely at the earth's surface, on the supposition that it meets with 
no resistance in its passage through the air. Conceive a body to be 
projected from the point P, in the direction PN, with such velocity 
as would carry it uniformly over the line PN in the same time that 
it would descend by the force of gravity through the space PV. Com- 
plete the parallelogram PN VQ ; then for the same reason as in Art. 
41, the body at the end of that given time would be found in the 



* It will be remarked by the learner, that several of these forces acting in oppo- 
site directions, partly destroy one another, so that AE represents merely the resi^ 
tantf or what remains after all these mutual actions. 
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point Q ; having described not the diagonal PQ, but some curve line 
POQ.* In P^ take any point M, and let T, t represent the times 
of describing PN, PM respectively ; make PL equal to the space 
through which a body would fall by gravity in the time (^), and com* 
plete the parallelogram PMOL ; then O will be the place of the 
body at the end of the time (t) ; and in the same manner the other 



Fig. 19. 




points of the curve POQ might he determined. Now since PN is 
described with a uniform velocity^ 

PN : PM::T: r .-. 

PN^ : PM« : :T' : <•. But, (Art. 29.) 

NQ;,MO::T» :t'.'. 

NQ:MO::PN»PM^ 

Hence the curve is such, that MO oe PM*, which is a well knowa 
property of the parabola*! The curve POQ, therefore, is a para« 
bola whose diameter is PV, ordinate QV, and whose parameter to 



• For the body in descending in the direction of PV, recedes from the line PN 
very slowly at first, bnt faster and faster as it proceeds ; and since the rate of ac- 
celeration is augmented amtinuaUj^ the body most be constantly drawn farther 
and farther from the direction of PN. Bat a constant change of direction, implies 
that the path is a curve line. * 

t Bridge's Conic Sec. Art. 27. 

X By Cor. to Prop. 8 of ^ra^oto, parameter X PV«=CtVa , .-. parameter =py^' 
(Bridge's Conic Sections.) 
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49. Questions on the Composition of Motion. 

1. A body is acted upon at the same time by two forces which are 
to one another as a : b, and their directions are inclined to each other 
in the given angle A ; What is the magnitude of the resultant 1 

Let AC ; AB (Fig. 15.) represent tbe ratio of a : 6, and let 
BAC be equal to tbe giten angle A. Complete the parallelogram 
ABDC, then AD will represent the resultant. Since CD=ABy 
AC : CD::a : b; and since CD is parallel to AB, tbe angles 
BAC, ACD=180o, .-.ACD^ISOO- z A ; hence the problem is 
reduced to finding trigonometricallj the third side AD of the trian* 
gle ACD, in which are given the tw« sides AC^ CD, and the inclu- 
ded angle ACD. 

Let AC : AB : : 2 : 3, and z!iA=60O, .'.ACD^ISOO; then* 
5 : l::tan. 30° : tan. (iCAD-'iCDA) =itan.30^; .'.f log. tan. 
iCAD— iCDA=log. tan. 30^-log. 5 =9.0624694= log. tan. 6^ 
35'; hence CAD=36^ 35', and CDA=23Q 25', and as sin. 23^ 
25' (CDA) : sin. ACD (120°): : AC (2) : AD=4.36, i. e. if two 
forces which are to each other as 2 : 3 act upon a body at an angle 
of 60^, tbe resultant will be proportional to 4.36. 

2. From an island in the Straits of Sunda, we sailed S. E. b S. 
(3S^ 45'} at the rate of 6 miles an hour; and being carried by a cur- 
rent^ which was running towards the S. W. {making an angle with the 
meridian ofM^ 12^',) at the end^four hours, we came to anchor 
on the coast of Java, and found tH^ said island bearing due north. 
Required the length of the line actually described by the ship, and 

the velocity of the current 1 Ans. S=26.4 mile., 

V=s3.7024 miles per hour. 

3. A sloop is bound from the main land of Africa to an island 
bearing W. b N. (78^ 45') distant 76 miles, a current setting N. N. W. 
(22° 30') 3 miles an hour : What is the couasE to arrive at the 
island in the shortest time, supposing the sloop to sail at the rate 
of 6 knots per hour ; and what time vnll she take 1 

Ans. Course 76° 41' 4" S.— Time lOh. 40m. 7 sec. 

» ■ »m I I 1 ■ ■ n I . ... ■ I T . . I 

• Day's Trigonom. Art. 144. j t lb. Art. 41. 

Vol. I.— N. p. 6 
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50. We may likewise find the magnitude of the force compounded 
of any number of forces, whose quantities and directions are repre- 
sented by the sides of the given polygon ABCDE, (Fig. 18.) For 
since AB, EC and ABC are given, AC and BCA may be found ; 
but ACD=BCD-BCA, .'.AC, CD and ACD are known, from 
which AD and ADE may be determined ; and in the triangle ADE 
we have AD, DE, and ADE, .'.AE is known. 

Three men are puUing at a boat toith equal farces and in the 

tame plane. A pulU at right angles to B, and B at an angle of 

45 degrees with C. In uihat direction wiU the boat moi^e, and 

what is the ratio of the resultant to the sum of the individual 

forces 1 




Ijei the point of application be at A, (Fig. 20.) and let AB, AC, 
and AD, represent respectively the magnitude and direction of A, 
B, and C. Then it may be shown that AF is the resultant, which 
makes an angle with AB of 80^ 16^, and bears to the sum of A, 
B and C, the ratio of -v/S to 3. 

RESOLUTION OF MOTION. 



61. A given force may be resolved into an unlimited number of 
others, acting in all possible directions. 

Let AB represent the quantity and direction of some given force ; 
draw any lines AD, AC, and join DB, CB ; complete also the 
parallelograms ADBE, ACBF. Since AB is the diagonal of two 
parallelograms whose adyacent sides are respectively AD, AE, and 
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AC, AF, it may (by Art. 41.) be considered ad the resultant of two 
forces whose quantities and directions are represented either by AD, 
AE, or AC, AF, i. e. by AD, DB or AC, CB. The forces repre- 
sented by AD, DB, or AC, CB, may also be resolved into other 
pairs of forces, and so on without end. 



Pig. 21. 




52. Sometimes, however, by the conditions of the problem, the 
resolved forces are required to make a given angle, or to be in a 
certain ratio, with each other. The method of solving cases of this 
kind, may be illustrated by a few examples. 

Fig. 32. 




First, let a given force AB, (Fig. 22.) be resolved into pairs of 
forces which shall always act at right angles to each other. Upon 
AB describe a semicircle, ABC, and from the extremities of the 
base draw straight lines to meet in any point of the circumference. 
The side of the triangles thus formed, will severally contain right 
angles.* 



* Eac. III. 31. 
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Secondly, let the * resolved forces be required to make whh each 
other any given angle. Upon AB, (Fig. 23.) describe the segment 
of a circle, ABC, containing an angle, the supplement of the given 
angle,* and draw straight lines from the extremities of the base to 
any point in the circumference. 

Fig. 23. 




Thirdly, let the sum of the resolved forces be required to be equal 
to a given quantity. Let MN (Fig. 24.) be equal to the sum of 
the forces required and AB be the given force ; and upon MN, as 
the transverse, and with the points A and B (equally distant from 
M, N,) as foci, describe the ellipse MCN. From A and B draw 
straight lines to any point in the ellipse, and the sides of the several 
triangles will form the pairs of forces required.f 

Fig. 25. 

Fig. 24. 




B M 




Fourthly, in like manner, pairs of forces whose difference shall 
be always equal to the same constant quantity, may be found by 
making A and B the foci of an hyperbola, as in Fig. 25., and drawing 
straight lines from these points to the curve.{ 



• Euc. in. 33. t Bridge's Conic Sect. Art. 8. t Conic Sect. Art. 9. 
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1. A given force (a) it required to be resolved into different 
pain of forces which shall act at an angle of 135^ to each other ; 
What is the radius of the circk whose segment shall contain pairs 
of the resolved forces ? 

Fig. 96. 




Let AB^sa, and upon AB describe the segment of a circle which 
shall contain an angle ADB of 45^ : then the radius ACs=-^. 

S. Jh determine the radius of the circle when AB (Fig. 26.) is 
required to be resolved into pairs of forces acting at any givw 
angle whose supplement is A. 

Let AB=a, ADBs=A; find the center C, and join CA, CB; 

then BC or radius =:?4?^. 

8in.2A 

^*A«40O ^ ^^®° "^^'"^ =7.7786. 

BELATIVE MAGNITUDE OF FORCES BEFORB AND AFTER THEIR 

COMPOSITION OR RESOLUTION. 

S3. The most ohvious consideration with respect to the composi- 
tion of motion is, that^ if two equal forces act upon a body in contrary 
directions, they will destroy each other's effects, and the body thus 
acted upon will remain at rest; or if any two forces act upon a bo- 
dy in the same straight line, then the effect (or, in other words, the 
motion) produced will be proportional to the sum or difference of 
those forces according as they act in the same or in opposite direc- 
tions. But if these forces act obliquely to each other, then the re- 
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suiting force will be some intermediate quantity between tbat sum 
and difference, the magnitude of which will increase according as 
the angle of inclination between the directions of these forces is di- 
minished. For it is evident that the smaller the angle of inclinatien 
between two forces is, the more nearly will they conspire together, 
and consequently the whole effect produced will be greater ; on the 
contrary, as the angle of inclination increases, the two forces will 
more strongly oppose each other, their whole effect therefore will 
keep diminishing. 

D Pig. 27. E 




A B 

This latter conclusion may also be drawn from the geometrical 
representation of the forces. Liet two forces be represented by AB, 
AD, or by AB, AC, of which AC=AD; let the angle DAB be 
greater than the angle CAB, and complete the parallelograms DABE, 
C ABF ; then since DAB is greater than CAB, its supplement ABE 
must be less than ABF the supplement of CAB ; hence in the tri- 
angles ABE, ABF, we have AB, BE equal to AB, BF, and 
the angle ABF* greater than ABE, •''. *AF is greater than AE. 
Let CAB=0, then AF=AC+CF=sum of the forces; let CAB 
=180^, then AF=CF - AC=difference of the forces ; in all oth- 
er cases, AF is of some intermediate magnitude between AC+CF 
and CF— AC, and keeps increasing as the angle CAB is diminished. 

54. In the composition of forces which act obliquely on each oth- 
er, some force is actually lost ; for the sum of the forces before they 
are compounded together is represented by the two sides AD, DE 
of a triangle, and after composition by the third side AE. The con- ' 
trary happens with respect to the resolution of forces ; for the two 
resolved forces being represented by the two sides of a triangle of 
which the given force is the third, the absolute quantity of the re- 
solved forces must be greater than that of the given force. 



♦ Euc. 1. 34. 
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Five sailors raise a weight by means of Jive separate ripes^ in the 
same plane^ connected with the main rope that is fastened to the 
weight in the manner represented in figure 28. B pulls at an an- 
gle with A of 20^; C with B, at 19^ ; D with C, at 2P 3(K; and 
E with D, at 259. A, B, and C, pull with equal forces^ and D 
and E with forces^ one half greater : Required the magnitude and 
direction of the resultant^ and the loss of force occasioned by the 
forces acting partly against each other ? 

Let the •sides of the polygon (Fig. 28.) represent* the several 
forces in magnitude and direction, then AF will be the resultant. 

Fig. 28. 




The angle at B=160O; at C; 161^; at D, 168<^ 3(K; at E, 155^. 
Hence, 

1. The resultant makes an angle with AB=46o 33' KK^ 

2. Its value is 5.1957, (that of all the components being 6,) and 
it falls between C and D. 

3. The loss of force is •1341, or about yW of the whole. 

But the effect of forces to produce motion in given directions is 
not changed by their composition or resolution. For let the two 
forces AC, AB (Fig. 29.) and their resultant AD, be resolved into 
the several forces AE, EC ; AG, GB ; and AF, FD ; whereof AE, 
AG, AF, are in the direction of some line AF given in position**^ and 



♦ Algebra, Art. 17. 
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EC, GB, DF, perpendicular to it ; then by similar triangles GHB, 
HDF, we have, 

C Fig. 29. D 




GH : HP: :BH : HD, and GH+HF : HF: :BH+HD : HD, 
.-.GF : HF: :BD : HD, or GF : BD ( =AC) : :HF : HD. 
But by similar triangles AEC, HFD, HF : HD ::AE : AC. 
Hence GF : AC::AE : AC, .•.GF=AE, and AF=^AG+AE; 

i. e. that part of the compound force AD which acts in the direction 
AF is equal to such parts or the resolved forces as act in the same 
direction. 



:BH:HD; 
:BDor AC : HD, 

:DF : HDirCE: AC. 



Again, by similar triangles, BG : DF 

.-.BG+DF : DF 
orBG+DF : AC 
Hence BG+DF=CE, .'.DF^CE-BG ; but since CE, BG, 
represent forces acting in opposite directions to each other, their 
effect in the direction CE perpendicular to AF will be represented 
by their difference CE-BG; .'.since DF=CE-BG, the part of 
the compound force which is perpendicular to AF is equivalent to 
such parts of the resolved forces AC, AB as are perpendicular 
to AF. 

NATURE OF THE FORCES, WHICH, BT THEIR JOINT ACTION, WILL 

KEEP A BODY AT REST. 

55. A body acted upon at tht same time by three forces^ repre- 
sented in quantity and direction by the three sides of a triangle ta- 
ken in order^ {or bylines parallel to thtse^) will remain at rest. 

Since AD (Fig. 30.) is equivalent to AB and AC, a body placed 
at A and urged by AB and AC in one direction, and by DA in the 
opposite direction, it would remain at rest. But these three forces 
correspond in magnitude and direction with the three sides of the 
triangle ACD. 
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56. Iff' a body be kept at rest by three farces^ those three forces 
wUl be represented by the three sides of a triangh formed by lines 
drawn in their respective directions. 

Fig. 30. 




For suppose a body be kept at rest by three forces, and that AC, 
CD (Fig. 30.) represent the quantities and directions of two of those 
forces, then the compound force arising from those two forces will 
be represented by the line AD ; a third force, therefore, repre- 
sented in quantity and direction by the line DA, equal and oppo- 
site to AD, must exactly counterbalance AD and keep it at rest. 
* Whenerer, therefore, a body is kept at rest by three forces, if a 
triangle be drawn, whose sides are respectively in the direction of 
those forces, those sides will represent the quantity and direction of 
the several forces thus acting upon the body. 

57. TTie proportion of the three forces which Jceep a body at rest 
wiU be represented by the three sides of any triangle ^ drawn parallel 
or perpendicular to the sides of the triangle which are in the direC" 
tions of the forces. 




For, let the triangle ABC be that whose sides arc drawn in the 
direction of the three forces, then the triangle o^y (whose sides are 
Vol. I.— N. p. 7 
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parallel to AB, BC, CA) and the triangle abc (whose sides are per^ 
pendicular to AB, BC, C A) being each of them simitar* to the tri- 
angle ABC, must have their sides ol?, ^Yj y**^ or ab, be, ca, respect* 
ivelj proportional to the three sides AB, BC, CA, which represent 
the quantity and direction of the forces acting upon a body. 

58. Any one of the three forces which . keep a body at rest^ is €u 
the sine of the angle included between the other tv>o. 

For, (Fig. 81.)AB : BC: tsin.BCA : sin.BAC ; BC : CA: :sin. 
BAC : sin. ABC ; and CA : AB: Isin. ABC : sin. BCA. Con- 
versely, if a body be acted upon by three forces, each of which varies 
as the sine of the angle included between the directions of the other 
two, it will remain at rest, since the sines are as the sides opposite to 
them, and when the forces are proportional to these sides^ the body 
will remain at rest by Art. 55. 

59. A body will be Tcept at rest if it be acted upon by any num- 
ber of forces which are represented in quantity and direction by the 
sides of a polygon taken in order. 

B 

Fig. 33. 




E 

For, let a body be acted upon by any number of forces repre- 
sented by the sides AB, BC, CD, DE of the polygon ABCDE ; 

* Since the sides of the triaDgle a^y are respectively parallel to the sides of the 
triangle ABC, it is evident that the angles aj?y, /^yo, 'yo/S, are respectively equal to 
ABC, BCA, CAB. With respect to the triangle abc ; since the angles at D, E, 
F, are ri^A^angles, we have DaF+DAF=180<>, also DaF+bac-silSCP, .-.DAF 
zsibac ; and in the same manner it appears that EBF=a^, and ECD=ac6. (See 
Legendre's Geometry, III. 209.) 
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theo (by Art 44.) these forces compounded together will be repre* 
sented io quantity and direction by the remaining side AE ; if| there- 
fore, at the same time that the body is acted upon by the forces AB, 
BCy CD, DE, it is also acted upon by another force represented in 
quantity and direction by EA, (equal and opposite to AE,) it will 
remain at rest. The converse of this proposition may also be es- 
tablished by the same mode of reasoning as that made use of in Art. 
56.) viz. If a body be kepi at rest by any number of forces ^ those 
forces wiU be represented^ in quantity and direction^ by the sides of 
a polygon formed by the intersection of lines draxcn in the direction 
in which they respectively act, 

1. A body is acted upon by two forces a and 6, which are at 
right angles to each other; it is required to find the magnitude and 
directum of a third force f which shall keep the body at rest. 

Fig. 33. 




LfCt AC=a ^ Complete the parallelogram ABDC, and join AD ; 
AB»& > then the two forces acting upon the body may be 

CAB =90^ 3 represented by AC, CD; consequently DA (the 
third side of the triangle ACD) will represent the force which shall 
keep the body at rest. (Art. 55.) Now DA=VAC»+CD» = 
v^a'+6* for the magnitude of the force; and sine of CAD : sine 
of CD A (=DAB) : :CD : CA: :6 : a; .-.the direction DA of the 
third force divides CAB into two angles, whose sines are to each 
other as a ; 6. 

2. A body, acted upon by two forces, is kept at rest by a third 
force (a), whose direction divides the angle contained between the 
directions of the two former into the given angles A and B ; What 
is the magnitude of those two forces 1 

Let AC, AB be the two forces (Fig, 30.) ; complete the parallel- 
ogriiKi ABDC, then DA (=^a) is the third force; let CAD=A, 
DAB=B, thenACD=180O-A+B. Now 
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AC : AD(o)::sin.CDAorDAB(B) : Sin.ACD(18OQ- A+80> 
& AB : AD(fl)::sin.ADBorCAD(A) : s5n.ACD(180<^-A+B.) 

sin. Bxa sin. Axcr 

Hence AC=": =T=r=^^=> and AB= 



sin. 180O-A+B 



sin. 1800- A+B 



COMPOSITION AND BESOLUTION OF PARALLEL FORCSS. 

60. It appears by Art. 58. that any one of the three forces which 
keep a body at rest is proportional to the sine of the angle included 
between the directions of the two others. An important consequence 
of this truth is, that, of three forces that keep a body at rest, the 
two components and the resultant may severally be represented by 
the sine of the angle included between the directions of the two 
others ; viz. the resultant by the sine of the angle comprehended 
between the directions of the two components, and each of the com- 
ponents by the sine of the angle comprehended between the result- 
ant and the other component. Hence are derived the principles of 
the composition and resolution of parallel fojces. 

Thus, let a body at A be kept at rest by three forces represented 
in quantity and direction by the sides of the triangle ADC, AD and 
DC being the components and AC the resultant. Complete the 
parallelogram ABCD ; produce the lines AB, AC, AD, indefinite- 
ly, and with any radius describe the arc EFG and from the points 
E, G, draw the sines EH, EI, GK. 

From what has been said it will be seen, that the force AB may 
be represented by the sine EI, the force AD by GK, and the force 

Pig. 34. E 




A B H G 

AC by EH. Suppose now that the lines AE, AF, AG, approach 
towards parallelism ; then it is evident that the center A will con- 
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tiDually recede from the arc EFG, and that that arc will continually 
approach towards a straight line while the sines will approach to- 
wards a coincidence with it, until finally, when the lines AE, AF, 
AG, become parallel, the sine EH will cross the parallels at right 
angles, and the sines EI and OK will form parts of the same straight 
line with EH. Hence, when the two forces AB and AD become 
parallel, their resultant AC forms another parallel with them both } 
and since the resultant is represented by the sine EH, which, when 
these lines become parallel, equals the two sines EI and GK, we 
hence derive the following theorems. 

I. 7%e resultant of two parallel forces i$ in a direction consti^ 
tuting another parallelf and is equal to their sim. 

II. If a straight line be draum perpendicular to the directions 
of these three forces^ (viz. the two components and their resultant) 
each of the components wUl be represented by the part of the per- 
pendicular contained between the directions of the two others. 

61. We have thus far considered the two parallel forces as acting 
the same way ; when they are directed towards opposite parts, the 
investigation is the same with that in the last article, and the conclu- 
sion the same, except that the resultant is equal to the difference 
of the two components. A great number of parallel forces may be 
compounded into a single force equivalent to them all by proceeding 
as in Art. 44 ; that is, by first finding the resultant of two forces, and 
a new resultant for that resultant and one of the remaining forces, 
and so on to the last ; and any single force may be resolved into any 
number of parallel forces by a method the reverse of this. 

COMPOSITION AND RESOLUTION OF FORCES ACTING IN DIFFER- 
ENT PLANES. 

62. In estimating the effects produced by the composition and 
resolution of forces, we have hitherto considered them as acting in 
the same plane ; we proceed now to the solution of the problem, by 
means of which we are enabled to determine the motion of a body 
resulting from the operation of any number of forces acting in dif- 
ferent planes. 
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JiU theforeet which can pouSbly ad upon a bodj/y may be fesohed 
inio e^valent forces acting in the direction of three stra^ioht 
LINES OR AXES, at right angUi to each other. 

Let AKy A6 be two straight lines drawn at right angles to each 
other in the same plane^ and let AL be drawn at right angles to that 
plane, and consequently, at right angles to each of the lines AK, 
AG.* Suppose AB to represent the *quantitjr and direction of a 
force acting upon a body at A ; let fall the perpendicular BP upon 
the plane passing through AK, AG ; join AP, and complete the 
parallelogram APBC. From P draw PD parallel to AK, and PE 
parallel to AG. Since AB is the diagonal of the parallelogram 
APBC, the force represented by AB is resolved into two others 
AC, AP equivalent to it; and since AP is the diagonal of the 




parallelogram ADPE, the two AD, AE are equivalent to AP. 
Hence the given force AB is resolved into three others AC, AD, 
AR, in the direction of the three straight lines AL, AG, AK, which 
are at right angles to each other, and issue from the point A. 

Produce LA to /, GA to g-, and KA to k; so that the three lines 
(or axes) L/, G^, KXr, shall cut each other at right angles in the 
point A ; then it is evident that the directions of all the forces, which 
can possibly act upon a body at the point A, will fall within one or 
other of the eight solid angles formed by the intersection of three 



* Euc. 8 Sap. Def. I. 
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planes cutting each other at right angles, and passing through the 
axes li, Gg ; L/, KA ; Gg^ Kfc, respectively ; and from what has 
just been shewn, eaeh of l G 

those forces may be resolved ^ ^^* 

into three others, in the di- 
rections,* 

AL, AG, AK ; 

AL, AG, AA: ; 

AL, Ag, Afc ; 

AL,A5^,AK; 
or AZ, AG, AK ; 

AI, AG, AAr ; 

A/, Ag, AJc ; 

A/,Ag-,AK; 

according to the solid angle in which it is included.' Thus, then, 
all the forces which can possibly act upon a body at the point A, 
may be resolved into others acting along the three axes L/, G^, Kfc ; 
for the forces acting in the directions AL, AZ; AG, Ag\ AK, Afc, 
respectively, are merely forces acting in opposite directions in the 
same straight line. 

Cor. If the sum of the opposite forces in the direction of each 
axis be equal to one another, the body will be at rest. 

63. MlSCELLAN£OUS QUESTIONS ON THE COMPOSITION AND RES- 
OLUTION OF Motion. 




1. Three men^ eqwd in strength^ undertake to puU down the stee- 
pie of an ancient church. They fasten three ropes to a ring near 
the top, and standing at equal distances from the circular base of 
the steeple, they putt at equal angles of 30^ to each other. TAe 
ropes severally make an angle ofAQP with the perpendicular axis of 
the steeple. Now if a single force of 500 Ihs. were applied at right 
angles at the same point, it would he just sufficient to overturn the 
steeple : Required the force actually exerted by each man 1 

Ans. 284.717 lbs. 



* It will be observed that the first four angles lie above and the last four below 
the plane that passes through AK and AG. 
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2. A body at the equator moves by the diurnal revolution of the 
earth about 1000 miles, and in lat. 40^, about 766 miles per hour. 
Now were a vnnd to blow from the equator, commencing with a 
course directly north, and blowing vnth a uniform velocity of 60 
miUs per hour, in what direction would it blow when it reached 
the latitude of4(P, supposing it stUl to retain the easterly motion it 
had in common with other bodies at the equator 1 

Ans. N. 750 37^ E, 

3. If a man were taken up at the latitude ofA(P and at the same 
instant set down at the equator, in what direction and with what 
VELOCITY would he move on the equator 7 

Ans. He would move directly westward, at the xate of 234 miles 
per hour. 

4. A ferry boat crosses a river ^ of a mile broad in 45 minutes, 
the current running all the way at the rate of 3 miles an hour: At 
what ANGLE with the direct course must the boat head up the stream 
in order to move perpendicularly across 1 Ans. 71^ 34^ 

5. The same things being given, in what ratio is the force re- 
quired to move the boat increased, in consequence of the current 1 

Ans. It is increased 3.162 times. 

6. I shot an eagle that was flying directly aver my head. On 
account of its inertia, it retained some motion in a horizontal direc- 
tion, and therefore fell, at the end of 4 seconds,' 60 feet from the 
place where I stood: Required the nature of the curve which the 
bird described in its fall? 

Ans. The curve is a parabola, of which the equation"* is P X257i 
s=3600; and consequently the parameter (P) = 13.99. (See Art. 
48.) 
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CHAPTER IV. 

OP THE CENTER OF GRAVITY. 

64. 7^ center of gravity of a body it that point, about which, 
if iuppoTted, all the parti of a body {acted upon only by the Jora 
of gravity) baUmce each other in any position. 

Iq order to ascertain this point, it nill be necesurj to resolve s 
body into its constituent parts ; and then to find two lines, about 
each of which (if supported) these ptrts will balance each other in 
all positions : the common intersection of those two tines will he the 
center of gravity required. In bodies of a regular form and uni< 
Ibrni texture this is very easily egected, but the difficulty increases 
•s the nature or shape of the body becomes more complex. We 
shall begin with showiug the method of finding the center of gravity 
of a body, or of a tystem of bodies in a few familiar instances. 

H£TBOD OF TINDIMO TBE CENTER OF ORATITT OF A BOOT OB STS- ' 
TEH OF BODIES. 

65. In regular plane figures, such as squares, paralltlograms, 
circles, polygons inscribed in circles, fyc. the center of gravity ii 
the same as the center of the fgures. 




Let the annexed figures represent thin lamine of matter of a uni- 
form density, and let them he divided into two equal parts by the 
straight lines AB, CD. Conceive now each of those laoilns to he 
resolved into lines of particles equal and parallel to AB, there will 
then be the same quantity of matter similarly disposed on each side •' 
of AB ; if, therefore, AB be supported, the parts ACB, ADB wilt ^ • 

Vol. I.— N. P. 8 
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balance themselves about it ; the center of gravity will consequently 
be in the line AB. For the same reason, because all lines drawn 
parallel to AB are bisected by CD, the center of gravity will also 
be in the line CD ; it must therefore be in their common intersection 
G. In the same manner it might be shown, that the center of 
gravity of regular solids, such as the cube, parallelepiped, cylinder, 
sphere, &c. is the same with the center of magnitude. For each 
of these solids might be divided into two equal and similar parts by 
planes passing through it in three different directions ; the intersec- 
tion of two of these planes would be a right line, and the intersec- 
tion of that line with the third plane would be the center of gravity 
of the solid. Let the three first figures in the preceding page rep- 
resent respectively the section of a cube, parallelepiped and sphere^ 
cut through their middle ; then may the line CD represent the in- 
tersection of a plane at right angles to ACBD, and AB the inter- 
section of a third plane cutting these solids in a similar manner ; 
the point G will therefore be the center of gravity. In the cylin- 
der, it is evident that the center of gravity will be in the point which 
bisects its axis. 

66. When a bod if is supported by a prop placed under its center of 
gravity, the pressure is the same whether the whole quantity ofmat^ 
ter is uniformly diffused through the space occupied by the body^ or 
whether it is all corieentrated in that center of gravity. 

Fig. 38. 



A G B 

Suppose now A and B (Fig. 38.) to be two equal particles o^ 
matter connected together by the inflexible rod AB void of grav- 
ity ; bisect AB in G, then G will be the common center of gravity 
of A and B ; for it is evident, that if G be supported, the two par- 
ticles will balance themselves about it. The pressure upon G will 
be equal to th& weight of the particles A and B, and this pressure 
does not at all depend upon the length of the line AB ; it will there- 
fore be the same whether the particles be placed at A and B, or a 
particle equal to A-f B be placed at G. The same may be said 
with respect to the particles A, B, C, D, &c. (in Fig. 39.) which 
are disposed uniformly along the inflexible rod AN void of gravity ; 
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▼iz. that the pressure of A and N is the same as if A-f N were 
placed at 6 ; of B and M the same as if B+M were placed at G ; 
and that the whole pressure of the particles A, B, C, D, be. is the 
same as if A+B+C+D+E+F, &c. were placed at G • 

Fig. 39. 
ABODE FKLMN 

G 

This reasoning might be extended to the lines of particles com- 
posing the lamins in Art. 65. for the particles A, B, C, D, &c. 
(Big. 39.) may be increased in number till they become contiguous 
to each other; and the effect is the same whether we consider them 
as connected together by an inflexible rod void of gravity, or as ac- 
tually united together by the power of cohesion. Supposing CD 
therefore to be supported, (see figures in Art. 65.) the pressure 
upon it will be the same as if all the particles contained in the lines 
parallel to AB were incumbent upon it ; and supposing the point G 
only to be supported, the pressure will be the same as if the parti- 
cles thus collected in CD were incumbent upon it ; the pressure of 
the laminae ACBD upon the center of gravity is therefore the same 
as if all the matter contained in it were incumbent upon G. The 
same mode of demonstration might be applied to the laminae com- 
posing the regular solid bodies in Art. 65. 

< 

67. Two weights or pressures acting aU the extremities of an inflex^ 
ible rod void of gravity^ will he in equUibrio about a given pointy 
wfien their distances from that point are to each other inversely as 
those weights or pressures. 

Let ABCD, CDEF, (Fig. 40.) represent the sections of two 
cylinders of uniform density and of the same diameter, whose axes 
are MN, NO ; bisect MN in G and NO in g, then will G, g, be 
their centers of gravity. Let ABCD be suspended from the hook 
P, by the string PG attached to its center of gravity ; and let CDEF 
be suspended in the same manner from the hook Q, by the string 
Qg'y let them also "be so placed that their ends may be contiguous 
to each other. Then will ABCD, balance itself about G, and 



• We shall come to the same conclusion by considering A and B, -Ac. as paral- 
lel forces, and Q as their resultant ; then, by Art. 60., G will be equal to their sam. 
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CDEF about g, so that the two axes NM, NO (after the cylinders 
are suspended) will lie in the same straight line ; and the pressure 
upon G, g, will be the same as if the whole weights of the cylin- 
ders were collected respectively in those points. Suppose now the 

Fig. 40. 
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two ends which are contiguous to each other, to be firmly cemented 
together, so that the two cylinders should become one mass ; this 
will not at all affect the pressures upon G, g^ but will merely serve 
to connect those two points together in such a manner that the pres* 
sures upon them may be considered as acting at the extremities of 
an inflexible rod G^ void of gravity. Bisect the axis MO of the 
whole cylinder ABFE in the point K, and K will be its center of 
gravity ; let the prop KL be placed under K, and let the two strings 
PG, Q^, by which it is suspended, be removed, and the cylinder 
will then balance itself about the point E ; or, in other words, the 
two pressures acting at G, g*, will be in equilibrio about that point. 
It only remains, therefore, to find the relation of KG to K^ ; now 
MK=JMO,andMG=iMN,.-.MK--MG(orKG)=J(MO-MN) 
= JNO; again, OK =JMO, and Og-=iNO,.:.OK-0^ (or Kg-) 
=5(MO-NO)=iMN; hence KG : K^::JNO : iMN::NO : 
MN: : cylinder CDEF : cylinder ABCD. But the pressure upon 
G(P) is equivalent to the weight of the cylinder ABCD, and the 
pressure upon g (p) to that of the cylinder CDEF ; .'. KG : Kg: : 

p :PorP:jp::Kj?:KG. 

68. This furnishes us with the method of finding the common 
center of gravity of any number of bodies whatever, connected to- 
gether by inflexible rods void of gravity. 
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Let A, B, C, D^ &c. be the bodies, and let tbe centers of grar- 
ity of A and B be connected together by the inflexible line AB ; 

take A :B::BG : AG* 
or,t A+B : B::BG+AG(AB) : AG, then will the bodies A 

Fig. 41. 
A G B 




C 

and B balance themselves about G, (Art. 67.) and consequently G 
will be their common center of gravity (by Art. 64.) ; and tbe three 
6rst terms of tbe above proportion being known, the distance of G 
from A is thus found. 

Next, let the center of gravity of C be connected with G by the 
inflexible line CG, then for the reason assigned in Art. 66. the pres- 
sure upon G will be tbe same as if a body equal to A-f B were pla* 
ced at G ; take, therefore, 

A+BiC::Cg:Gg, 

or, A+B+C : C : :Cg'+G^(CG) : G^-, then g will 

be the center of gravity of A-f B and C, and consequently the 
common center of gravity of the three bodies A, B, C. 

Again let the center of gravity of D be connected with g by the 
inflexible line Dg, then the pressure upon G will be the same as if 
A+B and C were placed at g. Take, therefore, 

A+B+C :D::DK:^K, 
or, A+B+C+D : D : DK+gK(Dg) :gK, then K will be the 
center of gravity of A+B+C and D, and consequently the com- 



* Since A : B : : BG : AG, by mnltiplying extremes and means A X AOsBx 
BG; i. e. when two bodies are in equilibrio, ike product (fane of the bodies into 
its distance from ike center of gravity , is equal to the product of the other body into 
its distance from the same center. These quantities, Ax AG, and BXBG, 
therefore express the respective forces by which A and B counteract each other's 
effects in their tendency to motion ronnd G. 

t Euc. V. 18. 
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mon center of gravity of the four bodies A, B^ C^ D ; moreover, 
the pressure upon K will be the same as if A+B+C+D were pla- 
ced at K ; and thus we might proceed for aoy number of bodies. 

It is evident that the foregoing demonstration does not at all de- 
pend upon the number or weight of the bodies, or their distance from 
each other ; it rests merely on the supposition that their centers of 
gravity are connected together by inflexible rods void of gravity. It 
may therefore be applied to any number of particles of matter situa- 
ted either in the same or in different planes, and placed at all possi- 
ble distances from each other. Increase the number of these particles 
till they become contiguous to each other, and for the imaginary line 
void of gravity substitute the power of cohesion, then the system of 
bodies. A, B, C, D, &c. may represent an irregular mass of com- 
pact matter, not unlike such as are to be met with in the works of 
nature or of art ; and although it may be difficult to find the actual 
center of gravity of such a mass, yet the latter part of our proposi- 
tion still remains true ; viz. that if this mass be supported, its pres- 
sure downwards will be the same as if the whole quantity of matter 
contained in it were concentrated in its center of gravity. 



69. Whatever be the farm or dimensions of a body upon a plane 
parallel to the horizon^ U will remain at rest, if the line drawn from its 
center of gravity perpendicular to the horizon (caUed the line of 
DIRECTION,) falls within its base. 




HBPC FB C O 

For let ABCD (Fig. 42.) represent the section of a body pas- 
sing through its center of gravity G, and draw GF perpendicular 
to HO the plane upon which it stands ; then, since the tendency of 
the body to descend is the same as if its whole weight were con- 
centrated in G, it will rest or fall according as G is supported or not ; 
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or, according as F fells* within or without the base BC ; moreover, 
the stability of the body will depend upon the distance at which the 
point F falls within the base. 

70. If a body be suspended freely from any ptnnt, it. will not rest 
tin the line which joins the center of gravity and the point of sus^ 
pension^ is perpendicular to the horizon. 

Fig. 43. 




For let ABCD, represent the section of a body as before, G its 
center of gravity, S the point of suspension ; join SG, and draw 
SOW perpendicular to the horizon ; produce SG to N, and draw 
GR parallel to SW ; then, since the weight of the body may be 
considered as collected in G, its tendency to motion will be along 
the line GR. Let GR therefore represent this tendency, which 
resolve into GN in the direction SG, and RN perpendicular to it; 
the part GN is counteracted by the reaction from the point of sus- 
pension S, and NR is employed in producing motion in the direc- 
tion of the circular arc GO ; G therefore (and consequently the 
body) will not remain at rest till NR vanishes, i. e. till the angle 
NGR ( = OSG) vanishes, or SG coincides with SO. 

Hence it follows, that if a body be suspended successively by dif- 
ferent points, and perpendiculars to the horizon be drawn through 
the points of suspension, the center of gravity will lie in each of 
these perpeniiiculars, and consequently in the point of their inter- 
section. 
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We proceed to apply the principles just now investigated, to the 
solution of a few practical examples. 

71. In a TRIANGLE, if a line be drawn from one of the angles bi- 
seding the opposite sidej the center of gravity of the triangle is in 
that line at the distance of{ of its length from the base.* 



Fig. 44. 




Bisect the side AC in D, and join BD, which will bisect all lines 
drawn parallel to AC ; consequently, if BD be supported, the parts 
ABD, DBC of the triangle ABC will balance themselves on each 
side of it ; hence the center of gravity is in the line BD. Bisect 
the side BC in £, and join AE ; then, for the same reason as before, 
the center of gravity will be somewhere in the line AE ; it must 
therefore be at their common intersection G. Produce now BD to 
F, and draw CF parallel to EA ; then since BE=EC, BG will 
be equal to GF ; but the two triangles AGD, DFC, have one side 
and two angles equal ; .'.GD=DF, and consequently GF (or BG) 
=2GD; hence BG=|BD, and GD=|BD. 

72. In a trapezoid, the center of gravity is in the line that 
bisects the two opposite sides. 

Let ABCD be a trapezoid and bisect AD, BC, in E, F, and join 
EF ; then siace EF bisects AD, BC, it will bisect all lines drawn 
parallel to BC,t and, consequently, the center of gravity of the tra-- 



* In finding the centers of gravity of plane figures, a lamina of matter of ani- 
form density I in the shape of those figures is of course understood. 

t For if BA, FE, CD be produced, they will meet in the same point, which will 
be the vettez of a triangle whose base is BC ; and since £F bisects the base BC, it 
will bisect all lines drawn parallel to it. 
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pezoid is in the line EF. Joio BE, BD, DF, and take GE:== JBE, 

^F=iDF; then G is the center of gravity of the triangle ADD, 

(Art. 71.), and g the center of gravity of the triangle BDC. Join 

Fig. Ab. 
A E D 




B P C 

G^ ; then, conceiving the triangles ABD, BDC to be collected in 
G, gi their common center of gravity must be in the line G^ ; i. e. 
the center of gravity of the trapezoid ABCD must be in the line 
G^ ; it is also in the line EF ; consequently it is in K, the intersec- 
tion of EF and G^. Draw Gw, gn^ parallel to AD or BC ; then 
since EG=iBE, Em must be equal to ^EF; and for the same 
reason Fn=|EF ; .•.Em=TOn==nF. Now K being the common 
center of gravity of the triangles ABD, BDC. 

GK J Kg'.iBDC : ABD::BC : AD. 

GK.Kg:: Km : Kn.-. 

Km: Kn:: BC ; AD. 

Km : Km+ Kn : : BC : BC + AD. 
And, since Km+Kn = mn = Em.'. 

Km + Em : mn :: 2BC + AD : BC+AD 

EK : mn :: 2BC+AD : BC+AD (I) 

Km+Kn:Kn :: BC + AD : AD. 
And since mn=nF, and Kn + nF=FK.'. 

mn : Kn+nF:: BC + AD : BC+2AD 

mn : FK::BC+AD : BC+2AD (2) 
uniting (1) and (2). 

EK : FK::2BC+AD : 2AD+BC. 
If, therefore, the line EF be divided in the ratio of the two last terms 
of this proportion, (formed of the known sides of the trapezoid,) it 
will give the center of gravity. 

When AD=0, then the figure becomes a triangle, and EK : FK 
: :2BC : BC ; that is, FK=|EF, as was found by a different pro- 
cess in Article 7 1 . 

Vol. I.— N. p. 9 



66 



MECHANICS. 



When AD=:BC, the figure becomes a parallelogram, and EK : 
FK::3BC : 3BC; consequently, the center of .gravity is in the 
center of the figure, as was shown in Article 65. 

73. The center of gravity of a polygon may be found by dividing 
the polygon into triangles^ md finding the common center of gravity 
of these. Pi^ 4g 

A 




C D 

Let ABCDEF be an irregular polygon, divided into triangles 
whose areas are represented by P, Q, R, fcc, and whose centers of 
gravity 2ire respectively o, 6, c, &c. Conceive these triangles to be 
collected in the points a, b, c, &c. ; join ab, and take bG I aG: :P 
: Q, then G will be the center of gravity of the figure ABCD. Join 
Gc, and take c^ : G^::P+Q J R; then g* will be the center of grav- 
ity of the figure ABCDE. Let g and d be joined, and make dK : 
^•K : : P + Q + R : S, then K will be the center of gravity of the 
whole polygon ; and so we might proceed, whatever be the number 
o( sides. p.^, 47 

A 



B 




C c D 

If It were required to find the center of gravity of the perimeter 
of the polygon ; then bisect the sides in the points a, 6, c, fee, (Fig. 
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47.) and (since the center of gravity of a right line is in its 
middle point) o, b, c, tc, will be the centers of gravity of the 
sides AB, BC, CD, &c., respectively. Join ab, and take 6G : aG 
: : AB : BC ; then G would be the center of gravity of that part of 
the perimeter represented by ABC. Again, join Gc, and take eg : 
G^: :AB+ AC ; CD, then g is the center of gravity of such part 
of the perimeter as is represented by ABCD ; and so we might pro- 
ceed till we had found the center of gravity of the whole peri- 
meter. 

74. The distance from any assumed point of the common center of 
gravity of any number of bodies which have their centers of gravity 
in a right line passing through that point, is equal to the sum of 
the products arising from multiplying each body into its distance 
from the assumed point divided by the sum of the bodies. 

Let the bodies A, B, C, D, be so placed, that the line OD may 
pass through their respective centers of gravity ; it is required to find 
their common center of gravity from any point O, in the line OD. 

Fig. 48. 
ABC D 



Y 



O G 

Suppose OD to be an inflexible line void of gravity, and let G 
be the common center of gravity of the bodies ; then, if G be sup- 
ported, the effort of each body to produce motion round G would be 
measured by the product of its weight into its distance from G ; 
(Art. 67.) i. e., the effort of A=AxAG; of B^KxBG, fac; 
and as the bodies are supposed to be in equilibrio about G, the sums 
of their efforts on each side G must be equal to each other, or 

AxAG+BxBG=CxCG+DxDG, i. e., Ax (OG-OA) 
+Bx(OG-OB)=Cx(OC-OG)+Dx(OD-OG).-. 

AxOG+BxOG+CxOG+DxOG=:AxOA+BxOB+ 
CxOC+DxOD. 

AxOA+BxOB+CxOC+DxOD 



Hence 0G= 



A+B+C+D. 



75. Miscellaneous Examples. 
1 . Three bodies, A, B, C, weighing respectively 3, 2, and 1 pounds, 
have their centers of gravity joined by the lines AB, BC, CA; of 
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which AB=5 feet, BC=4, CA=2; What is the diitatice of their 
common center of gravity from the body C ? 



Fig. 49. 
G 



B 




Since the three sides of the triangle ABC are 5| 4, 2, the three 
angles A, B, C, will be found, by the rules of Trigonometry, to be 
respectively 49^ 2iy, 22° 20', and 108^ 12i^ Let G be the cen- 
ter of gravity of the bodies A and B, and g the common center of 
gravity of the three bodies found as in Art. 67 ; then, since AB=5, 
A-3, 6=2, and A : B: :BG : AG, AG will be equal to 2 feet, 
and BG to 3 feet ; hence in the triangle GAG there is given AC=s2, 
AG=2, and the angle CAG=49o 27 i', .'. each of the angles AGO, 
ACG = 650 16 J', from which CG is found to be equal to 1.673. 

But C^- : Gg: : A+B : C, . . C^ : Cg+G5^(=CG= 1.673) : : A 

1.673X5 
+B (5) : A+B+C (6); hence Cg=^ ^ =1.394 feet. 



2. A cylindrical tower , consisting of uniform materials chsdycc" 
mented together, is 20 feet high, and the diameter of its base is four 
feet ; How far may it deviate from its perpendicular position, before 
it is in danger of falling 1 

Let ABCD represent a sectTon of the tower 
passing through its axis EF, and let G be its 
center of gravity. Suppose it to be so much 
inclined, that the perpendicular line GB, let fall 
from G, falls upon the edge of its base BC; 
then GF (10) : BF (2) : radius (1) : cos. 

GFB; .-.cos. GFB =-?-=. 200 =cos.78o 27'. 

10 

An angle of 78^ 27' is therefore the limit of 

its inclination, before it is in danger of falling. 

(Art, 69.) If the angle GFB is lesfi than 78^ 

27', then the perpendicular GB falls without the 

base, and the lower cannot sustain itself. 
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3. A piece of timber of uniform density and prismatic form^ a sec* 
tion of which {perpendicular to its sides, and passing through its 
center of gravity G) is represented by the square ABCD, is placed 
upon an inclined plane : It is required to show when it will have a 
tendency to roll^ and when to slide down the plane. 



Fig. 51. 




Draw GF perpendicular to the plane, and GK perpendicular to 
its base, and let PLN be greater and pLN less than half a right 
angle. In the former case, since ELK is greater than 45^, LEK 
or GEF will be less than 45° ; •'• the angle EGF is greater than the 
angle GEF, and consequently EF is greater than GF or BF ; hence 
the body has always a tendency to fall over in the direction GE, and 
will therefore roll down the plane PL. In the latter case the angle 
EGF is less than GEF, .'. EF is less than GF or BF ; the whole 
weight of the body, therefore, presses upon the plane pL. Let GE 
represent this weight, which resolve into two, GF, FE ; GF will 
represent the reaction of the plane upon the body, and FE will rep- 
resent a force which tends to make the body slide down the plane. 
Hence it appears, than the body will have a tendency either to roll 
or slide, according as the angle of the plane's inclination is greater 
or less than 45°. 

In considering the circumstances under which a body would slide 
or roll down an inclined plane, it should be observed, that if the sur- 
faces of the body and the plane be perfectly smooth, no rolling will 
take place, whatever be the angle or inclination of the plane. To 
give a body a tendency to rotary motion about its center of gravity 
(G), it is evident that there must be some mutual action between the 
surface of the body and the surface of the plane (such as that, for 
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instance^ which arbes from friction, the unrolling of rope, &c. &;c.) ; 
if there be not some such action as this, all the parts of the body 
being equally accelerated, the body will, under all circumstances, 
slide down the plane. 

76. Questions ok the Center of Gravity. 

1. If three equal bodies be placed at the angles of any triangle ; 
show that the common center of gravity of those bodies is in the 
same point vnth the center of gravity of the triangle. 

2. Four bodies A, B, C, D, weighing respectively 2, 3, 6, and 8 
pounds f are placed with their centers of gravity in a right line^ at 
the distance of 3, 5, 7, and 9 feet from a given point : What is the 
distance of their common center of gravity from that given point ; 
and between which two of the bodies does it lie 7 

Ans. Between C and D ; and its distance from the given point 
7rV feet. 

3. TAe bodies A, B, C, weighing respectively 5, 3, and 12 pounds^ 
are so placed^ that AB=8/ee^, AC=4 feet, and the angle BAG is 
a right angle : What is the distance of their common center ofgrav^ 
ity from the body C ? Ans. 2 feet. 

4. Supposing the height of the cylinder in Exam. 2. (Art. 75.) 
to be only twice the diameter of its base : What is the limit of its 
angle of inclination before it is in danger of falling 7 Ans. 60^. 

method of investigatino the effect produced upon the 
common center of gravity of a system of rodies, when 
some or all of them are actually in motion. 

77. If two bodies approach to or recede from each other^ with 
velocities inversely proportional to their weights^ their common cen- 
ter of gravity will remain at rest. 

Fig. 53. 
a A a 6 B 5 

I • I 1 1 • 1 

G 

Let A and B be two unequal bodies ; then if they approach to 
or recede from each other with velocities inversely proportional to 
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their weights, (in which case their momenta will be equal by Art. 
14.) their common center of gravity G will remain at rest. For 
take Aa : B6 : :B : A, and suppose A to move through Aa whilst B 
moves through B&, then (since V o: S when T is given) velocity of A 
: velocity of B: :(Aa : B6: :)B : A(Art. 67.); hence we have 

AG :BG::B: A, 

and Aa : B6::B : A; 
.-.* AG+Aa : BG+B6: :B : A, i. e. aG : 6G: :B : A ; 
from which it appears that G is their common center of gravity when 
the bodies are arrived at a and ft, i. e. the center of gravity has re- 
mained at rest whilst the bodies have approached to or receded from 
each other through the spaces Aa, B6. 

78. When one body moves uniformly^ describing any figure 
around another at rest, the center of gravity of the two bodies de- 
scribes a similar figure around the central body. 

Fig. 53. 
E 




Let A remain at rest, whilst B moves uniformly along the sides 
BC, CD, DE, of the polygon BCDE. When the body arrives at 
C, join AC, and lake AK : KC::B 5 A, or AK : AC::B : A+B, 
then K will be the place of the center of gravity (Art. 68). When 
the body arrives at D, E, join also AD, AE, and divide them in the 
points L, M in the ratio of B : A, then will L, M be the position of 
the center of gravity at the end of those respective times. Let 
GK, KL, LM be now joined ; and since AG : AB; :B : A+B, 
and AK : AC: :B : A+B, .'. AK : AC: : AG : AB; hence GK is 
parallel to BC, and the triangle AGK similar to the triangle ABC. 



* Algebra, 388. 
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In the same manner it may be proved that the triangles AKL, ALM 
are respectively similar to ACD, ADE, and the whole figure AGKLM 
to the polygon ABCDE. Whilst the hody B therefore moves uni- 
formly along the sides of the polygon BCDE, the common center 
of gravity 6 describes with a uniform motion a «milar polygon 
GKLM ; and since, from the nature of similar figures,* GK+KL 
+LM : BC+CD+DE: : (AG ; AB, i. e.) B : A+B, the velo- 
city of the center of gravity will be to the velocity of the body 
B: :B : A+B. (Art. 12.) Suppose now the number of the sides 
of the polygon BCDE to be increased without limit, so that it may 
be considered as assuming the form of a Curve, then shall we come 
to this' general conclusion, that, whilst the body B proceeds uni- 
formly along the perimeter of the figure BCDE (whether rectilinear 
or curvilinear,) the center of gravity G will describe with a uniform 
motion a similar figure GKLM, with a velocity which is to that of 
B, as B : A+B. 

79. FFAen a iystem of bodies are in motion^ their common center 
of gravity will move in the same manner as if a body equal to the 
sum of the bodies were placed in that point, and the same motions 
were communicated to it as are communicated to the bodies separately. 

Let us take the case of three bodies, A, B, C, moving with uni- 
form velocities, in equal successive parts of time, through the spaces 
Aa, B6, Cc. Let G be the position of the common center of grav- 
ity of the three bodies, and g that of B and C, before they begin to 
move ; then (Art. 68.) G^ : A^: : A : A+B+C. Whilst A moves 
from A to fl,B+C may be considered as at rest in g, .'. (Art. 78.) 
the common center of gravity (G) will in the same time describe 
GK parallel to Aa, and GK will be to Aa; :(G^ : Ag: :)A : A+B 
+C. When A is arrived at cr, join aC and BK; produce BK till 
it meets aC in m, then m will be the center of gravity of A and 
C ;t join m&, then whilst B moves from B to 6, the common cen- 



* Algebra, 388. 

t For, when A moves to a, the center of gravity of A and C is somewhere in ihe 
line Ca. Bat when A moves to a, the center of gravity of the three bodies moves 
to K ; therefore the center of gravity of A and C must also be in the line BK pro- 
duced, since it must be such a point that A andC when placed there shall balance 
B. Ii must therefore be in the intersection of Ca and BK, or at m. 
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ter of gravity will describe KL parallel to 66, and KL will be to 
Bb : : (mK : mB : : )B : A+B+C. When B is arrived at b, join ab, 
CL ; produce CL till it meets o£ in n, then n will be the center of 

Fig. 54. 




gravity of A and B ; join nc, then whilst C moves from C to c, the 
common center of gravity will describe LM parallel to Cc, and LM 
will be to Cc, : : (nL : nC : :)C : A+B+C. Whilst the bodies A, 
3f C, therefore, in equal successive parts of time, move uniformly 
through the spaces Aa, 3b, Cc, their common center of gravity will 
in the same time describe the polygon GKLM, whose sides GK, KL, 
LM, are respectively parallel to Aa, B6, Cc, and bear to them the 
ratio of A, B, and C : A+B+C. 

80. If, instead of moving in successive intervals of time, the 
three bodies A, B, C, were all to begin to move at the same instant, 
and describe the lines Aa, B6, Cc, cotemporaneously; let us then 
consider what effect would be produced upon their common cen- 
ter of gravity. Now since GK, Aa, are described in the same time, 
the velocity of the common center of gravity (v) : velocity of the 
body A (V)::GK : Ao::A : A+B+C; hence AxV=(A+B 
+C)Xi;; i.e. the momentum of A (Art. 14.) is equal to the mo- 
mentum of a bodysssA + B+C moving with the velocity {v); the 

Vol. L— N. P. 10 
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same force which causes the body A to move over Aa, ivoiild in 
the same time cause a body equal to A-f B+C to move over GK. 
For the same reason, the forces which impel B and C over B&, Cc, 
are such as would in the same time cause a body s^A+B+C to 
move over KL, LM. Hence it appears that the motion of the com- 
mon center of gravity along the sides of the polygon GKLM is 
analogous to the motion of a body equal to A+B+C acted upon 
by three forces which would carry it over GK, KL, LM in the 
same time that they would carry the bodies A, B, C over the spaces 
Aa, B6, Cc, respectively. But a body acted upon at once by these 
forces would (Art. 45.) describe the other side GM of the polygon 
GKLM in the same time that it would describe either of the sides 
GKy KL, LM, when the forces act separately ; if the bodies A, B, 
C, therefore, move cotemporaneously, their common center of gravity 
will describe the line GM, whilst the bodies themselves describe the 
three lines Aa, B6, Cc*, and the same reasoning is applicable to any 
number of bodies. 

81. Hence it appears, in the first place, that if the bodies which 
compose the system move uniformly in right lines, then their com- 
mon center of gravity will either remain at rest, or will move uni- 
formly in a right line ; for if a body equal to the sum of the bodies 
were placed in that center, and then acted upon by the same forces 
which cause the bodies to move separately in right lines, it would. 
either remain at rest, (viz. when the forces counteract each other,) 
or would describe uniformly the remaining side of a polygon whose 
other sides represent the quantity and direction of the several forces 
acting upon it. In the second place, it may be observed, that the 
common center of gravity of the system will not be affected by the 
mutual action of the bodies upon each other ; for action and reaction 
being equal, the effect produced upon the common center of gravity 
by such mutual action, will only be that of two equal and opposite 
forces acting upon a body equal to the sum of the bodies placed in 

• We have here sapposed the bodies A, B, C, to have their centers of gravity in 
the same plane ; in which case it is evident that the motion of their common cen- 
ter of gravity will be in the same plane. If the motion of the bodies be in differ- 
ent planes, then the valae of each line GK, KL, LM might be found as before; 
' but as they will then He in different planCvS, the resulting quantity OM must be 
ascertained according to the principles laid down in Arts. 43 and 44. 
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that center ; which would evidently not disturb its state, either of 
motion or quiescence. Lastly, it appears, that if the motion of the 
bodies in these right lines were to cease, and they were left to the 
mutual attraction of each other, then their common center of gravity 
would remain at rest, and the bodies would approach each other in 
lines drawn to it from their respective centers of gravity, and all col- 
lect together in that common center. 



Fig. 55. 




For if the motion of the bodies A, B, C, be. in the direction Aa, 
B&, Cc, &c. were to cease, and they were left to the mutual attrac- 
tion of each other, their common center of gravity, (G,) being under 
the same circumstances as a body (equal to the sum of the bodies) 
acted upon by equal and contrary forces, would remain at rest ; but 
at the same time it is evident, that the bodies would move towards 
each other, and this motion we assert would be along the lines AG, 
BG, CG, be. which meet in G. For suppose any one of them (A 
fer instance) to move out of the line drawn from A to G, in the di- 
rection Ad ; then if g be the common center of gravity of the re- 
maining bodies, (by Art. 78.) whilst A moves through Aa, G will 
describe the line GK parallel to Aa ; and the same might be proved 
of the other bodies B, C, D, &c. In this case, therefore, the com- 
mon center of gravity would not be at rest, which is contrary to the 
principle just now explained. Hence the bodies A, B, C, be. in 
their approach towards each other, cannot possibly deviate from the 
lines AG, BG, CG, be. ; they will consequently all collect together 
at the point G. 
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1. Ijct two equal bodies A and B, move from the point D, toiih 
the same untform velocity, along the sides DE, DF of the isosceles 
triangle DEF, whose angle EDF= 120° I It is required to compare 
the velocity of their common center of gravity with that of either of 
the bodies A or B. 




When the bodies are arrived at the points A, B, join AB ; and 
since the bodies move with the same uniform velocity, DA=DB; 
.-.DA : DB: :DE : DF, and AB is parallel to EF. Again, be- 
cause A^sB, the center of gravity 6 will bisect AB ; hence, whilst 
the bodies move uniformly along DE, DF, the center of gravity 
will move through the line DK, which bisects AB, EF at right an- 
gles. Now EDF=:120o, .•.EDK=60o, and DEK=30°; but 
since DE, DK are described in the same time, velocity of A : velo- 
city of G: :DE : DK: :rad. : sin. 30°: :2 : 1 ; the center of grav- 
ity, therefore, moves with half the velocity of either of the bodies 
A and B. 

The same conclusion may be deduced from the principles laid 
down in Art. 79. of this section ; for suppose the two bodies be 
placed at D, and take DB=BF; then if A remains at rest whilst 
B moves uniformly along DF, the center of gravity will in that time 
move from D to B ; and if B remains at rest in F whilst A moves 
from D to E, the center of gravity will describe the line BK parallel 
to DE ; and since the side DF is bisected in B, the side EF will be 
bisected in K. Suppose now the bodies A and B to move cotem- 
poraneously, then their common center of gravity will describe DK, 
the third side of the triangle DBK, in the same time that it would 
have described either of the other two sides DB, BK when the 
bodies move successively. 
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2. Let the tipo bolKes A and B be placed at the extremity A of 
the diameter of the circle ADF, ami then let B describe the circle 
ADF whilst A remains at rest in the point A ; ii what manner wiU 
their common center of gravity move 7 




Let B| b^ be any two positions of tbe body B, and G, g, the cor- 
responding positions of the common center of gravity of A and B. 
Join, B6, G^; then, by Art. 78. G^ is parallel to BJ, ..•.AGg= 
AB6, hence AD6, Adgy are similar segments of circles ; and when 
B has described the semicircle ADE, the center of gravity will have 
described the semicircle Ade; and so for the semicircles on the other 
sideofAE. NowAe : eE::B : A,.-.Ac: AE: :B : A+B; hence 
while B describes the circle ADF, the common center of gravity of 
A and B will describe the circle Adf, whose diameter • diameter of 
ADF;:B : A+B. This conclusion, indeed, follows immediately 
from the reasoning in Art. 78., for it was there shown that the 
whole figure described by the common center of gravity, is similar 
to that which the moving body (B) describes. 

3. T\oo bodies, A and B, begin to move in opposite directions at 
the same instant from the extremity D of the diameter (DE) of the 
circle DAEB, and continue to move on with the same uniform veto- 
dty till they meet in E ; they pass each other at E, and then continue 
to move on till they arrive at the point D, whence they set off: What 
is the course of the common center of gravity during this revolution 
of the two bodies 1 
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Suppose the bodies arrived at the position AB, then since DA= 
DB, the line AB will be bisected by DE in N. Let G be the 

Pig. 58. 




common center of gravity of A and B, then A+B : B::AB : 
AG, .•• (JA+B) : B: :iAB (or AN) : AG ; hence AN : AG: : 
A+B J 2B, and .'. AN : AN- AG (GN) : : A+B : A+B-2B 
(A- B) ; i. e. AN J GN in the given ratio of A+B : A- B j con- 
sequently whilst the bodies A and B describe respectively the semi- 
circles DAE, DBE, their common center of gravity describes the 
semi-ellipse DGKE ; in the same manner it may be proved that 
whilst A and B describe the semicircles EBD, EAD, their common 
center of gravity would describe a semi-ellipse ELMD, equal and 
similar to DGKE. Whilst the bodies A and B therefore perform 
their respective revolutions, their common center of gravity will de- 
scribe the ellipse DGEM, whose major axis : minor axis : : (AN : 
GN::)A+B: A-B. 

Cor. If the bodies be equal, A - B=:0, and the ellipse becomes a 
straight line. Indeed it is evident that in this case the common cen- 
ter of gravity would move in a line which always bisects AB, a&, i. e* 
in the diameter DE. 

4. Three bodies^ A, B, C, at the same instant begin to move uni- 
formly from the three angles of a given triangle, and in the same 
time change places in the direction ABC : How will their common 
center of gravity be affected by this motion of the bodies 1 

LfCt G be their common center of gravity, and suppose the bodies 
first to move in imccession. Whilst A moves from A to B, their 
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common center of gravity will (by Art. 78.) describe GK parallel 

to AB, and GK will be to AB: : A : A+B+C, .:. GK=M^^- 

A+B+C 

Whilst B moves from B to C^ the center of gravity will describe 

KL=s "^^ . ; and if LM be drawn parallel to CA, and equal to 
A+B+C r > 1 

k vt n' whilst C moves from C to A, the center of gravity will 

A+xS+V/ 

describe LM, Suppose now the bodies to move cotemporaneously, 
then their common center of gravity will describe GM , (the remain- 
ing side of the polygon GKLM,) whilst the bodies change places in 
the direction ABC, (Art. 44.) ^ 



A 



Fig. 59. 




C L K 

To find the actual value of GM, we have KL, LM , and the angle 
KLM (=ACB) given, from which MK and MKL may be found; 
but GKM=GKL, (or ABC)--MKL : in the triangle GKM there 
are therefore given GK, KM, and GKM, from which GM may be 
determined. 

Cor. If A=B=C, then GK=JAB, KL==iBC, and LM=i 
AC, .'. GK, KL, LM, are to each other as AB, BC, AC ; and since 
the angles GKL, KLM are respectively equal to ABC, BCA, the 
three lines GK, KL, LM will form a triangle similar to the triangle 
ABC. GM therefore in this case is equal to 0, and the body re- 
mains at rest. This also follows from the general theorem in Art. 
79 ; for the common center of gravity being under the same cir- 
cumstances as a body acted upon by three forces which are to each 
other as the three sides of a triangle taken in order, will, by Art. 
5.5., remain at rest. 

83. 7%c distance of the common center of gravity of any num" 
ber of bodies or particles of matter from a planS^ven in position^ 
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is equal to the sum of the products arising from multiplying eoA 
body into its distance from the plansy divided by the sum of the 

bodies. 

C 

Fig. 60. 




Let Pf p^f p"f &c. be any number of small bodies or particles of 
matter, and ABCD a plane placed in any position with respect to 
them. Join pp'y and let g be the common center of gravity of p 
and p' ; draw pxy glc, p' txf at right angles to the plane ABCD, and 
consequently parallel to each other ; join xo/, and since the points 
j7, g^ p* are in a straight line, the points x, A:, x* will also be in a 
straight line, and therefore x af will pass through k. Join g p^'^ 
and let G be the common center of gravity of jp, p', p" \ draw GK, 
p*' oc"' perpendicular to the plane ; and through g draw mn parallel 
to xoc' meeting px produced in n. 

Now p \p^\ 'fg *pg\\ (by sim. trrangles)|/m : pn ; 
•'-pXpn^p'Xp'm^ 
or p X {nx—px) ^p' X (pV - mxf) \ But nx^gJc^^rnx'^ 
.•.pXfe*:-px)=p'x(pV-g-Ar/) 
and ijp+p') XgJc^p Xpx+p' Xp'x^, 

r.gk^?. — P^iP — P_j for the same reason 
p+y 

ifp+p' is placed atg*, we have 

(p+pO+y' 

^ p X px+p^ Xp^x'+p'^ Xp' V . 

p+p'+p" ' 

and thus we migft proceed, whatever be the number of particles. 



81 



CHAPTER V. 



OP THE COLLISION OF BODIES. 



84. Bodies are divided into elastic and inelastic. Elastic bodies 
are such as, when compressed, restore themselves to their former state. 
Inelastic bodies are such' as do not thus restore themselves. Thus, 
sponge, wool, cotton, and Indian rubber, are more or less elastic, 
and air, which restores itself with a force equal to that which com- 
presses it, is perfectly elastic. But lead and clay are inelastic bo- 
dies, since, when they impinge upon one another, they do not re- 
bound. Ivory, glass, and steel, are among the most elastic sub- 
stances known. If we suspend two ivory balls by strings of the 
same length, and let them fall upon one another, (as in Fig. 4. page 
16.) we may render the compression which they undergo on meet- 
ing apparent by dotting the points of contact with ink : after im- 
pact, these dots will be enlarged in a circular space around the 
original point. 

Experiments on this subject are supposed to be made with two 
spheres or balls of the same density, moving uniformly in the line 
which joins their centers of gravity. 

35. When one inelastic body strikes upon another at rest, or 
moving vnth less velocity in the same direction, the two bodies move 
on together as one mass, urith a velocity equal to the sum of the mO' 
menta divided by the sum of the bodies. 

Thus, let A, B represent the two bodies, and a, 6, their respective 
velocities ; then Aa will be the momegtum of A, and B6, that of B. 
(Art. 14.) The sum of their momenta is Aa+Bb. Let v be the 
common velocity after impact; then (A+B)Xt;= the momentum 

ofthemass. Then Aa+B6=(A+B)x r. .\t;=:^^+"^, 

A+B 

If B is at rest, then the common velocity equals the momentum 

of A divided by the sum of the bodies : for then Bb becomes 0, 

J Aa 

Vol. 1.— N. P. 11 
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The velocity lost by A equals the product ofB into the DtrrKR- 
SNCfi of their velocities, divided by the sum of the bodies ; and that 
gained by B, equals the product of A into the diffkrence of the 
velocities divided by the sura of the bodies. For, the velocity lost 

by A=a - v=a - ^P^^ ^-^- The velocity gained by B 

A+B A-|-B 

,,^_^^ Aa+B6 ^^_ A(a--&) 

A+B A+B * 

When B is at rest, these expressions become 

Ba M Aa 
and 



A+B A+B 

86. When the bodies move %n opposite directionSf the common 
velocity after impact equals the difference of their momenta, divided 
by the sum of the bodies. 

The momentum of the mass after impact is the difference of 
their momenta before impact. Hence Aa—B&=(A+B)X« .:.9 
_. Aa-B& 
A+B ' 

The velocity lost by A equals the product of B into the sum of 
the velocities divided by the sum of the bodies ; and that gained by 
B equals the product of A into the sum of the velocities, divided 
by the sum of the bodies. 

For, the velocity lost by A=a-^t?=a-:^2*=?(?+*).. 

A+B A+B 

The velocity gained by B (in the direction of A)=s— N^"v^A, 
When the two bodies are equal, and meet with equal velocities, 

Aft TKh 

the expression «=— ^ — ^ becomes o=0, and both bodies remain 

at rest. Since, in this case, Aa=B& .'. A : B : : i : a : therefore, 
conversely, when bodies move, before impact , with velocities inversely 
proportional to their quantities of matter, they will be at rest after 
impact. The same conclusion may be drawn from the consideration 
that, in this case, the bodies would meet with equal momenta. (See 
Art. 14.) 
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87. Examples fob Inelastic Bodies. 

1. Ay weighing 3 oz., and moving 10 feet per second^ overtakes 
B| wdghing 2 oz., and moving 3 feet per second : What is the com- 
mon velocity after impact 1 7| feet per second. ^ 

2. A weight of 7 oz,j moving 1 1 feet per second, strikes upon 
another at rest weighing 15 oz. : Required the velocity afier im- 
poct 1 Ads. 3^ feet per second. 

3. A weighs 4 and B 2 pounds ; they meet in opposite directions, 
A with a velocity of 9, and B with one of 5 feet per second : What 
is the common velocity after impact 1 Ans. 4} feet per second. 

4. A^l pounds, 3=^4 pounds ; they move in the same direction, 
with velocities of 9 and 2 feet per second : Required the velocity 
lost by A and gained byBI Ans. A 2j\, B 4/^. 

5. A body moving 1 feet per second, meets another moving 3 feet 
per second, and thus loses half Us momentum : What are the rela- 
tive magnitudes of the two bodies 1 Ans. A : B : : 13 : 7. 

6. A weighs 6 pounds and B 5 ; 3 is moving 7 feet per second, 
in the same direction as A; by collision B'< velocity is doubled: 
What was A'x velocity before impact 7 Ans. 1 9| feet per second. 

88. In the collision of elastic bodies, the velocity lost by the 
one and gained by the other, is twice that which it would have been, 
had the bodies been inelastic. 

According to the definition of elasticity, the body restores itself 
with a force equal to that which compresses it ; consequently, as 
much momentum is exerted in the restitution as in the compression. 
In a given body, therefore, the velocity of restitution is equal to that 
of compression. Suppose, for example, that a ball of lead A, strikes 
upon another B; then what B gains A loses by reaction, and both 
bodies move on together ; but when a ball of ivory (supposed per* 
fectly elastic) impinges on another, it not only loses the momentum 
which it at first imparted to B, but the latter, in restoring itself after 
compression, exerts a force equal to that of reaction, and therefore 
destroys as much more of the motion of A. Again A, while receiv- 
ing this second impulse from B, reacts with an equal force, and thus 
doubles the effect of its impulse upon B. 
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Distiogubbiog the correspondiDg elastic body by an accent, siDce, 
the direction being the same, the velocity lost by A=--~I=^;.*.that 

lost by A'= J^yLZiz. .\ the velocity of A' after impact =^a -- 

gB(a-6) (A-B)a+2B6 
A+B ^ A+B 

So the velocity of B' after inipact=^^"y+^AgL. 

A+B 

When the directions are opposite, 

The velocity lost by A=?H:^. 

Do. do. by A'=?«(^+*). 

^ A+B 

Hence, velocity of A' after impact=a— — i?.tJ«J — Z — 1?_^ . 

^ ^ A+B ~ A+B 

r^ r . (A-B)6+2Aa 
And velocity of B' after impact= vXr ' 

89. When equal elastic bodies impinge upon one another, each 
moves after impact with the previous velocity of the other body. 

For if B= A, then A - B or B - A are each equal to ; .*. when 
the bodies move in the same direction before impact, the velocity of A 

after impact == I -- — == ^r ")^> *°^ ^^® velocity of B after impact 
s= f - — _ = -__ 2= J a. If they move before impact in opposite direc- 
tions, then the velocity of A after impact= ( -Z — — = H— — -=:\ —J, 
' ^ ^ \A+B 2B I ' 

and the velocity of B after impact = f - — ^= — r-= |0. Hence, 

^ ^ VA+B 2A / 

in all cases when the bodies are equal, they move after impact with 
interchanged velocities ; that is, when the directions are the same, 
A moves on, after impact, with the velocity of B, and B moves on 
with the velocity of A ; and when the directions are opposite, A re- 
turns with the velocity of B, and B returns with the original velo* 
city of A. 
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90. When equal elastic bodies, moving trith equal velocities, in 
opposite directions, meet, each is reflected back with its original 
velocity. 

For, by Art. 89, the velocity of A after impact =—6, and that 
of B:=a; and since a=i, each returns with its previous velocity. 
If B rests before impact, then 6=0 ; .'. the Vy of A after impact 

= ^ , "" ^^^ , and velocity of B after irapact=— ^. If A be 
A+B ' ^ ^ A+B 

greater than B, then i — Z-i^ is positive, .'.A moves after impact 

in the same direction as it did before with Vy=i — ZL-J^. and B 

A+B 

precedes it with a velocity = - — ^(which is greater than a.) If A 
be less than B, then ^ — — ^^ '^ negative, .*. A is reflected back by 
its impact upon B with a velocity = ^ ^ "" - ^— ; and B moves for- 
ward in A's original directioa with a velocity =.- — ^ (which is less 
than a.) 

91. If one elastic body strikes on another equal to it at rest, the 
first body mil be brought to a state of rest, while the second will 
move on with the velocity of the first. 

If A be equal to B, then-i — Z.^^__( which is the velocity of A 

2Aa 
after impact) =0, and (which is the velocity of B after im- 

2Aa 
pact) = =^a\ i. e. if B rests before impact, then A will rest 

after ; and B will move forward in A's direction with A's velocity 
before impact. 

Let there be a row of equal elastic balls A, B, C, &c. ... X 
(Fig. 61.) placed contiguous to each other; then (by Art. 89.) if 
A be moved from its position and made to impinge upon B, it will 
rest after impact, and B will have a tendency to move on with A's 



^ 

>• 
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velocity ; after the impact of B upon C, it will remain at rest, and 
C have a tendency to move on with A's velocity ; after the impact 
of C upon D, it will remain at rest, and D will have a tendency t«i 

A B C D E X 

O OOOOO O ^•"• 



o 6 O^rO''^''- 

move on with the same velocity ; and so the motion will be propa- 
gated through the whole row, and the last body X will move for- 
ward with the velocity of A, all the others remaining at rest. 

If the bodies decrease in magnitude (Fig« 62.) then, since A is 
greater than B, (by Art. 90.) the velocity communicated to B, 
will be greater than that of A ; and the velocity communicated 
from B to C greater than that of B, &c. ; so that the last body will 
move forwards in the direction of A's motion with a velocity much 
greater than that of A, and the other bodies will follow it in such a 
manner, that the velocity of each succeeding body shall be greater 
than that of the preceding. On the contrary, if the bodies increase 
in magnitude, (Fig. 63.) since A is less than B, (by Art. 90.) the 
velocity communicated to B will be less than that of A, and A will 
be reflected back by B ; for the same reason the velocity communi- 
cated from B to C will be less than that of B, and B will be reflect- 
ed back by C ; so that in this case all the bodies will move back- 
wards except the last, and that will move forwards in the direction 
of A's original motion, but with a velocity much less than that of A. 

92. Whtn a row of bodies are in geometrical progression, and 
the first impinges on the second, and motion is thus propagated 
through the series, the velocity of the first is to the velocity of the last, 

• \l*r/ 
Let the series be A, Ar, Ar^. • . . Ar""'. 
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By Art. 90* when A impinges on B at rest the velocity coramu- 
nicated to B is 



2Aa 2a . 



A+B'^A+Ar"'l+r' 

. . , , . . . ^ . 2B6 2Ar 2er 

Again, the velocity imparted to C, is p . q = a i A^a ^14!^^ 

2'a 2a 2'a 

/I , Na ' Hence the successive velocities are a, TXI» TTXrV* ^^* 

iixHD which it appears that any term in the series is found by multi- 
plying the original velocity by 2, raised to a power one less than the 
number of terms, and divided by 1+^niised to the same power* 

2""'a 
Consequently, the last tenn is /i 4. \n-i ' Hence, 

2"->a / 2 \""' 

V^ of the first : Vy of the last: la : ^^ , x,., ::i : [yi:^) 

93. When a perfectly elastic body impinges an a perfectly smooth 
plane^ it makes the angle of reflection equal to the angle of incidence. 

If a perfectly elastic body impinges perpendicularly upon a per- 
fectly smooth plane, then, since the force of restitution is equal to 
the force of compression, it will ascend from the plane with the same 
velocity as that with which it impinged iipon it. But if moving uni- 
formly, it impinges upon the plane PN in the oblique direction AL, 

Fig. 64. 




then resolve AL i(ito two AC, CL, of which, as in the former instance, 
the perpendicular part AC will not be destroyed, but will represent 
the velocity with which the body ascends from the plane ; and CL 
will represent the velocity it has in the direction of the plane, the 
same as .before. Take therefore Lc=LC, and from c draw ca at 
right angles to Lc and equal to C A, and join La ; then La will rep- 
resent the direction and velocity of the body after impact. But 
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since Lc, ea are equal to LC, CA, and the angles Lea, LCA are 
right angles, La will be equal to LA^ and the angle ahc, to the angle 
ALC ; hence the body will move after impact with the same velo- 
city which it had before impact, and in a direction making the angle 
of reflection, equal to the angle of incidence. 

94. ExAfifPLEs FOR Elastic Bodies. 

1 . A weighing 10 lbs. and moving 8 feet per second, impinges on 
B weighing 6 lbs, and moving in the same direction^ 5 feet per se- 
cond: What are the velocities of A and B after impact 1 

Ans. A's=5f . B's=8f . 

2. A : B: :4 : 3 ; directions the same; velociiies 5 : 4. What 
is the ratio of their velocities after impact 7 Ans. 29 « 36. 

3. A weighing 4 lbs,, velocity 6, meets B weighing 8 lbs., velocity 
4 : required their respective directions and velocities after collision 1 

Ans. A is reflected back with a velocity of 7^, and B, with a ve- 
locity of 2|. 

4. A and B move in opposite directions; A equals 4B, and 
6 =2a : How do the bodies move after collision 7 

Ans. A returns with I, B with If its original velocity. 

5. There are ten bodies whose magnitudes increase geometrically 
by the constant ratio 3, and the first impinges on the second with 
the velocity of 5 feet per second : Required the motion of the last 
body 7 

Ans. The last body would move with the velocity of j\s feet 
per second. 



CHAPTER VI. 

OF THE LEVER. 



95. In the preceding chapters, the motion of bodies has been 
supposed to arise either from collision, or from the immediate action 
of one or more forces. We now proceed to consider the effects pro- 
duced, when these forces are made to act by the intervention of other 
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bodies. These intermediate bodies are called Machines; and by 
means of them the effect of a given force may be increased or di- 
minished in any given ratio. Machines are divided into simple and 
compound. 

96. The simple machines, or what are commonly called the me- 
chanical POWERS, are six in number ; viz. 1. The Lever; 2. The 
Wheel and Axle ; 3. The Pulley; 4. The Inclihed Plane; 5. The 
Screw; 6. The Wedge, In philosophical strictness, the number of 
simple machines may be reduced to three ; viz. the lever, the tn- 
dined plane, and the cords or ropes which connect the power and 
weight with the different parts of the machine ; for the mechanism 
of the wheel and axle, and of the pulley, merely combines the 
principle of the lever with the tension of the cords ; the properties 
of the screw depend entirely on those of the lever and the inclined 
plane ; and the case of the wedge, so far as it is capable of mathe- 
matical demonstration, is very analogous to* that of a body sustained 
between two inclined planes. Compound machines are formed from 
the combination of two or more simple ones. But it is not the object 
of this treatise to enter upon a full description of the nature and use 
of compound machinery ; our intention is rather- to explain upon 
mathematical principles, the general theory of mechanical action. 

97. The Lever is an inflexible bar or rod, some point of which 
being supported, the rod itself is movable freely about that point as 
a center of motion. 

This center of motion is called the fulcrum or prop. When two 
forces act on one another by means of any machine, that which gives 
motion is called the power, that which receives it, the weight. 

A lever is straight, when its arms (or the parts on each side of 
the fulcrum) are in one continued straight line ; bent, when the two 
arms are straight, but make any angle with each other at the center 
of motion ; and crooked, when one or both arms deviate from a 
straight line. 

98. In treating of the Mechanical Powers, the first inquiry is, 
What are the conditions of an equilibrium 1 that is, When do the 

Vol. I.— N. P. 12 
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power and weight exactly balance each other ? This point being 
ascertained, any addition to the power, puts the weight in motion. 
The investigation first proceeds on the supposition that the action of 
the mechanical powers is not impeded by their own weight, or by 
friction and resistance, a suitable allowance being afterwards made 
for the various impediments. 

We shall begin with estimating the relation between the forces 
acting upon the arms of a straight lever, which, of all the mechani- 
cal powers, is the most simple. 

99. If any two forces y acting in the sameplane^ and perpendte" 

ular to the extremities of a straight lever ^ be in equilibrio, they unU 

be to each other inversely as the lengths of the arms upon whidi they 

respectively act* 

Fig. 66. 
A C B 



4 



w 




Let ACB be a straight lever, supported by a prop or fulcrum F, 
and movable about the point C as its fulcrum. From the extremi- 
ties of its arms, C A, CB, let two weights, P, W, be suspended ; and 
suppose them to be in equilibrio about C, the lever itself remaining 
in a horizontal position. In the present instance, let us also suppose 
that the lever AB, and the cords AP, BW, by which the weights 
are suspended, are entirely void of gravity ; in which case it is evi- 
dent that the equilibrium of the bodies does not at all depend upon 
the length of the cords AP, BW ; and as (Art. 70.) tho centers of 
gravity of the bodies P, W, are in the direction of the lines AP, BW, 
the effect will be the same whether the bodies be suspended by the 
the strings AP, BW, or whether they be placed with their centers of 
gravity in the points A, B, respectively.* In this latter case, the 
point C becomes the center of gravity of the weights P, W, and 
consequently P : W::BC : AC,. (Art. 67.) 



* For since the equilibrium does not at all depend upon the length of the lines 
AP, BW, we may suppose those lines to vanish; in which case the centers of 
gravity of P, W, may be considered as coinciding with the extremities A, B, of 
the lever. 
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Bat it is OTidently quite immaterial to the truth of the foregoing 
demonstration, whether the equilibrium of the lever be produced by 
the force of gravity of the two weights, P» W, or by the action of 
any other forces in the directions AP, BW. 

100. The effect of any forces to turn the lever about the center of 
motion is measured by the product arising from multiplying each 
force into the distance at which it acts from the fulcrum. 

For if the magnitude of the forces acting at A and B be repre- 
sented by P and W respectively, then (since P : W: :BC : AC) 
P X AC = W X BC ; . • . P X AC represents the effect of P, and W x 
BC represents the effect of W, to turn the lever round C. 

101 . Any number of weights will keep each other in equilibrio up' 
on the arms of a straight lever ^ when the sums of the products arising 

from multiplying each weight by its distance from the fulcrum^ are 
equal on the two sides of that center. 

Fig. 66. 
ABC D 



h 



G 

Let AD represent a straight lever whose fulcrum is G, and let the 
bodies or weights A, B, C, D, be placed upon its arms AG, DG, at 
different distances from G; then the effort of A to turn the lever about 
G being represented by A X AG, of B by B X BG, of C by C X CG, 
be, the whole efiect upon the arm AG will be represented by 
AxAG+BxBG, and upon the arm DG by CxCG+DxDG; 
there will consequently be an equilibrium when A X AG+B xBGs= 
CxCG+DxDG. 

102. Levers are divided into three diflbrent orders, according to 
the position of the power and weight with respect to the fulcrum. 
I. In a lever of the first order, the fulcrum is between the power and 
weight, as in the preceding instance ; and here the pressure on the 
fulcrum is equal to the sum of the weights. II. In a lever of the 
seoond order, . the weight is placed between the power and the ful- 
crum, as in the annexed figure, where the weight W is supported by 
the power P acting upwards in the direction AP. In this case also 
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there is an equilibrium, when the power and weight are inversely as 
the arras on which they respectively act ; for the eflbrt of the weight W 
to turn the lever about C is measured by WxBC (Art. 68. Note) ; 
the effort of the power P (acting in the direction PA) to turn the lever 
about Cf u e,f to sustain W, is measured by P X AC ; when there is 
an equilibrium, therefore, P X AC must be equal to WxBC, or P : 
W: :BC : AC, as before. Therefore, P is less than W; and the 



Fig. 67. 
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pressure upon the fulcrum (P and W acting in opposite directions) is 
equal to W — P ; for the pressure at A is the same as would be ex« 
erted on a fulcrum at that point, in which case the pressure on both 
points C and A would equal the whole weight W ; therefore, the 
pressure on C equals W— P» III. In a lever of the third order, the 

Pig. 68. 



C 
F 




B 



W 




power acts between the weight and the fulcrum ; but the equilibrium 
is produced on the same principle as before ; for an equilibrium will 
take place when the opposite forces P and W are equal; which will 
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be when PxAC=Wx BC ; or wbfen P : W: :BC ; AC. Since 
BC is greater than AC, P is greater than W, and the pressure up- 
wards from the fulcrum is represented by P - W.* Hence we 
have the following general principle, applicable to the three orders 
of levers, 

When the forces act perpendicularly to the arms of a 
sTftAiOHT lever, 01% equilibrium is produced, when the power is to 
the weight as the distance of the weight from the prop is to the dis- 
tance of the power from the prop. 

In the first and second kinds of lever the weight is greater than 
the power; in the third kind less. 

When a weight is sustained between two props, the part sustained 
by each prop is inversely as the distance of the weight from it. 

Fig. 69. 
C Be 




For suppose C,c to be successively the centers of motion, then 

Press, on fulcrum/: weight W: :BC : Cc; for same reason, 

Weight W : Press, on fulcrum F: : Cc : Be ; .•. 

Press, on fulcrum/: Press, on fulcrum F: :BC : Be; and as the 

whole weight is sustained by the two props, it is divided between 

them in the ratio of BC : Be. 

103. Let us next estimate the relation of the forces which keep a 
lever in equilibrio, when its own weight is taken into consideration. 
Since this weight may be considered as collected in the center of 
gravity of the lever, (Art. 66.) its efiective forde is equal to the 
weight, multiplied into the distance of its center of gravity from the 
fulcrum. (Art. 100.) Suppose the lever to be of a cylindrical pris- 
matic form, and that its weight ^w, then. 

In a lever of the first order, (Fig. 65.) since the center of gravity 
of the lever is in the middle point, and the distance of this point from 
the fulcrum =^ (AC— BC), the effect of the weight of the lever 



♦ In this Ihird order of levers, although the lever is supposed to move freely 
round the center of motion G, it is yet necessary to consider it as firmly connected 
with the prop at that point. 
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sa^u) (AC — BC), and is exerted in the direction of the longer arm 

AC. In the case of an equilibrium, therefore, we have, 

PxAC+iw(AC-BC)=WxBC, 

„ WxBC-4w(AC-BC) 
or P= J^ '- 

In a lever of the second order, (Fig. 67,) the whole weight of the 
lever operates in conjunction with W^ and the distance of the center 
of gravity from the fulcrum in this case s^AC^ .*• 

PxAC=WxBC+iwxAC, 
« WxBC. 
or P==^--Jc — ^^^' 
Tn a lever of the third order, (Fig. 68.) the whole weight of the 
lever operates in conjunction with W^ and the distance of the center 
of gravity from the fulcrum =|BC, .'. 

PxAC=WxBC+itt;xBC, 

(W+it.)xBC 
or P^ ^c 

We have thus far confined our attention to the case in which the 
lever is supposed to be straight, and the forces to be applied at right 
angles to it ; we now propose to take a more general view of the 
properties of the lever, whatever be its shape, or the directions of its 
forces. 

104. Two forces acting at the extremities of the arms of any lever 
will be in equilibrio, when they are to each other inversely as the 
perpendiculars let fall upon the lines of direction in which they re- 
spectively act.* 

Fig. 70. N 



Let ACB (Fig. 70.) be any lever whose fulcrum is C ; and let two 

forces P, p act in the directions AP, Bp, upon the extremities of 

I - ■ ■ ■ 
* This theorem evidently embraces the proposition in Art. 99. 
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its anns CA, CB. Produce PA, pB, to M, N, and let fall the per- 
pendicularsCM, CN; with the longer perpendicular CN and center 
C describe the circular arc ND, and join CD. Let DP represent 
the magnitude of the force acting upon the lever at A in direction 
AP, and let it be resolved into two others, viz. DE perpendicular 
and EP parallel to the radius CD ; then DE only is effectual to 
produce motion round the center C, the part EP being exerted 
merely to produce pressure upon the fulcrum in direction CD. Sup- 
posing, therefore, the lever to be perfectly inflexible, this effort of P 
to produce motion round C would be counteracted by a force equal 
to DE, applied perpendicularly at N, in direction NB. Let then 
the power p be equal to that part of P which is represented by DE, 
and (as it is indifferent in what point of the line of direction this 
power acts) conceive it to act at N. In this case the forces P, p 
will be in equilibrio; i. e. when P : p: :PD : DE, the lever will be 
kept in equilibrio about the center of motion C ; but by similar tri- 
angles PD : DE: :CD(CN) : CM, ..P : p: :CN : CM, 

105. Produce PA, pB till they meet in S; join CS, and draw 
CO parallel topS, in which case the angle OCS=CSN. Now if 
CS be made radius, CM becomes the sine of CSO, and CN the 

' S Fig. 71. 




sine of CSN or OCS; but as SO : OC: Isin. OCS(CN) : sin.CSO 
(CM) ; hence P : p : : (C W : CM : : )SO : OC. The two sides SO, 
OC of the triangle SOC represent, therefore, the relative magnitude 
and direction of the two forces, P, p ; the third side SC will conse- 
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quently represent a ibrce equiralent to them both (Art* 43«) ; and 
as this compouod force acts directly towards C, the pressure upoa 
the fulcrum will be represented^ in quantity and directioui by the 
line SC. 

m 

106. If each arm of the lever he straight, but the two arms be in- 
clined to each other in the given angle ACB, let CAMsa, CBN=:|?, 
and rad.=l; then AC : CM: :rad.(l) : sin.a, .-.CMsACxsin.a, 



Pig. 72. 




and BC : CN: :rad.(l) 2 sin./?, .•.CNs.BCxsin.j?; hence P : p: : 
BC xsin. /? : AC Xsin. a. If sin. a=sin. |?, then P : p: :BC : AC, 
or P, p, are to each other inversely as the arms of the lever upon 
which they respectively act ; which shows that the same law of equi- 
librium obtains in the bent as in the straight lever. 

107. If the lever be straight, and the forces act parallel to each 
other, then sin. a=:sin. ft .'.P : W: :BC : AC, as in Art. 106.; 




and this will be the case whatever be the position of the lever ; if 
therefore P and W be in equilibrio when the lever is in the hori- 
zontal position ACB, they will also be in equilibrio when it is in 
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any other position at CB ; i. «. ibe lever thus acted upoD will rest 
in any position.* 



Fig. 74. 
E A F C 



B 




108. In the common balance or scales, the arms AC, CB, are 
equal to each other; •'. when there is an equilibrium, P=W. But 
this equilibrium will be destroyed, if either P or W be removed from 
its perpendicular position. Suppose, for instance, a person placed in 
the scale P, was balanced by the weight W, but by pushing in the ob- 
lique direction pF against the arm C A, the scale was protruded into 
the position p\ ; then draw pE parallel to PA, and produce CA to 
meet it in E ; and at the instant of the scales arriving at the posi- 
tion j?A, the power will act at the perpendicular distance CE from 
the center of motion ; its efiect, therefore, (by Art. 100.) to turn the 
lever about C, will be measured by PxCE, i. e. its effect will ex- 
ceed that of W in the proportion of CE : CA, and consequently 
the scale in which the person is, will preponderate, and the equilib- 
rium be destroyed. 

109. In the compound lever, the opposite forces are in equUUh 
riOf token the power is to the weight as the product of all the arms 
on the side of the weight is to the product of all the arms on the 
side of the power. 



* This also appears from Art. 104; for produce Pa to M, then, when the lever 
is in position aCb^ P : W : : CN : CM : ; (by sim. triangles) Cb : Ca : : (since the 
arms of the lever are invariable) CB : CA. In thus asserting that the lever will 
rest in any position, it is of course taken for granted that the common center of 
gravity of P, W, and the lever coincides with the center of motion ; for it is evi- 
dent, from the principles laid down in Chap. lY., that the lever will only rest when 
that center is supported. 

• Vol. I.— N. p. 13 
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In a combination of levers connected with each other in the man- 
ner represented in the annexed figure, there will be an equilibrium 

Fig. 75. 
^ P G E 



B 



W 




when P : W::BCxDFxEG : ACxBFxDG. For suppose 
the equilibrium to exist, and that the forces which act at B, D, are 
represented by Q, R, respectively, then 

P : Q: :BC : AC or Q=^^^, 

Q:R::DF : BF 

R : W: :EG : DGorR=^^J?^; 

OG 

..P ; W::BCxDFxEG; ACxBFxDG. (A). 

Also, the pressure onC=P+Q=P+?4^=^5^> 

BC BC 

« T?~Q^R~ PxAC . WxEG 

« " G=R+W=!?!ii5^+W=^^21^. 

We have here supposed the forces to act perpendicular to the ex- 
tremities of the several levers ; if they acted obliquely, or if the 
arms of the levers were inclined to each other, then for these arms 
must be substituted, in the proportion marked (A), the perpendic- 
ulars let fall from the centers of motion, C, F, G, upon the lines of 
direction in which the forces act. We now proceed to illustrate the 
foregoing theory by a few plain examples. 

110. Examples. 

1. At ike extremities of a straight lever y whose length is 24 
inches, are placed two weights of 5 and 7 pounds : At what point 
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must the fulcrum he placed so that these weights shall balance each 
other^ the weight of the lever not being taken into the account 7 

This IS the case of the lever of the first order, in which (Fig. 65.) 
P=5y W=7, and AB=24; and when there is an equilibrium, P 

(5) : W(7)::BC : AC; .-. 12 : 7::BC+AC(AB=24) : AC= 

'tV = 14; hence BC=24-14=10 inches. 

S. At the extremity of a lever of the second order j there acts a 
power which is of itself able to sustain only a weight of 15 pounds ; 
but when acting under this mechanical advantage, it is able to sus- 
tain a weight of 100 pounds^ placed 5 feet from it: What is the 
length of the lever 1 

Referring to Fig. 67, 100 : 15: : AC J AC -5, .-. 100 : 85: :AC 
:53.r.AC=^«5}4feet. 

3. A body suspended at the extremities of a balance whose arms 
are unequal, weighs p pounds at one end, and q pounds at the other: 
What is its real vfeight 1 

A balance of this kind is called a false balance, because when the 
body is suspended at the extremity of the longer arm, the weight 
which balances it is above, and when suspended at the extremity of 
the shorter arm, is below, the true weight. But the true weight of 
the body is easily found by the following operation ; viz. Let a?=^ the 
true weight, and a the arm of the lever upon which p is suspended 
to balance it ; and ( the arm upon which q is suspended to balance it ; 

then X lp'.\a : b, orx=^, and x I q]\b I a or x=^; multiply 

b a 

these two equations together, and we have x^^pqoxx^y/pq; i. e. 
the true weight of the body is a mean proportional between the ap- 
parent weights thus obtained. Hence to find the weight of a body 
by a false balance, we have this 

Rule. — TaTce the weight of the body in each scale; multiply to- 
gether the two weights thus found, and take the square root of the 
product. 

4. To explain the construction of the steelyard, 

A steelyard is a lever of the first order, having two unequal arms 
BC, CD ; a given weight P is movable along the longer arm CD, 
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90 as to sustain a weight of a variable magnitude suspended from 
the extremity ef a shorter arm CB. 

Pig. 76. 
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T 
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1. Suppose the weight of the arms not to be taken into consid- 
eration, then P : W::BC::AC (Art. 99.) .'. WxBC=PxAC, 
and as P and BC are given, W oe AC. Hence, if Ca, a&, be, be. 
be taken equal to each other, (or C6=2Ca, Cc;^BCa, be.) then if 
P balances one pound when placed at a, it will balance two pounds 
at 6, three pounds at c, be. 

2. Let us next suppose the steelyard to have weight, and that the 
excess of the weight of the longer arm CD above that of the shorter 
CB, is such that the movable weight P, when placed at E, would 
keep the arms in equilibrio ; in which case this excess would be 
measured by P X CE ; if therefore a weight W, placed at B, be in 
equilibrio with the weight P placed at A, we should have WxBC 
=PxAC+PxCE=P(AC+CE)=:PxAE; consequently, since 
P and BC are given, W oc AE. The construction of the steelyard, 
therefore, would be the same as in the former instance, except that 
the graduation must begin from E, mstead of from C. 

If the longer arm be divided into equal parts, to indicate the num- 
ber of pounds, ounces, be, which are contained in the variable 
weight W, the magnitude of the divisions may be found. For 

WxBC=Px AE; .!. ^=2f , and as AE is the extent of the 

W F 

graduated arm corresponding to W, ,_ . or — . will be the length 

of a division corresponding to 1 pound or 1 ounce, be. 

Hence, when only BC and P are given, the magnitude of each 

BC 

division will be equal to — -. 

5. ACB is a cylindrical straight lever whose weight is (u;,) at the 
extremity A, a given weight (P) is suspended : It is required to de-^ 
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termine the potUian of the fulcrtm C, so that P may be in equi- 
librio with the longer arm BC. 



B 



Fig. 77. 



Let AB^a, 

AC=:X, 

Then the distance of the center of gravity of the lever from the 
fulcrum =}a -^x. 

Hence^ from the principles laid down in Art. 103, when there is 
an equilibrium^ we have 
PXx=tr (Ja— a?), 
or 2Pa?+2u>a?=wa. 
— ii^a 
*""2(P+w)' 
Cor. If P=ti^, then d?=4a, or AC=s}AB the length of the lever. 

6. P and W are suspended from the extremities of the arms of 
the bent lever ABC, (whose weight is not taken into consideration) : 
It is required to find the angle of inclination (ACB), so that when 
there is an equilibrium^ AC shall be parallel to the horizon. 




W 



By Art. 106. P : W: :BC Xsin.CBD : AC Xsin. PAC ; but sin. 
PAC=rad.=l, and sin.CBD=cos.BCD; .'. P : W::BCxcos, 

BCD : AC X 1, hence cos.BCD«?^2i4^, from which BCD and 



WxBC 



consequently ACB is known. 
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AC 



Cot. 1. If P=W,then cos. BCD =^; and if BC =2 AC, then 

jBC 



AC 
BC 



= J-J .-. cos, BCD=:i=cos. 60® ; hence ACB=120o. 



Cor. 2. If AC=BC, then cos. BCD=^^ ; and if W=2P, then ^ 

=i ; •'• cos. BCDsaj^cos. 60^ ; hence, in this case also, ACBs 
l«0o. 

, 7. From the extremities of the arms CA, CB, of a bent lever^ the 
weights P, W, are suspended : It is reared to determine the posi- 
tion of the lever when these weights are in equilibrio. 

Fig. 79. 




Through C draw MN parallel to the horizon, and produce PA, 
WB to meet it in M and N ; by Art. 104. the lever will be in equi- 
librio, when P : W: :CN : CM. Join AB, and draw CD parallel 
to MP or NW ; CD will cut AB in the same ratio that it does MN^, 
i.e.DB : DA: :CN : CM; hence DB : DA: :P : W ; from which 
it appears that if the line AB, which joins the extremities of the 
arms of the lever, be divided in the point D, in the ratio of P : W, 
and that point be brought immediately under the center of motion, 
it will give the position of the lever when P and W are in equilibrio. 

8. If from the arms of a straight lever ACB, two weights P, 
W, be suspended^ and the lever be made to turn round its center of 
motion C, then will these two weights describe similar circular arcs, 
whether they be suspended by equal strings AP, BW, or by unequal 
stnngs AP, BW. 

1. Let us first suppose them to be suspended by equal strings AP, 
BW, and let the lever be turned from its horizontal position ABC 
to any other position aCb ; the weight P in the mean time describing 
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the line Pp, and the weight W the line Wu^. Complete the paral- 
lelograms ACEPy CEWB, (which will evidently form one parallel- 
ogram APWB), and join Ep, lEto; then (since flp=AP=CE), ap 
and CE will be equal and parallel, .*. CapE* is a parallelogram. 



Fig. 80. 




P(i-- 



In the same manner it may be proved that CEu^ is a parallelogram, 
and that CapE, CEtob, form one parallelogram aptob. Now Ep= 
Ca=CA=EP, .:. Pp is a circular arc, whose center is E, and ra- 
dius EP or CA ; for the same reason, Vfw is a circular arc, whose 
center is E, and radius EW or CB ; and since the angle VfEw 
is equal to the angle PEp, the arcs Pp, Ww, are concentric and 
similar. 

2. Suppose now the string BW^ not to be equal to the string AP ; 
then complete the parallelogram CBW^D, and {u/ being the posi- 
tion of W^ when the lever is in position aCb,) join Du/. In the 
same manner as before, it may be proved that W' describes a cir- 
cular arc Wv/ whose center is D, and radius DW' or CB ; but it 
is evident that DW^ is equal to EW, (being opposite sides of a 
parallelogram,) the arc MV*u/ is therefore equal and similar to the 
arc Ww ; hence P and W describe similar circular arcs whilst the 
lever moves from the position ACB to the position aCby whether 
the strings by which they are suspended be equal or unequal. 

- -- - — ^ III ! ■ - ^ - _ - ■ ^- , . ■ 

* Eac. i. 33. 
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111. Questions upon the Pbincii»les or the Leyeb. 

1. At one extremity of a straight lever whose length is 7 feetf 
a weight of 10 pounds is suspended; at the distance of 5 feet from 
the point of suspension a fulcrum is placed : What weight must be 
suspended from the other extremity of the lever ^ to keep it in equi- 
librio 1 Ans/ 25 pounds. 

2. A lever of the second order is 25 feet long: At what distance 
from the fulcrum must a weight of 125 pounds be placed, so that it 
may be supported by a power able to sustain 60 pounds, acting at the 
extremity of the lever 1 Ans. 12 feet. 

3. A cylindrical straight lever is 14 feet lo^g, and weighs 6lbs. 
5oz, ; its longer arm is 9, and its shorter 5 feet ; at the extremity 
of its shorter arm a weight of I5lbs. 2oz. is suspended: What 
weight must be placed at the extremity of the longer arm to keep it 
in equiiibrio 1 (See Art. 103.) Ans. 7 pounds. 

4. A body weighs 1 1 pounds at one end of a false balance, and 
nibs. 3oz. at the other : What is its real weight 1 

Ans. 131bs. and 12oz. 

5. A and B are of the same height, and sustain upon their shoul- 
ders a weight of 150 pounds, placed on a pole 9i feet long ; the 
weight is placed 6| feet from A : What is the weight sustained by 
each person 7 (See Art. 102.) 

Ans. A sustains 42f pounds, and B sustains 107| pounds. 

6. The longer arm of a steelyard is 2 feet 2 inches in length, and 
the shorter 2| inches ; and its apparatus of hooks, Sfc, is so canr 
trived, that a weight of 2 pounds placed upon the longer arm, at 
the distance of 10 inches from the center of motion, wiU balance 8 
pounds placed at the extremity of the shorter arm ; the movable 
weight {of 2 pounds) cannot conveniently be placed nearer to the 
fulcrum than % of an inch : What mtut be the graduation of the 
steelyard that it may weigh ounces, and what will be the greatest 
and least weights that can be ascertained by it 1 

Ans. The graduation is to 12ths of an inch ; and it will weigh 
from 1 to 20 pounds. 

7. The arms of a straight lever are to each other asl * 9, and 
it is acted upon obliquely by two forces; the force (P) applied at 
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the extremity of the longer army i$ inclined to it at an angle ofbQP^ 
and {p) at the shorter at an angle of &P : What is the proportion 
between the forces^ when the lever is in equilibrio 1 (See Art. 106.) 

Ads. P=p* 

8. The arms of a bent lever are equal, and P : W : : 1 : 2 : 
What must be the inclination of the arms to each other, that the 
arm from whose extremity P is suspended may be parallel to the 
horizon? Ans. 120°. 

9. In a combination of levers connected together in the manner 
represented in Fig. 75. the three shorter arms (BC, DF, EG,) are 
respectively 2, 5, and 3 feet; the three longer arms (AC, BF, DG,) 
are 13, 14, and 15 feet; the weight (P) suspended from A is 5 
pounds : What weight will it sustain atE? Ans. 455 pounds* 
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CHAPTER VII. 

OP THE WHEEL AND AXLE j AND THE PULLEY. 

WHEEL AND AXLE. 

112. In order to explain the manner in which the wheel and axle 
operate upon each other, suppose DE to be a cylindric roller sup- 
ported upon the props LH, MQ, and movable about the axis LM. 
Let two straight inflexible rods AG, BC be inserted into this cylin- 
der, in a direction perpendicular to the axis, but parallel to each other 
and the horizon ; let there be another rod PK perpendicular to the 
axis, but making any angle with the plane passing through BC or 
AG, and the axis. From the extremities of the rods BC, AG let 
the weights W,ti;be suspended; then (Art. 100,) WxBC will rep- 
resent the eflfect of W, and ti;^ AG the effect of w, to turn the roller 
about the axis LM ; and supposing^the rods AG, BC, and the roller 
DE, to be perfectly rigid and inflexible, it is evident that these two 
weights will counteract each other's effects, in the same manner as 
if they were acting at the extremities of the arms of a straight lever. 
When W and w therefore are in equilibrio, W x BC will be equal 
to 1^ X AG, or tr : W : : BC : AG ; and this will be the case what* 

Vol. I.— N. P. 14 
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ever be the length of the rod BC. Suppose that rod to be equal 
to the radius of the roller, then the string BW will become a tangent 
to the roller, and the foregoing proportion becomes «> : W : : the ra- 
dius of the roller : AG. Let us next suppose the weight W to be 

Fig. 81. P 




H a 

kept in equilibrio by a power P acting at right angles to the ex- 
tremity of the rod PK ; then may P and W be considered as acting 
at the extremities of the arms PK, BC of the bent lever ; and since 
they act at right angles to those arms, (Art. 106.) P : W; :BC ; 
PK;* and (when BW acts as a tangent to the roller,) P : W: : ra- 
dius of the roller : PK. 



113. In the wheel and axle an equilibrium is produced when the 
power acting at the circumference of the wheel I weight sustained 
upon the axle :: radius of the axle I the radius of the wheeLf 

For, let the weight W (which is suspended by a rope going 
round the axle DE,) be kept in equilibrio, either by another weight 
(w) suspended from a rope going freely round the wheel NAO, or 
by a power P acting at right angles to the handles TS, P^, &c. of 
the wheel StV, and let the planes of these wheels be at right angles 
to the axis LM of the machine ; then, in the former case, the weight 

* For Id this case, sin. a= sin. 0. 

t Lei R= radius of the wheel, rs= radius of the axle, then P : W : : r : R, /. PX 

R=WX *•; if W and r be given, and P and R variable, then P oci- ; i. e. to 

R 
sustain a given weight upon a given azie, the power must be increased as the 

radius of the wheel is diminished ; and vice versa. 
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W roajr be considered as sustaiDed by a weight (u>) acting at riglit 

angles to the extremity of the arm AC of a straight lever, and in the 

latter, by a power (P) acting at right angles to the extremity of the 

F«. 83. 



arm iK of a bent lever, the weight itself in each case acting at the 
distance of the radius of ihe axle from the center of motion ; hence, 
hy{\tt.U^.)aoiP I W;: radius of the axle : AC or tK. 
Pig. 83. 




1 14. If the power does not act at right angles to the radius of the 
wheel, but in some oblique direction, ai AP (in the above figure, 



108 



HECHANICS. 



which represents a section of the wheel and axle,) then let fall CD 
perpendicular to AP. By the property of the lever, P and W are 
to each other inversely as the perpendiculars let fall from the center 
of motion upon the lines of direction in which they respectively act, 
(Art. 104.) ; in this case, therefore, P : W: :CB : CD: : radius of 
the axle : radius of the wheel X sine of the angle which P makes 
with the radius of the wheel. 

115. Hitherto we have not considered the thickness of the rope ; 
when that is taken into the account, we must add the half of it to 
the distance at which W and w respectively act.* Let therefore 
2t=diameter of the rope, and let R= rad. of the wheel, r= rad. of 
the axle ; then if the thickness of the rope be taken into considera- 
tion, we- have w :W: Ir+t : R+^; ftnd since in this case the same 
quantity (<} is added to each term of the ratio r iR^w must bear a 
greater ratio to W than that of r : R, or of the radius of the axle to 
the radius of the wheel.f 

116. In a combination of wheels, such as is represented in the 
following figure, where a power (P) acts upon the winch or handle 
PQJ which turns the wheel A, which acts upon the wheel B, from 
which the motion is propagated through the wheels C and D to the 
axle E, about which the rope that sustains the weight ( W) is wound, 
let the force exerted by the wheel A upon the wheel B=p, by C 
upon D=}; then, supposing P and W to be in equilibrio, we have. 



• For W, to act in the direction of the axis of the rope, and this axis is evidently 
removed from the circamference of the wheel or axle by half the thickness of 
the rope. 

t In this article we have considered the ropes which go round the wheel and 
axle to be of the same thickness, and that it coils round the axle but once. But 
suppose the thickness of the rope to which W is appended tp be 2T, that of w to 
be 2tt and the rope to coil round the axle any number of times denoted by n ; 
then it is evident, that for each coil of the rope after the first, W will be farther 
removed from the circumference of the axle by the whole thickness (8T) of the 
rope ; the most general form therefore under which the relation of io : W can be 
exhibited, when the thickness of the rope is taken into consideration, is, « : 
W::r+(3ii— 1)T:R+*. 

t In this case the effect will evidently be the same as if the ppwer acted at the 
circamference of a wheel whose radius is PCI. 
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P. "y:: red. of wheel A (r) : PQ, 
;>:;:: rad. or wheel C (r') : rad of wheel B (R), 
g; W::ra d. orarie (a ) ; rad. of wheel D(R') ; 
.-.P": Wr-.axrxr' : PQxRxR'*; 
where the demonstratioD goes upon the same priociple as that of a 
combination of levers, in Art. 109. 

Fig. 84. 



1 17. Instead of the power being applied to the handle or wincb 
PQ, suppose it to be applied at the circumference of a wheel whose 
radius is (R) ; let the radius of the axle=r, (he radii of the small 
wheels = r', r", 8tc., and of the larger ones = R', R", Uc. ; then, 
whatever be the number of such wheels, the proportion expressing 
ibe relation between P and W, when there is an equilibrium, will be 
P: W;:rXr'Xr"8tc. ; RxR'xR"«k:. :: product of the radii 
of all the smaller wheels (or axles) : product of the radii of all the 
larger ones. 

If the radii of the large wheels are equal to each other, and also 
those of the small wheels, then P ; W::r^ : R*, where n equals (he 
number of wheels or axles. 

118. Examples. 

1. ffhat must be the diameter of a wheel by which a weight of 
100 poiindi nupended by a ropf, going round an axle, whoie radiut 
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is 6 incheSf may be kept in equUibrio by a power acting upon it 
equivalent to 12 pounds J 

then, by Art. 113, 

P(i2) : W(ioo)::r(6):a?, 



Let res radius of the axle, 
x:=s do. do. wheel, 



.•.ir=irr=60 inches =42 
12 

and the diameter = 8 4. 



2. A toeighi of 500 pounds is sustained by a rope of one inch 
diameter ^ going round an axle whose radius is 8 inches ; and the 
power acts close to the circumference of a wheel whose radius is 4 
feet : What is the ratio o/ P : W ? 

This is a case of Art. 113, where the weight is not kept in equi- 
librio by another weight, but by some power acting upon a handle 
close to the circumference of the wheel, (as P acts upon the wheel 
StV in Fig. 82.), and since t disappears in the 4th term of the pro- 
portion, w^ (or P) : W: :r+t : R+t, which becomes P : W: :r+t : 
R. In the present instance, W^SOO, r=8 inches, t=| inch, R=48 

inches, .'. P : 500: [8^ I 48; or P=1??-= 88.54 pounds.* 

48 

3. In Fig. 84, PQ=l/oo^; the radii of the wheels A, C are 
each 4 inches; the radii of the wheels B, D are each 15 inches ; and 
the radius of the axle E is 3 inches : What power must be applied to 
P to support a weight of 600 pounds ? 

By Art. 185, P : W (600) y.axrxr' : PQxRxR', 

::3x4x4: I2xi5xi5, 

2400 
225 



: :4 : 225, .-. p=f5j^=io|lbs. 



119. Questions upon the Principles of the Wheel and 

Axle. 

1. A power of 14 pounds acts upon a wheel whose diameter is 9 
feet : What weight wUl keep it in equilibriot supposing the rope which 

* If the thickness of the rope be not considered, then P : W (500) : : r (8) : R 
(48), . ' . P»12^2a83.33; it makes a difference, therefore, of 5.81 lbs., whether 

thiB thickness be or be not taken into the account. 
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supportt that weight to be wovnd round an axle whose diameter 
is 7 imJies9 Aas. 216 pounds. 

2. A power of 4 pounds keeps in equiKbrio a weight of 116 
pounds f by means of a wheel whose diameter is II feet : What is the 
diameter of the axle ? Ans. 3 inches. 

3. A power (P) acting by means of a rope going over a wheel 
whose diameter is 1 feet 1 1 inches^ supports a weight of 528 pounds ; 
the diameter of the axle is 9 inches^ and the rope by which P and W 
are suspended is 2 inches thick : What must be the magnitude of P, 
supposing the thickness of the rope to be taken into consideration ? 

Ans. P=55 pounds. 

4. Four wheels^ A, B, C^ D> whose diameters are 5, 6, 10, and 
2 feet respectively^ are put in motion by a pov>er of 15 pounds ap- 
plied at the circumference of the wheel A ; these wheels act upon each 
other by means of three smaller wheels^ the diameter of each of which 
is 10 inches; the last wheel D turns an axle whose diameter is 4 
inches : What weight may be sustained by a rope going over this axle 1 

Ans. 46,656 pounds. 

THE PULLEY. 

120. A pulley is a small grooved wheel movable about a pivot, 
the pivot itself being at the same time either fixed or movable. The 
principle upon which a weight is sustained by means of a pulley or 
system of pulleys, is very simple, and will be readily understood from 
the following investigation. 

In the single fixed pulley A, (Fig. 85.) about which the weight 
W is sustained by the power P acting on a string WAP passing 
along the groove in the circumference, no mechanical advantage is 
gained ; for since the rope passes freely round the pulley, it is evi- 
dent that the tension on each side of it must be the same, and conse- 
quently that the power must be equal to the weight which it sustains. 
The only advantage attending a pulley of this kind is, that a given 
power may be made to sustain or put in motion a given weight in a 
more convenient manner, by altering at pleasure the direction in 
which the power acts. The pressure upon the pivot or axis of the 
pulley A is evidently equal to P+W. 
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121. But if a weight W (Fig. 86.) be sustained by a power P act- 
ing on a string going over a movable pulley E as well as tbe fixed one 
A, then it is evident that this weight is sustained by two strings AE, 
DE ; and as it is suspended from the center of the pulley E, these 




w 







ropes must act at equal distances from that center ; consequently, each 
string must sustain half the weight. But it is evident, that whatever 
b the weight sustained by the string AE, the same must be sustained 
by the power P, which acts upon a string going freely over the fixed 
pulley A ; hence, when there is an equilibrium, P=|W, or W= 
2P, . • . P : W : : 1 : 2. With respect to the pressure upon the hook 
D, it is j W or P, and upon the axis of the pulley A it is equal to 
P+iW=2P. 

122. The same principle applies to the system of pulleys, in which 
the same string goes round all the pulleys, as in Fig. 87. For it is 
evident that the weight W is supported by all the strings at the lower 
block ; if therefore the number of these strings be (n}, each string 
must support Hh part of the weight. But when there is an equilib- 
rium, whatever be the tension upon each of these strings which sup- 
port the weight, the same will be the tension on the string upon 
which the power P acts ; hence P=iW, or W=nP, .'. P : W: : 
1 : n* (where n^number of strings at the lower block, or twice the 

* If two blocks of palleys of this kind (in which m and n are respectively the 
number of strings,) were combined together, so that the effect (E) produced by 
the first block should act as power upon the second, then P : E : : 1 : tw, and E : W 
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number of movable pullejs.) The pressure upon the hook B or C 
is endently equal to P+W=P+nP=(n+l)P. 



133. WbeD the same stribg.does uot go round all the pullers, but 
each pulley (Fig. 88.) has a separate string CFG, HDF, ABD, 
%Lc., going round it, and fastened to the hooks A, H, C, &c., then 
the relation between P and W must be estimated hy a different 
method. Thus (since the string CFE goes over a single movahle 
pulley) hy Art. 131, P : weight sustained by pulley F : : I : 3; 

and weight sustained by F : weight sustained by D : ; I : 2, 

weight sustained by D : weight sustained hy B i. e. W : : 1 ; 3, 
.-.P: W::l : 2x2x2, fcc, :: l :2-, orW=2-P (if n be the 
number of movable pulleys). Id this system of pulleys, the pres- 
sure upon the hook A=JW=ix2"P=2"-'P; upon the hook H 
(=jpcessureupon A)=il x2""'P=2'-'P,8ic,; and the pressure 
upon pulley E=:3P. 

Vol. I.— N. p. 15 
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124. Hitherto we bave considered the strings as acting parallel to 
each other ; but suppose the power P (Fig. 89.) to act upon the 
weight W by a string going over the movable pulley D in an oblique 

Fig. 89. Fig. 90. 





direction ; tfaen produce the string AF to E, and draw DF at right 
angles to DE, (D being the center of the pulley.) Let FE repre- 
sent the magnitude of the power acting in the direction EF, 
which resolve into ED, DF ; then ED is that part of it which is 
efficacious in supporting the weight W; and since the string BD 
supports the same weight as the string AF, the whole weight sus- 
tained by the string BFA will be represented by 2DE ; hence, 

P : W: :EF : 2DE: :rad. : 2 cos. DEF ; or, 
the power i$ to the weighty as radius to ttoice the cosine of the angle 
of inclination of the direction of the power to that of the weight. 

125. There is another mode of combining pulleys together, which 
we have not yet noticed ; viz. when each string is fixed into the 
weight, as in Fig. 90. In this case^ supposing there is an equilib- 
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rium, and the power P acts upon a string going freely over the pul- 
ley Ay then it is evident that the pressure upon that pulley will be 
equal to 2P, .'.the string BA supports a part of the weight equal 
to 2P. For the same reason, since the string FBA goes freely over 
the pulley B, the string CB supports 4P, &c. ; hence the portions 
of weight supported by the strings AG, BF, CE, bc« are P, 2P, 
4P, be. respectively, and consequently W=sP4.2P+4P+&;c. . . . 
2"~'P (where n-ss number of strings attached to the weight) sP 
(l+2+4+&c.2--I)=P(2--l),».-.P: W::i :2*.^1. The 
pressure upon the support at H is evidently equal to P-(-W=: 
P+(2*-l)P=2-P. 

126. Examples. 

1. A weight of 56 pounds is kept in equUibrio by a power of 7 
pounds by means of a system of pulleys , in which the same string 
goes round every pulley : What is the number of movable pulleys 1 

Let nss the number of strings at the lower block of pulleys ; 
then, by Art. 122, P (7) : W(56) : : 1 : n«^e8» twice the num- 

her of movable pulleys, .*. the number required is 4. 

2. In the system of pulleys described in Art. 1 23, find the gene^ 
ral relation between P, W, and n. 

W 



2 



In this system, W»2"P, .*- P= 

and 2--^, 

.'. n. log. 2=^ log. W— log.P, 

or n JfLWrJ^id?, 
log.2 

From which it appears, that if any two of the three quantities P, 

W, and n be given, the third may be found. 

3. lind the general relation between P, W, and n, in the system 
of pulleys described in Art. 125; and also the number of pulleys 



^ The sQm of a geometric series, whoso term is 1, common ratio 9, and nnmber 
of terms n, is 9*» -1. (Alg. 443.) 
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necessary for a power of 3 pounds, to support a weight of 381 
pounds. 

Here W=P(2--1), -P^a^^ 

, « , W ^ W W+P 

also,2"-l = p» .•.2' = p + l=— p— ; 

hence n xlog.2=log. (W4-P)-log.P,orn=-^«v_^_L 5 

TfW.^lfll nn^P 1 .Wu log- 384 -log. 3 2.107210 
If W=381, and P=3; then n= j^^^^ =0.301030==^- 

127. Questions on the Principles of the Pullet. 

1. Hy means of a system of pulley Sj of which Jive are moviAhf 
and in which the same string goes round all the pulleys^ what power 
will he necessary to sustain a weight of 165 Jhs.l Ans. 16^ lbs. 

2. A weight is sustained by a power attached to a rope going over 
one movable pulley^ {as in Fig, 89.) the direction of the rope making 
an angle of 60^ with a vertical line passing through the center of 
the pulley: fKIiat is the relation between P and W ? 

Ans. P=W. 

3. A weight of 240 lbs. is sustained by a power equivalent to 7| 
lbs. by means of the system of pulleys described in Art. 123 : What 
is the fium&er of pulleys 1 Ans. 5 pulleys. 

4. What power will be neceuary to sustain a weight of 2381 lbs. 
in a system of 10 pulleys, constructed according to Fig. 90, where 
the strings are all fastened to the weight 7 Ans. 2| lbs. 



CHAPTER Vin. 

OF THE INCLINED PLANE, THE SCREW, AND THE WEDGE. 

123. This chapter will comprehend the three remaining mechan- 
ical powers ; viz. the Inclined Plane, the Screw, and the Wedge ; 
beginning with the Inclined Plane, being that upon which the prop- 
erties of the Screw more immediately depend. 
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199. in the inclined plane, on equtHbrimn it produced, vthen the 
power it to the weight, at the tine of the inclination of the plane it 
to the tine of the angle, which the direction of the power make* with 
a perpeTtdiadar to the plane, at the point where the weight rettt 
upon it. 

Tig. 91. D 



Let AC (Fig. 91.) be an inclioed plane, whose length is AC, 
height AB, and base BC ; and suppose the weight W to be kept in 
equilibrio by any other weight (or power) P acting freely over a 
pulley fixed at D. Draw* WE at right angles to AC, meeting AB 
(produced if necessary) in E ; the weight W may be considered as 
kept at rest by three forces, viz. the action of the power in the di- 
rection WD, its own weight (or gravity) in direction DE, and the ■ 
reaction of the plane in direction EW; ''.(by Art. 56.) these three 
forces are to each other as (he three sides of the triangle DWE, in 
the directions of which they respectively act. Hence, 

P : W; : WD : DE: :sin. WED or ACB : sin. DWE. 

By the third law of motion, the pressure of W upon the plane 
must be equal to the reaction of the plane upon W ; if, therefore, 



* This Bgarc ii to be considered u a section of the plane passioK ihniDgh Ihe 
ceoier orgraviijr of the weight i and if the weight be not large, thai center ofgrnT- 
iiy miy be couiidered u placed ia the angnl&r point (W) of the triangle DWE. 
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£W represents that reaetion, WE will represent the pressure upon 

the plane; hence, 

P : press, on the plane::WD:WE::sin.WEDorACB:sin.WDE; 

W : press, on the phne : : DE : WE : :sin. DWE : sin.WDE. 

130. In the inclined plane, when the power acts para^llel to the 
PLANE, 1. The power is to the weight, as the height of the plane to its 
length ; 2. The power is to the pressure on the plane, as the height 
of the plane to its base ; 8. The weight is to the pressure on the 
plane as the length of the plane to its base. 

If the power acts parallel to the plane, then WD may be consid- 
ered as coinciding with WA, and the power, the weight, and the 
pressure, will be respectively represented by the three sides, WA, 
AE, WE of the triangle AWE ; hence, 

P : W: :WA : AE: : AB : AC; :height : length. 

P : press, on the plane : : W A : WE : : AB : EC : : height : base. 
W : press. on the plane: :AE : WE: :AC : BC: : length : base. 

131. In the inclined plane, when the power acts parallel to the 
BASE of the plane, 1. Tl^e power is to the weight, as the height of 
the plane to its base; 2. llie power is to the pressure on the plane, 
as the height of the plane to its length; 3. The weight is to the 
pressure on the plane, as the base of (heptane to its length. 

If the power acts parallel to the base of the plane, (i. e. if the 
weight W be sustained upon the plane by a force acting in the direc- 
tion jpW, and pushing upwards in such a manner that|iW is always 
parallel to the horizon,) then produce i^W to F; and when there is 
an equilibrium, the power, the weight, and the pressure will be 
respectively represented by the three sides WF, FE, WE of the 
triangle WFE; therefore, 

P : W: :WF : FE: : AB : BC: :height ? base. 

P : press, on the plane : : WF : WE: : AB : AC: : height : length. 
W : press, on the plane : :FE : WE: : BC : AC : : base : length. 

132. The hast power will be required to raise or sustain a given 
weight upon a given inclined plane, when the direction in which thai 
power acts is parallel to the plane ; and, conversely, the greatest 
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foeight wUl also be raUed or sustained by a given power upon a 
given inclined plane, when the direction in which the power acts is 
parallel to the plane. 

'*ljet a = angle of inclination of tbe plane, ? 3= angle \vhich 
the direction of tbe power makes with a perpendicular to the plane 
at tbe point wbere tbe weight rests upon it; then, by Art. 129, 

P:W::8in.a : sin.<?; .'.?=- — r-^^^- Suppose Wand sin. a to be 

sm. p 

giyen, then P varies as — — -^^ and will consequently be the least 

sin. p 

when sin. ^ is the greatest, i. e. when the angle DWE becomes a 

right angle, or P acts parallel to the plane. 

P X sin $ 
Again, Ws= — - — -llil ; if therefore, P and sin. o be given, then 

sm. o 
W oesin. fiy and will consequently be greatest when sin. ^ is greatest. 

133. The pressure on a given inclined plane^ with a given power, 
is greatest when the power acts parallel to the base of the plane. 

Let y=WDE; then, by Art. 129, P : pressure upon the plane 

:: sin. o': sin. jr, .'. pressure upon the plane = — - — —I if P 

sm. o 

and sin. « be given, then the pressure upon the plane oc sin. y, and 

will consequently be greatest when sin. y is greatest, i. e. when 

WDE becomes a right angle, or the power acts parallel to the base 

of the plane.* 

134. When a weight W is sustained by another weight P go- 
ing over a fixed pulley D, (Fig. 92.) since the angle DWE varies 
at every point of the plane, it is evident that there is but one 
point of the plane where a given power will sustain a given weight ; 
and that point may be thus determined. Take BG : BC; :P : W, 
and with center B and radius BG, describe a circular arc cutting AC 



« In this case, since WE is greater than FE, it appears that the pressure is 
greater than W; bat in this there is no inconsistency! ^<^r^^ ^^ evident that when 
a weight is sustained upon an inclined plane by means of a force actiog in di* 
rection pW, part of the pressure arises from the power a.s well as from the 
weight, and therefore the whole pressure may be greater than the weight. 
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in F ; join BF, and draw DKL perpendicular to BF, or to BF pro* 
duced ; then the point W, where DL cuts AC, will be the point re- 

D Fig. 92. D 
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quired ; for the triangles DWE, BFC being similar,* we have 

WD : DE::BFor BG : BC;but 

P: W::BG :BC,.-. 

P : W::WD :DE; hence, 

by Art. 129, the relation between the sides of the triangle WDE is 

such as to give the position of W when there is an equilibrium be- 

ween P and W. 

But when the power acts parallel to the plane or parallel to the 

base of the plane, the ratio of P : W is constantf through every 

part of the plane ; if therefore a given power be in equilibrio with 

a given weight at any one point of a plane, the same power would 

also be in equilibrio with the weight, when placed at any other point 

of that plane. We now proceed to give a few examples for illus* 

tration. 

135. Examples. 

1. A person ii just able to sustain by his strength a weight of 
200 pounds. What weight would he be able to sustain on an in- 



* Draw WE at right angles to AC, as before, then AEWs=ACB ; and in the 
right-angled triangles BKL, DBL, KLB is common, /. KBL=KDB ; hence CFB 
s=eDWE, and consequently the trian^e CFB is similar to the triangle DWE. 

t For (in one case) P : W : : height of the plane : length of plane; and in the 
other, P : W: : height of plane : base of plane. (Art. 130, 131.) 
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eiitud pbme uiwe eletwf ton u 50°, iy meant of a rope going round 
it, and jixed to the top of the plane in the manner represented in 
the annexed Jigwre 1 



i 



Id this use, (Fig. 93.) (be power nbich supports the weight 
acU parallel to the plane, .'. by Art. 130, P: W::AB: AC: lain. 

ACB (50°) : radius: :7660 : 10000, or W=^?™?; this is the 
^ '' 7660 

weight supported by the rope PWA ; but since that rope is Gxed at 
A, each part PW,WA, of that rope supports half* the weight; hence, 
if the force exerted by the ropePWA=P, the force aciing in the di- 
rection WP= JP; calling that forpe (p), then p= JP, or P= 2p ; sub- 

stilute this for P.aod we have W=?e2<J^^=(ifP=200)f?9?™ 
' 7660 ^ ' 766 

=522.19 pounds; if therefore a person by his natural strength is 

able to lift a weight of 300 pounds, acting under the circumslances 

here represented, he will be able to susiaia a weight of 523.19 

pounds. 

3. Upon an indiaed plane, whote length is 20 feel, and elevation 
30°, a tpeight of 3 pounds is sustained by a power of 3 pounds, 
acting over a pulley fixed at the distance of 10 feel from the top 
of the plane, {in the manner represented in Fig. 93.).- It is required 
to find the distance of W from the top of the plane, when there it 
an eguilibrium. 

Since AC=20 feet, and ACB =30°, AB (=8in. 30°) will be 
equal to 10 feet^ and consequently BC = v/(AC'-BA^)=v'300 
= 17.33 feet; constructing the figure, therefore, as in Art. 134, we 

* The case beiDg similar to tbat or a n-eigbl supported by two parallel striDgs 
goiDg oTei a pnlleir. 

Vol. I.— N.' P. 16 
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have BG : BC (17.32): :P(2) : W(3), .-. BG or BF« ^^"'^ 

s 11.55 feet; hence, in the triangle BFC we have BCa^ 17.32, 
BF= 11.55, FCB=30o, from which the angles FBC, CFB are 
found to be respectively 18^ 34' and 131^ 26' ; but the triangle 
DWE is similar to the triangle BFC, .-. WED=r30o, WDE^IS^ 
34', and DWE=131o 26'. 

Again, since DWE is 13P 26', and AWE a right angle, DWA 
roust be 41^ 26'; hence, in the triangle DWA, we have ADsslO 
feet, WDA=18o 34', and DWA=4P 26', from which AW is 
found to be 4.812 feet, which gives the distance of W from the top 
of the plane when P is in equilibrio with W. 

3. A body is sustained upon an indined planCf fa'st by a power 
acting parallel to the plane^ and afterwards by a power acting 
parallel to the base of the plane* Compare the pressures upon the 
plane in these two different cases. 

By Art. 130, when the power acts parallel to the plane, 
W : press, on the plane (F): : length : base. 

By Art. 131, when the power acts parallel to the base. 
Press, on the plane (p) : W: : length (L) : base (B). .'. 

p : P:: L« :B». 

Thus, in a plane whose elevation is 60^, (and whose length is con- 
sequently double* of lis base,) it makes a difference of 4 : 1 as to 
the pressure upon the plane, whether a body is sustained upon it by 
a force acting parallel to the plane, or by one acting parallel to the 
base of the plane. 

4. 2\do weights P, W, resting upon the inclined planes AC, AD, 
{Fig. 94.) whose common height is AB, ke^ each other in equi" 
librio by means of a string going over a pulley fixed at A. C(m,» 
pare the two weights. 

Since the string passes freely over the pulley at A, and the two 
weights are at rest, it is evident that the tension of the string WAP 
must be every where the same, i. e. whatever power is exerted at A 



♦ In Fig. 93, if ACB=60°, then CAB=30O; /.BG=iradius=JAC, or AC=s 
2BC. 
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t» sustain W od the plane AC, the same is exerted at that point to 
sustom P upoa the plane AD ; call that power (p), then, lioce the 




power in each case may be considered as acting psiallel to the plane, 
we iuTe, by Art. 130. 

p:W:;AB:AC, 
andP: p::AD: AB; 
.•.P : W::AD : AC :: plane upon which P resW t plane upon 
which W rests. Hence, two weighii resting on two inclined planes 
whicb meet, (fonning a ridge,) will balance each other, when ihey 
are to one another as the lengths of the^ planes on which they re- 
ipectirely rest. 

5. A hody U tupported between luto inclined pJanes of given ele- 
vatioa) : Coufpare the preuure upon the planei* 



Let NHL, (Fig. 95.) represent a perpendicular section of the 
body passing through its two points of contact H, L with the 
planes ; and from those points draw HF, LF at right angles to the 
planes DC, AC respectively. From their intersection F, draw FG 
perpendicular to the horizon, and let it represent the weight of the 
body. Through G draw GO parallel to LF ; then the three sides 
of the triangle GOF will be in the direction of the three forces 
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which keep the body at rest upon the plane AC| tiz. GO will rep* 
resent the reaction of the plane AC ; OF the reaction of the plane 
DC ; and FG the weight of the body ; and in the same manner it 
may be shown that the three sides of the same triangle will repre- 
sent the three forces which keep the body at rest upon the plane 
DC. Through G draw MGK parallel to the horizon ; then since 
the three sides of the triangle GOF are perpendicular to the three 
sides of the triangle MCK, MCE must be similar to GOF, (see note, 
p. 50») ; and since the weight of the body, the pressure upon the 
plane DC, and the pressure upon the plane AC, are respectirely 
represeated by the three sides FG, FO, OG of the triangle GOF, 
they will also be represented by the three sides MK, MC, CK, of 
the triangle MCK. Hence, 

Press, on DC : weight: :CM : MK: :sin.MKC or ACB : sin.MCK. 
Weight : press. on AC: :MK : CK: :8m.MCK : sm.CMKor DCE. 
Press. on DC : press, on AC: :sin. ACB ; sin. DCE. 
Thus suppose DCE=r60^, ACB=^3fPy then pressure on DC ! 

pressure on AC: :sin. 30^ : sin. 60®: :i : ^l'^ • V3. Hence, 

when a weight is supported between two inclined planes, the pres- 
sures on the planes are reciprocally as the sines of the angles of in- 
clination of the planes. 

THE SCEEW. 

I 

1 

136. The screw is a spiral thread or groove^ mnding round a 
cylinder, so as to cut all the lines drawn on its surface parallel to its 
axis J at the same angle. The spiral may he either on the convex or 
the concave surface of the cylinder ^ and the sarewis denominated oc- 
cordingly^ the external or the internal screw. 

The distance between the two contiguous threads of a screw, cor- 
responds to the height of an inclined plane, and the circumference 
of the cylinder corresponds to the base of the same plane; hence 
the forces necessary to produce an equilibrium in the screw, are the 
same as in the inclined plane. Thus let the inclined plane ABC 
(Fig. 96.) be wrapped round a cylinder, the circumference of 
whose base is equal to the line AB ; then the point A being placed 
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OD A', the point B will come round to A', and the point C will fall 
OD C'i and the line AC will trace out the thread or tbe screw on the 
Buifice of the cylinder as far as C, and may^ be cootinued in the 

Fig. 96. 



same manner. By Art. 131, when the power acts parallel to (he 
base of the plane, an equilibrium is produced when tbe power is to 
the weight as the height of the plane to its base; or, applied to the 
screw, an equilibrium is produced, when the power is to the weight, 
as the distance between two contiguous tJireads is to the circumfer- 
ence of the base. 

Pig. 97. 



187. Let tbe external and internal screw be fitted to each other 
in the manner represented in Fig. 97, and let the external screw 
be turned round by a power applied to tbe lever BC (acting parallel 
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to the base of tbe cylinder,) whilst the intenial screw remabs fixed ; 
then it b evident, from the manner in which the two screws act 
upon each other, that whilst the lever BC makes one revoltttion, 
the external screw will be elevated or depressed throagh one of the 
spaces aft, &e, according to the direction in which it is turned. 
When the screw is depressed, it drives before it the board EF, 
which moves in the grooves DE, NF, by which means a pressure is 
created upon any substance (S) placed between that board and tbe 
fixed board EM. 

138. Let us now estimate the quantity of this pressure, by finding 
the relation which it bears to tbe power which produces it. To do 
this, it will be necessary, in the first place to consider the force which 
would be generated in the elevation of the screw ; which force may 
be estimated by showing separately what part of it arises from tbe 
action of the spirals of the screw upon each other, and what finom 
tbe action of the lever. As the machine turns round, each point of 
the external screw acts upon tbe corresponding one of the internal 
screw with a force analogous to that by which a body is sustained 
upon an inclined plane when the power acts parallel to the base of 
the plane ;* the whole force therefore of the screw will be of the 
same kind, and (by Art. 131.) will bear to tbe weight which it could 
support, the ratio of the distance between two spirals to the circum- 
ference of the cylinder. This would be the case, supposing the force 
to act close to the surfiice of the cylinder ; when it acts therefore at 
the extremity of tbe lever BC, it will be increased in the proportion 
of tbe length of the lever to radius of the cylinder. 

139. In the screw^ an equilibrium it produced when the power is 
to the weighty as the distance between two contiguous threads is to 
the circumference' of the circle described by one revolution of the 
power. 

Let (I=:tbe distance between two spirals of the screw, which is 
cut upon the cylinder of which AF6 is the section, as=length of 

« Instead of moving a body up an inclined plane, we here move the plane itself 
against a resistance, which is overcome in the same manner as that of a body, 
and which may therefore be properly considered at a weight. 
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the lever (CB), frs8.1416, be*, then the circumference (BDE) of 
the cirde deicribed by the extremity of the lever ss2nra. Let P» 
the power acting at the extremity of the lever, ps» the power acting 
at the aorfrce-of the cylinder, Wssthe weight which is kept in equi- 
lihrio by P, then, by Art. 188, 




p : W : : d t circumference AFG, 

P : y : :CA : CB: :circu mf. AFG : circurof. BDE ; 

.'.P : W: :d ; ciroumf. BDE=(27ra)- 

« «r. « W(i,„ 27taF , 2naP , Wrf 

hence, if any three of the four quantities W, P, a, d, be given, the 
fourth may be found.* 

140. We have thus estimated the magnitude of the weight which 
might be sustained by a given power applied to the elevation of the 
screw ; but this machine is oftener used for the purpose of creating 
a pressure than for raising a weight; and it is evident, that whatever 
force is exerted by the screw to sustain a weight when it is turned 
in one direction, will also be exerted to create a pressure down- 



• From this proportion it appears that the relation P : W depends entirely npon 
the distance between the spirals and the circumference which the power describes, 
whatever be the thickness of the cylinder upon which the screw is cut; and since 

P I as g- 1 oc , when W is given, P oc-; i. e. the power necessary to sustam a 

given weight varies directly as the distance between the spirals, and inversely as 
the length of the lever. 



' 
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wards, when it is turned in an opposite direction; Whetheri thorfr- 
fore, the screw be applied to raising a weight, or creating a pressure, 
the power necessary to sustain the weight or produce the pressure, 
will always bear to that weight or pressure the ratio of the distance 
between any two spirals of the screw to the circumference of the 
circle which the power describes. 

141. Examples. 

1. A screw, the distance between whose spirals is one tnei, i$ 
turned horizontally by o Uner whose length is 2 feet, reckoning from 
the axis of the screw : What weight could be sustained or pressure 
produced by it, when a power of 30 pounds acts at the extremity of 
the lever 1 

By Art. 139, W=^=.?2i3Jil^>i^4x30^4g23 ,g 

o 1 

pounds ; i. e. a power of 30 pounds applied to a machine of this kind 
would be sufficient to sustain a weight, or create a pressure, equiva- 
lent to about 4523 pounds, or somewhat more than two tons. 

2. A person who could just lift a weight of 60 pounds found him" 
self able, by means of a lever 3 feet long, acting as a handle to a 
screw, to sustain a ton weight : What was the distance between the 
spirals of the screw 7 

By Art. 139, ^^2^^^x3,1415x3x60^ g^^ ^^^^^ 
^ W 2240 

about 6 inches. 

3. In Fig. 99, the screw AB, which is turned by a power P 
acting apon the handle PQ, turns at the same time the vJieel Q, in 
such a manner as to cause it to draw up the weight W, by a rope 
vjound round the axle D ; this is called the endless screw, and it is 
required to find the ratio ofPlW. 

Supposing all the parts of this machine to be nicely adjusted, it is 
a very powerful one ; inasmuch as it combines the energy of the 
screw with the multiplying power of the wheel and axle. To esti- 
mate the effect, therefore, let PQ=sa, the distance between two 
spirals of the screw^zd, radius of the wheel =sR, radius of the axle 
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ssf, frss3.14169, and Qs^tbe foice exerted by the screw upon the 
wheel ; theD, by Art. 139, P ; Q: :<2 : S^a, 
end by Art, ^ 3, Q: W;:r :R, 

.-.P: W:;dr jaroR, 

Fig. 99. 




Hence P=:^i, and W=:?E!!??; let rf=l inch, « =12 inches, 
2naR dr 

r=4 inches, RslS inches, and P=:30 pounds, then Ws — ^ — 

4 

pounds =4.54 tons ; so that, by means of this machine, a power 

of 30 pounds would be sufficient to keep in equilibrio a weight of 

about 4} tons. 

142. QUSSTIONS ON THE PbINCIPLES OF THE INCLINED PlANB 

AND Screw. 

1. If a mofi can draw a weight of 125 poundt up ih&side of a 
perpendicular waUy 20 feet highy what weight will he be able to 
raise along a smooth plank 44 feet longy laid sloping from the top 
of the wall 7 . Ans. 275 pounds. 

2, Suppose that a horse is able to. draw a weig/U of 440 pounds 
out of a welly {by a rope passing over a fixed pulley y which allows 
the horse to draw in a horizontal direction ;) what weight will the 
same animal draw up a raiUway having a slope of five degreesy no 
aUowance being made for friction 1 Ans. 5048.5 pounds. 

Vol. L— N. P. 17 
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8. A lever five feet long is fixed at right angk» in a ierew whote 
threads are one inch asunder , so that the lever turns just once round 
in raising or depressing the screw one inch. If then this lever be 
urged by a force of 65 pounds , with what force will the screw press 7 

Ans. 24504.35 pounds. 

4. A ship-wright wishing to haul a ship upon the stocks^ employed 
a machine^ combining the lever, the screw, the wheel and axle, the 
pulley, and the inclined plane, as represented in jFYg. 100. 



Fig. 100. 




The handle of the winch BC ==18 inches. 

The distance of the threads on CD=1 inch. 
The radius of the wheel ED »2 feet. 

The radius of the axle EF «=:6 inches. 

G is a fixed, and A a movable pulley, 

the number of strings being =4. 

Inclination of the plane =30^. 

Allowing a man to turn on the handle at 3, with a force equal 
to 100 pounds, how much force could he exert on the ship 1 

Ans. 361911.168 pounds, or more than 161itons. 

THE WEDGE. 



143. All those instruments which are used for the separation of 
the parts of bodies, such as knives, axes, coulters, and chisels, come 
under the general denomination of the wedge ; but these instruments 
are made of such variety of shapes, and forces are applied to them 
in such various ways, that, of all the mechanical powers, the wedge 
is that whose properties are least capable of being brought to mathe- 
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tnitical calculation. . In the particular case when tbe wedge is of 
the fonn of a triaagular prism, and the resistance upon its sides 
oan be considered as forces acting in given directions, tbe relation 
between those resisUnces and tbe power wbtcb counteracts tbem, 
may be estimated in the (bllowiog manner. 

144. Li the vedge, an equUibnttm i^ produced, vtken that part 
of the power, which, when resolved, acts perpendicularly to the back 
o/* the loedge, it equal to the tuffl of those pirn of the retittancet 
wMck also act perpendicularly to the back ; these resistances being to 
eacA other inversely as their respective distances from the line of 
direction in which the resultant of the power acts. 

Let ABC (Fig. 101.) represent a section of the wedge perpen- 
dicular to the axis of tbe prism, and suppose its sidea AC, BC, to 
be perfectly smooth. Let a power P, whose magnitude and direc- 
tion is represented by ab, act upon AB, the back of tbe wedge, 
and let it be counteracted by two resistances R, R', (wbicb are rep- 
resented in quantity and direction by the' lines de, kt,) acting upon 
Fig. 101. 



tbe sides AC, BC. Resolre ab into ac perpendicular, and be par- 
allel to tbe back of the wedge, and let de also be resolved into ^ 
perpendicular and ef parallel to tbe side AC ; sad since the side AC 
is perfectly smooth, dfonly is efiectual to stop the progress of the 
wedge ; resolve df again into dg parallel, and gf perpendicular to 
the back of the wedge, then^ is the only part oflfae resistance R 
wbich is direcily opposed to that part of the power (viz. ac) wbicb 
acts perpendicularly to the back of the wedge. Let the resistance R' 
be resolved in tbe same manner, and let m» be that part of it which 
is directiy opposed to ac; then, supposing every part of the wedge 
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to be perfectly hard and inflexible^ it is e?ideot that in the ease of an 
equilibrium between P and R+R^ acssfg+mn. 

But in ascertaining this relation between P and R+R^ when they 
are in eqailibrio, it should be recollected that the point e cannot be 
arbitrarily assumed ; for there evidently will be a tendency to tri&rd- 
iortf or rotary motion^ unless the two resistances balance tbemselfes 

Fig. 103. 




C 

about that point. To determine the point e so that this tendency 
to vibratory motion shall be prerentedy produce j/, nm (Fig. 102.) 
to k and 0, then it is evident that the resistances^, mn will only 
balance themselves about c, when, according to Theorem II. of par- 
allel motion, (Art. 60.) fg ;mn::co : ck; that is, when the e£Ssctive 
parts of the resistances are to each other inversely as their respec- 
tive distances from the line of direction in which the resultant of the 
power acts. 

145< But for the purpose of computing the actual power of the 
wedge in particular cases, we must find an expression for the power 
in known terms, arising from the shape of the wedge, and the condi- 
tions of the resistances. Therefore, produce dg to A, (Fig. 101.) and 
let a perpendicular CD, be drawn fron the vertical angle to the back 
of the wedge. Let a, fi denote the two vertical angles, n the angle 
made by the power with the back of the wedge, and ^ and / the res- 
pective angles made by the resistances R, R^ with the sides. Then 
since in the right-angled triangles <//%, CAD, the alternate angles dhf, 
CAD are equal, the nnghfdg must be equal to the angle ACD(a). 
Now de(R) \ df:\ rad. : sin. rfc/, or sin. p, 
andd/: j^ : : rad. : sin./djg, or sin. a, 

Rxsin.^Xsin.a 



: : R : ^ * :rad.|* : sin. 9 Xsin. tt, or ^= 



nid.|' 



■*■ • 
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r or the same reason, f«n= ==17 • 

rad. 



Again, ab (P) : ac: :rad. : sin. tt, >'.ac=?^^'° ^ 

rad* 

Bttt when there is an equilibrium, ae^fg+mn ; hence 

Pxsin.fr ^ Rxsin.exsin.tt+R^XsinYxsJn.jy 

radT" ^« 

« p_RXsin.?Xsin.a+R'Xsin.^Xsin.i? 
or r^— ^ 3 — - — . ' • 

rad. X sm. n 
This formula enables us to compute the power of a wedge, (or its 

ratio to the weight) when we have given the angles made by a per- 
pendicular drawn from the vertical angle to the back of the wedge, 
and likewise the angles at which the power and resistances respect- 
ively act, whatever these angles may be ; but when (as is frequently 
the case) the power acts perpendicularly to the back, and the resis- 
tances perpendicularly to the sides, the formula becomes much sim- 
pler. For then, sin. tt, sin. q, and sin. ^, each becomes equal to 
radius, and the general formula becomes P=R Xsin. a+R^ Xsin. |?. 

146. In the particular case when the directions of the power and 
resistances meet in the same point, as in Fig. 103, the power is to the 
weight as the back of the wedge to the sum of the sides; for then it is 
evident, that this equilibrium is produced under the same circumstan- 

Fig. 103. 

P 




C 

ces as that of a body kept at rest by three forces whose directions 
meet in that point ; but (by Art. 57.) those three forces would be to 
each other as the three sides of a triangle perpendicular to their 
respective directions ; P, R and R^ will therefore be to each other 
as the three sides of the triangle ABC ; i. e.^ 

P : R : : AB : AC ; P : R': : AB : BC .*. 

P:R+R'::AB:AC+BC.* 

« Algebra, Art. 368. 
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If the wedge be isosceles, and two equal resistances act perpen- 
dicularly to the sides, while the power acts perpendicularly to the 
back, then P : W : : i AB : AC ; 

For,Pj(2R)W::AB:2AC.:. 
P : W: : JAB : AC ; that is. 

If the wedge be UosceUs, the power is to the weight as half the 
back of the wedge is to one of its sides. 

Hence, the thinner the wedge, that is, the longer the sides of the 
wedge in proportion to its thickness, the greater is its power of oirer- 
eomiBg resistance, with a given blow ; a well known property of sharp 
instruments, which are referred to the wedge. 

147. Examples. 

1. A wedge f whose sides are perfectly polished planes , is driven 
into the trunk of a tree, until that part of the pressure on each side^ 
which acts perpendicularly to the backy is 1500 pounds : What force 
must be applied at the back to prevent its recoil 7 

HereP=R+R'=2R=r3000 pounds. 

2. T\do equal resistances (R, R') acting at angles of 60^ and 30^ 
upon the sides of a perfectly smooth wedge, are kept in equiUbrio by 
a power acting perpendicularly to its back; the angle which a per' 
pendicular {from the vertical angle of the %oedge to the back) makes 
with the side upon which R acts is 45^, and with that upon which 
R' acts 30^ : Required the ratio o/P : R+R' or 2R. 

This is a case of Art. 145, where R'=R, sin. 9r=srad. == 1, 
.'- P=R, (sin. ^Xsin.a+sin.p^Xsin./?); but, 

8ln.p=sin. 60O=:5!:^1 ^p^^l -v/3 

sin. a=sin.45^= — 

-/2 

sin. ^=sin. 30^= i 
sin. /?= sin. 30^=: J^ 



{^.-^') 



= ?(/_6±l); hence 
4 

P : R: -Ve+l : 4, and P : 2R: V6+1 : 8. 



148. Questions on tbe Painciples or the Wedge. 

1. An isoscdet wedge, whote acute angle was 5°, was inserted in 
a deft of a rock. The pressure exerted perpendicularly on each side 



1 
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wot equal to 6S00 pounds : What force applied at the back of the 
wedge would overcome the resieiance 1 Ans. 567.33 pounds. 

2. In a wedge of the form of a triangular prism^ the power and 
resistances act perpendicularly to the back, Tht pressures upon the 
two sides of the wedge, whose lengths are 5 and 7 inches^ are estima' 
ted at 950 and 300 pounds respectively, acting at the center of each 
side. The length of the back of the wedge is 5 inches : What power 
must be exerted perpendicularly to the back of the wedge, and to what 
point must it be directed, to produce an equilibriumi 

Ads. P=1250 pounds; and it roust be directed towards the cen- 
ter of the back of the wedge. (Art. 144.) 

3. A force of 1600 pounds, acting at an angle of 75^ upon the 
back of a wedge, is just sufficient to balance two resistances, which 
are to one another as b \1, and whose directions make angles unth 
their respective sides of 80^ and 40^. The angle which a perpen- 
dicular from the vertical angle upon the back, makes with the side 
upon which is exerted the greater resistance, is 10^, and that which 
it makes unth the otiierside is 4^ : What is the amount of the resist- 
4mces7 Ans. 16487.76 pounds. 

Gjbneral Principle, applicable to all the Mechanical 

Powers. 

149. The aiost simple view which can be taken of the mechani- 
cal powers, is by a comparison of the respective velocities of the 
POWER AND THE WEIGHT. In Order clearly to understand this 
subject, it must be recollected^ 

That an equilibrium implies the action of opposite and equal 
roRCEs ; 

T%at the measure of a force is its momentum, and, consequently, 
that in an equilibrium, the momenta on the opposite sides are equal; 

JTiat momentum is compounded of the quantity of matter and ve- 
locity; and, hence, that a small body may have as much momentum 
as a large one, if it moves over as much greater space in the same 
time, as its quantity of matter is less. 

Now let us apply the foregoing principles to the mechanical powers. 

When the power and weight are in equilibrio, one has just as much 
momentum as the other ; and therefore the product of the weight 
into its velocity, equals the product of the power into its velocity ; 
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and it will be seen by reviewing the several mechaoical powers^ that 
in the theorem by which the law of equilibrium is in each ease eoun* 
ciated, the lipe into which the power or the weight is mulupliedi is 
pcoportional to the space over which it moves in a given time, and 
therefore (by Art. 12.) is the measure of its velocity. This doctrine 
will be clearly comprehended by reviewing each of the mechanical 
powers separately.* 

150. In the straight lever y (Fig. 90.) since the arcs Pp, Ww are 
described in the same time by P and W respectively, the velocity 

of P : velocity of W : : Pp : Ww : : Aa : B6: :CA : CB: :W : P 

when P and W are in equilibrio. 

In the wheel and corfe, while the power descends through a 
space equal to the circumference of the wheel, the weight ascends 
through a space equal to the circumference of the axle, •*. the velo- 
city of the power : the velocity of the weight: :the circumference 
of the wheel : the circumference of the axle: : radius of the wheel t 
radius of the axle: : W : P. 

In the single Jixed pulley, the power and weight move through 
equal spaces in the same time, •'. the velocity of the power is 
equal to the velocity of the weight ; and in this machine P=W, 
.'.velocity of power : velocity of weight: :W t P. 

In the system of n pulleys, (Fig. 87.) whilst the power descends 
through any space (x), each of the strings belonging to the block of 
pulleys to which the weight Is appended is shortened by ^x, .*. the 
weight ascends through a space equal to ix in the same time that 
P descends through the space x ; hence the velocity of the power 
: the velocity of the weight: :j: : ^: :n : 1 :':W : P. 

In the system of pulleys, (Fig. 88.) whilst P descends through 
any space (x), the pulley F is raised through a space s=tx; the pul- 
ley D through a space ^IX^x^s^x; the pulley B through a space 
=:| X ix=i\x ; &:c. hence (if n= the number of pulleys) velocity of 

P : velocity of W::a? : i„xa?::2" : i::W : p. 

* In estimating the increase of the power necessary to put the machine in mo- 
tion, the friction of its different parts should be taken into the account. If ji^nhe 
sum of the impediments arising from friction, and P^^the power which would 
keep the weight (W) in equilibrio, then it is evident, that, before the machine 
can be put in motion, the power actually employed must exceed P-l-p* 
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Let ABC (Fig. 104.) be an incKned pkmej up which the weight 
W b drawn by a power P acting over a pulley at A, then P : W: : 
AB : AC. Draw W6 parallel to CB, and ab parallel to AB ; then 
while P descends through a space equal to Wa, W ascends upon the 
plane through the same space ; but the space actually described by 
W in this time in the direction of gravity, is 6a ; •'• (when the velo- 



Fig. 104. 




city of the power and weight are estimated in the direction in which 
they respectively act) Jhe velocity of P : the velocity of W: :Wa : 

a6::AC:AB::W:'p. 

In the screWf while P describes the circumference of a circle 
whose radius is BC, (Fig. 98.) the weight is elevated or depress- 
ed through a space equal to the distance between two contiguous 
spirals {d)^ .'. the velocity of P : the velocity of W: : circumference 

(DBE):rf::W:P. 

Finally, in the wedgCj the power of overcoming the resistance 
is proportioned (Art. 146.) to the acuteness of the wedge; and the 
distance to which the parts are separated, that is, the space over 
which the weight moves, when compared with the space through 
which the power (namely the wedge itself in the direction of the 
power) moves, is constantly diminished as the acuteness of the 
wedge is increased. 

In the same manner we might trace this relation between the ve- 
locity of the power and the velocity of the weight, in machines 
where the power and weight act obliquely to each other ; but as the 
operation then becomes somewhat more intricate, and as what has 
been already shown is sufficient to establish the truth of our proposi- 
tion, it seems unnecessary to pursue the investigation any farther. 

Vol. I.— N. P. 18 
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THE ROPE MACHINE. 



151. If a body fixed to two or mart ropes j is sustained by powers 
which act by means of those ropes^ this assemblage is called the Funi- 
cular or Hope Machine. 

1 52. A given weight is in equUibrio with two given powers^ which 
are equal to one another y and which pass over puileys situated in the 
same horizontcd /tne, when either power is to the weighty as the sine 
of the angle formed by the directions of the power and the weighty is 
to the sine of the angles formed by the directions of the two powers. 




Let A and B (Fig. 105.) be two pulleys fixed at a giTen distance 
from each other in the same horizontal line, and suppose a cord, 
PAWBP^, to pass over them, at the extremities of which are sus- 
pended the two equal weights P, P' ; these two weights being kept 
in equilibrio by a third weight W.* Draw AE parallel to CB, and 
produce WC to meet it in E ; then the three sides CA, AE, EC, of 
the triangle ACE, will represent the quantity and direction of the 
three forces by which the weight W is kept at rest ; for these three 
forces are, 1st, The tension produced by P in direction CA ; 2dly, 
the tension produced by P' in direction CB or AE ; and, Sdly, its 
own gravity in the direction EC ; and since P=P, AEor CB must 
be equal to AC. Hence P or P' : W::AC or CB : EC:: sin. 
AEC : sin. ACB. 



* In this and the following articles we suppose the cords to be without weig^ht, 
and perfectly inextensible ; and the pulleys to be so small, and so adjusted, that 
the center of gravity of P, P', W, dE«. may all lie in the same vertical plane. 
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153. Join AB ; then^ since AB is parallel and CE perpendicular 
to the horizon, the angles at D are right angles, and since ACE and 
ACB are isosceles triangles, the lines AB, CE, bisect each other in 
D. Hence EC=r2CD, and P : W: : AC : (EC or) 2CD ; .-. 2P 

: W::2AC::2CD::AC:CD, and 4P« : W»::AC» :CD»; 

also,4P« -W« : W«::AC»-CD« (AD«) :CD» .-. CD» = 
--= ===-, or CD=s ; which gives the position of W 

when the equilibrium takes place, for P, W, and AD (^AB) are 
known quantities. 

Cor. 1. If P=iW, or 2P=W, then 4P«=W« and 4P» -W» 
ssO; if W be greater than 2P, then 4P»--W» is negative; in the 
former case, therefore, the value of CD becomes inBnite, and in 
the latter impossible ; which shows that if W be equal to or greater 
than 2P, no equilibrium can take place. 

Cor. 2. If W and AD be given, CD will vary inversely as 

\/4P* — W« ; and if P be indefinitely increased, W may be neg- 
lected, and CD will vary inversely as \/4P'=s2P; that is, CD will 
diminish as the sum of the forces is increased, but can never become 
DOthii^r until the sum of the forces becomes infinite. Suppose, for 
example, the line ACB to be a rope whose weight is equal toiV ; 
then it would require an infinite farce to dra%o it into a straight 
line^ hy powers applied at it4 extretnities^ 



CHAPTER IX. 



OF THE MOTION OF BODIES UPON INCLINED PLANES ; AND 
THE DOCTRINE OF THE PENDULUM. 

154. In the second chapter we investigated the relation which 
takes place between the space described, the velocity acquired, and 
the time of its motion, when a body ascends or descends perpendic- 
ularly near the earth's surface. The object of this chapter is, to 
ascertain that relation when the bodies ascend or descend upop 
planes inclined to the horizon. 



J/, 
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MOTION ON INCLINED PLANJB8. 

155. In Art. 130, it was shown, that if a weight W be sus- 
tained upon an indined plane AC, (Fig. 106.) by another weight 
W' acting upon it in a different direction parallel to the plane, 
then W : W: : AB : AC. Suppose now the string WAW to be 

A Fig. 106. 




cut in two, then it is evident that the weight W would descend 
down the plane with a force which bears to its own weight the ratio 
of AB : AC ; and since (by Art. 134.) this force is constant through 
every part of the plane, the body thus descending may be consid* 
ered as acted upon in every point of its descent by a constant fi>rce, 
which bears to the force of gravity the given ratio of the height of 
the plane H to the length of the plane L ; call this force F, and 
let the force of gravity be represented by unity, then F : 1 : :H : L, 

and Fa ;* i. e. the force which accelerates the motion of a body 
L 

down an inclined plane is such a part of the force of gravity as may 

H 

be represented by the fraction ^ ; this force, therefore, differs not 

la 

m 

from the force of gravity in kind, but in degree ; the effects pro- 
duced by it must consequently be analogous to the effiacts produced 
by gravity. 

156. In order to estimate these effects, we have only to consider, 
that if a body be acted upon by different constant forces for the same 

sin. ACB 
♦ Since F : 1 : : AB : AC : : sin. ACB : rad. .-. F= — jrj — x sin. ACB ; there- 

fore, the force which accelerates a body down an inclined plane varies as the sine 
of the angle of the plane's elevation. 
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time, the velocity generated will evidentlj be proportional to the in- 
tensity of those forces ; and that if it be acted upon by the same 
force for difierent times, the velocity nvill be proportional to the time 
ibr which the forces act; frora which it follows, that if a body be 
acted upon by difierent constant forces for difierent times, the whole 
velocity generated will be as the force and time conjointly.* Sup- 
pose now that the force of gravity is represented by unity, that ma 
16r'f feet, and that Vs the velocity acquired in the time T whilst a 
body describes the space S acted upon by some other constant force 
*F, then, from what has just been shown, V : the velocity acquired 

by gravity in l''=2iii (Art. 34.) ::FxT : Ixl, -. V=2iiiFT, and 

V 
T=-i- . Again, since VocFxT, TxV must vary as F x T« ;t 

but S « T X V (Art. 29.) .'. S <x F xT« ; hence S : the space de- 
scribed by gravity in V' (m) : :FxT* : 1 x l^ .:. S=fllFT^ and 

T= V ^- Lastly, since V a F x T, V« must vary as F xT X 

V, or as FxS,t .'. V^ : square of the velocity acquired by gravity 
in V^ (4m") : :FxS : 1 X space described by gravity in T': :FxS 

: 1 Xm; hence V«=4mFS, V=2v^mFS, and S=^^- 

157. Let us now apply these expressions to the case before us, 
]. e. let a body descend down an inclined plane whose height is (H) 

and length (L) ; then F=^t- (Art. 155.) ; and if the body descends 
from rest, 

H /jr w c 

Space (S) described in the time T=jjXmT«, and T= V -^rj-. 

H > LxV 

Velocity (V) acquired in time T=jr x2mT, and T=o~tr' 



/H LxV* 

V,acquired through space (S)*=2 v r XmS, and 8= . „ ' 

jj 
158. Since S=jjXmT% and H, L, m are given, .'.SocT"; 

that is, the space described varies as the square of the time when 
• Algebra, 430. t Algebra, 413. t Algebra, 418. cor. 
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a body falls from rest down an iDclined [rfane, as well as when it 
descends freely by the force of gravity ; the spaces described from 
rest in equal successive portions of Ume will therefore be as the odd 
numbers 1, 3, 5, 7, &c. ; and if the body be projected upwards with 
the velocity acqqired in falling through any space upon the plane, it 
will ascend to the point from which it felli the spaces described io 
equal successive portions of time being as the numbers l, 3, 5, 7, be. 
taken in the inverted order. If, moreover, at any point of its descent, 
it moves forward with the velocity acquired continued uniformly, it 
will describe twice the space in the same time as that in which it 
has fallen to acquire the velocity ; and if it be projected downwards 
or upwards with the velocity (V), and moves for the time (T), the 

space described in that time will be equal to TxYdif- XmT'. 

AH this follows from the law of acceleration and retardation of bodies 
moving upon inclined planes, being the same as that which regulates 
the motion of bodies descending or ascending freely by the force of 
gravity. (See Arts. 31, 32, and 33.) 

159. The expressions contained in Art. 157, apply to the case of 
a body descending from rest through any part of an inclined plane 
whose height is (H) and length (L). If the body falls through the 
whole length, then S=L, •'. the velocity acquired in falling down 

the whole length of the plane^sT=2V j^ XmS] ss2v^mH= (by Art. 
34.) the velocity acquired by descending freely through the height 

H ; T (= \/^^) =7=g 5 but the time of falling freely down 
H= V^^— > •'•the time of describing the whole length of the plane 

:\/l::L: 

H : : length of the plane : height of the plane. 

L 

Since T=^^» VsgV'iiiH, and m is a given quantity, T varies 

L ^_ 

»s 7j ^j and V as y^H ; i. e. the time of describing any inclined 
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plane varies as its length directly, and as the square root of its height 
inversely ; and the velocity acquired varies as the square root of the 
height, whatever be the length of the plane. 

Hence we deduce the following theorems. 

L The velocity acquired in falling down an inclined plane^ is 
the name as that acquired hy faUing freely ikrcugh the perpen- 
dicular height of the plane. 

II. The time of describing the whole length of an inclined plane^ 
is to the time of falling freely through its height, as the length of 
the plane to its height, 

III. The time of describing any indined' plane vabies as its 
length directly, and as the square root of its height inversely. 

IV. The velocity acquired in descrUnng any inclined plane varies 
as the square root of its height, whatever be the length of the 
plane,* 

160. Examples. 

1. How far wUl a body descend from rest in \", upon an in- 
dined plane whose length is 400 feet and height 300 feet 1 

Ans. 193 feet. 

S. How long would a body be in falling doum 1 00 feet of^ plane^ 
whose length is 150 feet and height 60 feet J Ans. 3.94 seconds. 

3. The length of an inclined plane is 60 feet, and its elevation 
SOP : What velocity unmlda body acquire in falling from rest doum 
it for V» 1 Ans. 32^ feet in V. 

4. The height of a plane X length of a plane : : 7 : 15; How 
long would a body be in falling down it, to acquire a velocity of 910 
feet per second 1 Ans. 1.33 seconds. 

5. H : L : : 5 : 14 : What space must a body fall through, to ac- 
quire a velocity of 10 feet per second! Ans. 4.35 feet. 

6. H : L : ; 25 : 90 ; What velocity would a body acquire in fall- 
ing down 70 feet 1 Ans. 35.37 feet in 1''. 

* The expressions deduced in this section are true only when the body slides 
down a perfectly smooth plane } for in this case it is evident that every particle of 
the body is equally accelerated, and therefore whatever is proved of any one point 
of it will apply equally to all; but if the body in its fall has a rotary motion com- 
Bunieated to it, then it is evident that all the poii^ts of it will not be equally accel- 
erated. 
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7. The length of an incUtied plane it IQOfeetf and its ehvaium 
60^ ; How long would a body be in falling down it^ and what oe- 
lociiy would it acquire at the end of its fall? 

Ans. T=2.68 seconds; V=74.64 feet in V. 

8. A body is projected up an inclined plane whose length is 10 
times its height, with a velocity of 30 feet in V : In what time will 
its velocity be destroyed 1 

Ans. The time in which a body would fall down an inclined plane 
of this elevation to acquire a velocity of 30 feet per second =b9«32^. 

9. A body is projected up an inclined plane, whose height is ^ 
of its length, with a velodiy of 50 feet per second : Find its place, 
and velocity after &' are elapsed 1 

Ans. S:s203| from the bottom of the plane ; V= 17| feet in V\ 

10. A body falls from rest doum the inclined plane AC {FSg^ 
107.): Compare the times of describing the first and last hahee 
of it. 

Bisect AC in D, and draw DE parallel to CB ; by Art. 159, the 

time down AC : the time down AD : : : : : (by similar 



triangles) 



AC . AD 



v/AC -/AD 

Fig. 107. 






^AB a/AE 
-/AC : \/AD : : \/2 : 1. . Hence, 

Fig. 108. A 





(1.) The times down different parts of the same inclined plane 
(when the body falls from rest from the top of the plane) are to 
each other as the square roots of the lengths of those parts. 

(2.) The time down AC — the time down AD (i. e. the time down 
DC) : the time down AD : .V2 - 1 : 1 . 

11. To mark out upon a plane AC {Fig. 108.) a part ED which 
shall be equal to the height AB, and which a body {falling dotbn 
AC) would describe in the same time as one falling freely through 
AB. -^ 
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LetAC:sea •^ ^ ^ 

ABarED==6 I TAD* iTAE :: ^/AD i ^/AE 

AE=a?, j : : y/b+i * ^j?, 

then AD=b+x J 

.'.TAD -T^E (i. e, TDE) : TAE: : y/b+F- y/x : y/x, 
but TAE : T^C: VAE: v/AC:: v'jc : \/«» 



and by Art. 159. TAC : TAB llaiby.y^a: 



^/a 



iTDEiTAB::^/b+i^\/x: ~. 
But TDE=^TABr\y/b+x-y/^'='K' ; 



which equation solved gives a;»? — I or AE= — ^_ 
^ . 4a 4AC 

161. Questions on the Inclined Plane. ' 

1 . The length of an inclined plane is 480 feet j and the height 210; 
If body fidla from rest from the top of the plane : What space mil it 
have fallen through in 6'^; what time wUl it be in falling through 450^ 
feet; and what velocity wUl it have acquired^ when it has arrived 
within 124.7 feet of the bottom of the plane 7 

Ans. 8=253/^ feet; T=8 seconds; V=^.100 feet in 1". 

2. A body has been falling for lb" down an inclined plane whose 
length iff 2^ times its height : What velocity wUl it have acquired at 
the end of its fall 9 Ans. V=193 feet in 1''. 

3. The elevation of a plane is SOP ; a body in falling from the 
top to the bottom ofit^ acquires a velocity of 579 feet in V : What 
is the length of the plane 7 Ans. L = 1 042.2 feet. 

4. A car broke loose from the top of an iron railway eleven miles 
in lengthy which was uniformly inclined to the horizon at an angle of 
1 degree. Supposing the car to move without resistance^ in what 
time wotdd it reach the lower end of the railway ^ and what velocity 
would it acquired Ans. T— 7' 34''.88 ; V= 127.68 feet per. sec. 

5. At Alpnachy in Switzerland^ is a celebrated slide for conveying 
timber trees from Mount Pilatus to hake huzeme^ whence they are 

• tAD mean ttte time down AD, and so of the rest. t Alg. 393. 

Vol. I— N. P. 19 
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transported down the Rhine. The slide consists of an inclined plane 
formed of logs in the shape of a trought into which the trees art 
launched^ and down which they descend by the force of gravity. It 
is 8 miles in lengthy and is inclined to the horizon^ on an average, 
at an angle oj 3^ 14^ : In what time will a tree descend from the 
top to the bottom of this plane, no allowance being made for fric* 
tion 7 Am. 3' 38''. 

6. TVees descending the slide sometimes '' bolt ouf^ of the troughy 
and occasion great destruction : With what force would a tree 
weighing 1500 pounds, leading out of the slide at the end of 7 
miles, strike upon an obstacle, as for example, upon a standing tree f 

Ads. With a force equal to 549318.2 lbs. 

7. Two inclined planes have a common height of 7 b feet ; the ele- 
vation of one of them is 50^, of the other 20^ : With what velocity 
must a body be projected from the bottom of the former, that it may 
just rise to the top of the latter; and what will be the whole time qf 
its ascending and descending through the two planes ?* 

Ans. V=69.46 feet in 1''; T=9.133 seconds. 

8. How long will a body be in falling down the last half of a 
plane, whose height is 1 mile, and angle of elevation V 1 

Ans. T=:5 hours, 4 minutes, 3 seconds. 

9. !Z%e length of a plane is 250 feet, and height 160 : Marie out 
upon it a part equal to the height which a body in falling down it 
describes, while another body would descend freely through the 
height. 

Ans. It begins to describe this part when it has fallen through 10 
feet from the top of the plane. 

MOTION or BODIES DOWN DIFFERENT SYSTEMS OF INCLINED 

PLANES. 

162. It has already beenshown, that when a body descends down 
an inclined plane whose length is L and height H, the velocity 

acquired varies as ^/H, and the time of description as ; let us 

* The plfuies ^rc placed as in Fig. 94 ; a body is projected from D with a velo- 
city just 6ufficiei\t to carry it to A, and then falls from rest down the plane AC 
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now apply these expressions to finding the relation between the 
times and velocities of bodies falling down different Bjsteins of in^ 
cHned planes. 

163. Let AC;AD, AE, (Fig. 109.) be, be a system of inclined 
planes having the same height, AB ; then since the velocities acqui- 
red by bodies falling down these planes are as \/AB, and the times 

of description as ^ , ^ ; , — ==, be. (i. e. as AC, AD, 

\/AB >^AB ^7a1 ^ 

AE, &c.) it is evident that bodies falling down a system of planes 

of this kind would acquire at the end of their fall the same velocity,* 

and that the times of descriptions would be as their respective 

lengths. 



Fig. 110. 
A 



Fig. 109. 





164. If ehordU he drawn in a drele from the extremity of that 
diameter which it perpendicular to the J^orizon^ the velocities which 
bodice acquire in falling through them^ are proportional to their 
lengthe; and the times of deeeribing these chords are all equal to 
one another, and are severally equal to the time of describing the 
diameter* 

Let the diameter AB of the circle ACB (Fig. 110.) be perpen- 
dicular to the horizon ; draw the chords AC, AD, AE, and CB, DB, 
EB ; draw also Ccj DJ, Ee, &o., parallel to the horizon ; then the 
velocities acquired by bodies falling down the former system of chords 

are as V' Ac, v^Arf, VAc, and down the latter as \/<:B, v^rfB, v^cB, 



* And by Aru 159, this velocity is eqaal to the velocity whic^Jutbody would ac- 
quire by falling firedy through the height (AB) of the plane. } 
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AB ' AB ' AB ' AB ' 

heDce v^Acj \/Ad, v'AF, vary as AC, AD, AE, and v'cB] y/dS^ 
\/eB, vary as CB, DB, EB. The times of describing AC, AD, 

AE, and CB, DB, EB, are as -^, -^, -^^ and -^, 

^/Ac y/kd y/kt ^cB 

.-- ~ f -^ I but each of these quantities is equal to V'AB.t 

Fig. 111. A E 




D e 

165. Suppose now that a body falls down a system of planes AB, 
BC, CD, (Fig. 111.) inclined to each other, and that no velocity is 
lost in falling from one plane to the other. Draw AF parallel to the 
horizon, and produce DC, CB to meet it in F, E ; through B, C, 
draw B6, Cc, parallel to AF, and let fall FG at right angles to the 
horizon. By Art. 163, the velocity down AB=velocity down EB 
= velocity down F6 ; .'. the velocity down AB+BC= velocity 
down EB+BC (or EC) =velocity down FC= velocity down Fc; 
and reasoning in the same manner, the velocity down AB+BC^- 
CD= velocity down FD= velocity down FG; i. e. the whole velo- 
city acquired by a body fiilling down a system of planes of this kind 
(supposing no velocity lost at the points B, C, be.) is equal to the 
velocity which a body would acquire in falling freely through their 
joint height FG. 

166. When a body moves over a syiiem of planes^ the velocity 
lost in passing Jrom any plane to the succeeding onCy is to the ve- 
locity it had acquired at the bottom of the former planer as the 

versed sine of the angle formed by the planes to radius* 

- - - -■ ■ ■ - - - - _- 

♦ For (Euc. 8. 6.) Ac : AC : : AC : AB, or Ac= ^^' 



AB 

t For since Ac : AC : : AC : AB, Ap^ .=:AB, .' ^^2— sb^/AB ; and so of 

Ac a/Ac ^ 

the rest. 
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Let BF represent the irek)city acquired in falling to B, and let 
BF be resolved into two parts, viz. FD perpendicular to the plane 
BC, and BD coincident with it. Now BD represents that part of 
the velocity with which the body sets out from B to &11 down BC ; 
and therefore the velocity lost at B=BF-BD. With the center 
B and radius BF describe the arc FI ; then the velocity lost at B 
=sDI= versed sine of the angle DBF. Therefore the velocity lost 
at B : the whole velocity at B: :DI : BF: : vers. sin. angles formed 
by the planes ; radius. 



Fig. lis. 



Fig. 113. 





Suppose now the number of the planes to be increased, and their 
lengths and inclinations to each other to be diminished ad infinitum, 
then any two planes, AB, BC, will become two contiguous points in 
a curve, and consequently may be considered as coinciding with a 
tangent to that part of the curve ; the angle DBF will therefore 
become equal to 0, and the velocities lost at the points B, C, &c., 
will also be equal to ; hence, if a body falls down a perfectly 
smooth curvilinear surface AD, the velocity acquired will be equal 
to the velocity acquired in falling down its perpendicular height 
AG. 



167. TTie times and velocities of bodies falling down planes sim^ 
Uarly inclined to the horizon, are to each other both as the square 
roots of the lengths and as the square roots of the heights of the 
planes. 

Let AC, aCj be two planes similarly inclined to the horizon, then 

AC : lie: : AS : ai, and VAC : v^oc: iv^AB : VcA. Now the 
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time down AC : the time down ae: : 



AC 



ae 



AC 



ae 



VaB • ^^i5' VAC * -/ac 







v^AC : y/ae, or \/ AB : V^a& ; and tbe yelocitj acquired in falling 
down AC : the velocity down ac: : VAB : ^/ab^ or, V^AC ; y/ae, 

168. T%e times of descent doton similab systems of inclined 
planes are as the square roots of the lengths of the planes.^ 




D Q d g 

Let there be two systems of planes, AB, BC, CD, ab^hcjcdy 
similar, and similarly situated with respect to tbe horisson, and com- 
plete tbe figures as in Art. 164, then, supposing no Velocity to be 
lost in passing from one plane to tbe other, and tising the notation 
employed on page 145, we have, by Art. 167, 

TAB :Tab:: y/AB : y/ab. (X.) 

TJEC : Tec: : \/EC : y/eT: : v^AB : i/oi,! 
TJ2B : Te6 : : y/WS : y/eb: : V AB : y/ab; 

• The velocity down AB+BC+CD: velocity down ab+bc+cd;'^FQ: 
^Jg: : V'FD : ^Jd:: ^AB : ^W:: ^/(AB+BC+CD) : ^(ab+bc+a,) the 
velocities as well as the times are therefore as the square roots of the lengths of 
the planes. 

t For by similar triangles, EBieb:: AB : ab ; and from similar planes, BC : 

4c::AB:a*; .-.EB+BCCor EC); eb+bc{ec) ::AB: ab; and \/EC:^/ec:: 
V^AB : \/a2C In the same nuumar it may be shown that FD ffd : : AB : «6y or 
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Hence, 

TJSC - TEB (or TBC) iTee-Teb (or TJc) : : ^/AB : '/ab. ( Y.) 
• la the same manner it may be shown, that 

T CD :: Tcrf ;: v'AB : v^S6. (Z.) 

From the proportions marked (X), (Y), (Z), therefore, we hare 
T(AB+BC+CD) : T(ai+6e+crf)::v'AB } y/aS 

: V(AB+BC+CD) : ^^(ab^^^he+ed)•. 

169. TAe times of descending through similab cubtcs, similarly 
situated with respect to the horizon^ are as the square roots of the 
lengths of those curves* 

If the number of planes AB, BC, CD, be. a&, be, cd^ bc.^ be 
increased^ and their lengths and their inclinations to each other be 
diminished ad inOnitumi then the polygons ABCD, abed, become 
similar curves, in falling down which no velocity is lost. 

Suppose the curves to be circular arcs ; then, since similar circular 
arcs are to each other as the radii of the circles to which they belong, 
the times of descending through these arcs will be to each other as 
the square roots of their radii. 

THS PENDULUM. 

170. Definitions. — A Pendidum is a body suspended by a right 
line from any point, and moving freely about that point as a center. 

The point about which i^e pendulum revolves, is called the center 
of suspension. 

The vibration of a pendulum, is its motion from a state of rest at 
the highest point on one side, to the highest point on the other side.f 

The center of oscillation of a pendulum, is such a point that, were 
all the matter of the pendulum collected in it, the quantity of motion 



• For since AB : ab: :BC: be:: CD : cd, AB-|-BC+CD:iiH-^+^<^:: AB : ab-, 

or v'AB: ^/ab:: \/(AB-t"BC+CD) : \/(tf4+ft«;+ci2); 

t In these investigations, as in those of the Mechanical Powers, pendnlams are 
supposed to move without any resistance from the air or from friction. The con- 
closions, therefore, will be accurately true only when applied to vibrations per- 
formed in a perfect vacuum, round a perfectly smooth axis of suspension. 
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(or momentum) would be equal to the sum of the momenta of til 
the parts taken separately. 

Thus, the parts of the pendulum about b move 
faster than those about a, and consequently have 
more jnomentum ; but there is a point about which 
the momenta balance each other, and therefore in 
the investigatbns relating to the pendulum, all the 
parts of which it consists may be considered as 
concentrated in that point. 

The center of oscillation is below the center of 
gravity ; for, since the parts more remote from 
the center of suspension have more velocity than 
the parts that are nearer to it, the quantity of mat- 
ter below the center of oscillation must be less 
than the quantity of matter above it. 



€ 



171. In order to understand the doctrine of the pendulum, it is 
necessary to become acquainted with a few of the leading properties 
of the curve called the Cycloid.* 

A Cycloid is the curve described by a point in the circumference 
of a circle rolling in a straight line on a plane. 




Let the circle AHB make one revolution upon the line CAX, 
equal to its circumference ; the curve line CDBX, traced out by 



• The learner will remark ihat the mode of reasoning is this: it is first proved, 
that, were a pendulum to vibrate in a cycloid, all its vibrations, whether performed 
in larger or in smaller arcs, wonld be equal. It is then shown that pendulums 
vibrating in small circular arcs are subject, very nearly, to the same law. The 
Calculus affords an easier method than Geometry of investigating the properties 
of this as well as of other curves, but the geometrical method is retained in this 
treatise, to render the study intelligible to such as are not acquainted with the 
Calculus. 
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that point of the circle which was in contact with C when the circle 
began to revolve, is called a Cycloid. If CX be bisected in A, and 
AB be drawn at right angles to it, it is evident from the manner in 
which the curve is generated, that it will have similar branches on 
both ndes of AB, and that its vertex B will be so placed as to make 
its axis AB equal to the diameter of the generating circle. Its' 
properties, as applied to the vibration of the pendulum, are the fd- 
lowing. 

172. The cycloidal ordinate DHsseircti/ar arc BH. — For, let 
(Da (Fig. 117.) be the position of the circle when the generating 
point is at D ; draw the diameter ha parallel to BA, and from D 
draw DHL parallel to CA ; then the arc Da=sarc HA, .'• sin. DOss 
sin« HL, and consequently DH=OL; but from the mode in which 
the cycloid b generated, Cusarc Da, and CA=: semicircle BHA; 
hence DH=sOL=saA=CA— Ca=:semicircle BHA -arc HA=s 
arcBH. 

173. A tai^tnt to the cycloid ai any point E, i$ parallel to the 
eorreiponding chord BK of the generating circle, — Draw DHL in- 
definitely near to EKM ; join BK, and produce it to Ar ; let fall Ho 
at right angles to KAr. The indefinitely small triangle HKJc is sim- 



Fig. 118. 
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ilar to the triangle KRB formed by the tangents (KR, BR) to the 
circle at the points K, B, and is consequently isosceles ; •'. KHss 
HJt. Now by Art. 172, arc BKH=:DH, .'. BKH-KH (=aro 
BK=EK) =DH-HAr=:DAr; but since EK and DA; are equal and 
parallel, ED and KA: must also be equal and parallel ; and as the 
tangent at the point E may be considered as coinciding with ED, it 
must therefore be parallel to tfaMhord BK. 
Vol. I.— N. p. 20 
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174. T%e cyctoidal are BE i$ equal to twice the eorreipandii^ 
chord B£ of the generating circle. — For siDce the triangle KHA is 
isosceles. Ho bisects the base KJc^ •^^ K/r or ED=2Ko; and sioce. 
Ho may be coosidered as a small circular arc described with radius 
BH, Ko^Bo -BK»BH -BK ; heoce ED and Ko are ecAempo- 
raoeous incremeuts of the cycloidal arc BE and the chord BK; 
and as the arc and chord begiu together from the point B, and thai 
former increases by ED or KJc while the latter increases by Kos 
}ED, the arc BE must be equal to twice the chord BK ; conse- 
fluently I the whole ara BCr twice the diameter AB. 

175. AHB is a circle, whose diameter AB is perpendicular to 
the horizon, and CDB a cycloidal arc. Now, by Art. 159, if a 
body begins to descend from any point D, its velocity at the point 
£ will be the same as the velocity at the point M of a body falling 
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freely through the perpendicular height LM ; and its velocity at 
every other point during its descent through the cycloidal arc DEB 
will be the same as the velocity of the body falling freely at every 
other corresponding point of the line LMB. By Art. 167, there- 
fore, the velocity V of the body thus descending along the cycloidal 
arcDE will vary as v^(LM) cc ^L--BM) « V'CABxBL- 
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ABxBM) Qc ^/(HB«~KB») oc v/(DB«-EB«>. Hence, let 
Bd be drawn parallel to AC and equal to BD, and upon Bd describe 
the quadrant of a circle dtnJi ; take Be equal to BE, and draw em 
at right angles to BJ; then will em*=Bffi* -Be^aeBtJ'-Be*^ 
DB« -.EB«, and consequently V, which varies as v'CDB* - EB«), 
win vary as em, the sine of the arc iZm, whose versed sine is ife or 
DE, the space Men through. 

176. Let EF be an indefinitely small part of the cycloidal arc, 
and make e/ equal to it ; draw^n at right angles to Be/, and mo par- 
allel to it. Since EF is very small, it may be considered as de- 
scribed with the velocity V at E continued uniformly, and there- 
fore the time of describing EF [ since T=:^| will be represented 

£F ef 
by ---. or JL. Now since the sine em represents the velocity at any 

V em 
point E, the whole velocity acquired in falling down DB will be 
represented by the radius BN or Bm ; if, therefore, a body were to 
describe the quadrantal arc dmN with the velocity at the lowest point 
continued uniformly, the time of describing any small part (mn) of it 

would be represented by _-. But by similar triangles, Bme, mito, 

Bm 

Bm : em: :mn : ma or ef, .'. ^s:—-. ; hence the time of describing 

em Bm 

the small cycloidal arc EF is equal to the time of a body moving 
through the corresponding small circular arc mn with the velocity in 
B continued uniformly ; the whole time of descent therefore through 
DEB will be equal to the time of a body's describing the quadrantal 
arc dmN with the velocity at B continued uniformly. 

1T7. Now the velocity at the lowest point B of the cycloid is 
equal to the velocity acquired in falling down the chord HB, and by 
Art. 31, with this velocity continued uniformly it would describe 
9HB=BD^B(2 in the same time. But by Art. 164, the time of 
falling down the chord HB=the time of falling down the dian^eter 
AB or the axis of the cycloid ; hence the time of descending down 
the cycloidal arc DB, and the time of falling freely through the axis 
AB of the cycloid, are to each ^ther as the times of describing the 
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arc dmH and the straight line Bd with the same uniform velocity, 
i. e. as the quadrant of the cixcle to its radius.* 

178. Take any line SC, and draw SA at right angles to it ; make 
SC : SA: :semi-ch«nmference of a circle : its diameter; and com- 
plete the parallelogram SCDA. Produce SA to B, making ABa 
SA ; upon SC, AD, describe two semi-cycloids SD, DB, the vertex 
of the former of which is at D, and the latter at B ; then if a body 



Fig. ISO. 



S 




be suspended from a point S by a string whose length is equal to the 
cycloid SD, and begins to descend from D, its place will always be 
in the semi^ycloid DB, the part TP of the string being always at 
right angles to the cycloidal arc DB. For through any point F^ draw 
EFG perpendicular to SC, and through B draw BG parallel to SC ; 
then £G=:SB; on EF, FG, describe the two semicircles ETF, 
FPG, and draw the chords TF, FP, the former of which (Art. 173.) 
is a tangent to the cycloid SD in T. Now SE=arc ET, and SC= 
ETF, .•.CE(=DF)=:arc TF=arc FP; hence the angles TEF, 
FGP are equal, and consequently the triangles TEF, FGP similar 
and equal to each other; .'. TF, FP are in the same straight line ; 
moreover, TP=2TF=(Art. 174.) the cycloidal arc TD; if there- 
fore the string TP be always equal to the cycbidal arc TD, i. e. if 
the whole string STP be equal to the semi-cycloid SD, P will always 

• In nniforin motions, when the velocities are equal, the times are as the spaces. 
(Art. 13.) 
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be IbuDd in the cycloid DB ; and since the angle TP6 is a right 
angle, and PG (Art. 173.) is a tangent to the cycloid, therefore TP 
is always at right angles to the curye. 

179. A pendulum may be made to vibrate in a cytJaidf by caunng 
the flexible rod or string to apply itself, as it moves, to the sides of 
two semi<ycloids. 



Fig. 131. 




Instead of supposing the body to descend down a plane in the 
form of a cycloid, the effect will evidently be the same with re- 
spect to the acceleration of the body, whether it be kept in a curve 
of this form by the reaction of the plane in a direction perpendicular 
to its surface, or by the tension of a string acting in the same direc- 
tion. Now a small body P, suspended from the point S by a string 
STP of the same length with either of the semi-cycloids SD, SE, and 
made to vibrate between them, (the string gradually unwinding from 
the semi-cycloid SD as it descends to the lowest point B, and wind- 
ing round the serai-cycloid SE as it ascends to the highest point E) 
will always be found in a cycloid similar and equal to the two semi- 
cycloids SD, SE ; and as the string TP is always at right angles to 
the curve, it will be under precisely the same circumstances as the 
body descending down the plane. Having descended to the lowest 
point B, it will then ascend through an arc BE, equal to BD, in the 
same time in which it descended down DB ; so that the whole time 
of one vibration will be twice the time of descending down DB ; 
hence, (Art. 177.) the time of one vibration will be to the time of a 
body* s falling freely down half the length of the pendulum, as the 
eircuntferenee of a circle to its diameter. 
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180. Since (Art. 179.) the time of a vibration is to the time down 
the axis in the same given ratio, whatever be the point from which 
the pendulum begins its oscillations, all the vibraiiont of a pendulum 
of the same length are equal to each other. But from the difficulty 
of constructing plates of the exact form SD, SE, and from other 
causes, the eycloidal pendulum is of little or na practical utility. 
In a geometrical point of view, however, this mode of comparing the 
time of a vibration with the time of falling down a space equal to i 
the length of the string, is of considerable importance ; for the cycloid 
at the lowest point B may evidently be considered as a circular arc 
described with the radius SB; if therefore a body be suspended by 
a string whose length is SB, and vibrates in a circular arc only to a 
very short distance on each side of the point B, the time of the vt- 
bration of a pendulum in small circulab areSf is to the time down 
half the length of the pendulum^ as the cireumferenee of a circle to 
its diameter y and therefore^ unthin moderate limits^ the time will be the 
same J whether the arc oftibration be larger or smaller, 

181. The times of vibration of pendulums of different lengths 
are to each other as the square roots of the lengths. 

Let L= length of the string or thin inflexible rod by which a small 
body is suspended, 7^=^3.14159, &c. m=^l6j\ feet ; then, (Art. 34.) 
the time of a body's falling down half the length of the string =s 

( \/-=) vii. • Hence the time of a vibration (T) : \/^ 
^ m ' 2m *■* 

: : 71 : 1, or T= \/ — -, which varies as y/h. Let T = 1, thee 

v/!;!i:'=l, or ««L=2m, and L=?l?=??:l^==3.259feet== 
^ 2m «« 9.87 

39.11 inches ; if the space fallen through from rest by gravity in V\ 

therefore, be 16r'j feet, the length of a pendulum which vibrates 

seconds will be 39.11 inches. 

Let X = the space fallen through by gravity in 1'', then T =a 
— and T« =__., or a?=— — ; if therefore the length of a 
pendulum which vibrates in IV' be given, the space Men through 
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by gravity in 1'' may be found ; thus, let the length of the pen- 
dulum which vibrates seconds=a39.2 inches, then x=^ (for T = 1) 
»r«L 9.87x39.2 



2 8 



:= 193.452 inches, or 16.121 foet in 1''. 



182. 2%e times of vibration of pendulums of different lengths 
acted upon by diftebsnt accelerativx forces, vfiU vary as the 
square roots of the lengths directly^ and as the square roots of the 
forcee inversely. 

If the aocelerative force be not pven, then, (Art. 156.) the time 
of falling down } the length of the string I \/^"T^/^\^o~p» 

.••T: V ^-j^riii: 1, or T:=V^-p, which varies as V p- 

7%e times of vibration of pendulums of the same length vary 
inversdy as the square roots of the acceleratioe forces* 

If L be given, then T « — —. 

T%e lengths of pendulums vibrating in the same time vary as the 
forces which accelerate them. 

And if T be given, then L od F. 

183. The NUMBER of vibrations performed in a given time bypen* 
didums of different lengths^ acted upon by different accderativeforceSf 
are directly as the square roots of the forces ^ and inversely as the 
square roots of the length. 

Let n=the number of vibrations performed by a pendulum in any 
given time T% and T=the time of one vibration, then T'snT, 

.'.11=^; but TssV g^i .-.n^V — ^i^* which vari( 

If therefore the lengths be given, the number of oscillations will 
be directly as the square roots of the forces ; and if the forces be 
given, the number of oscillations will be inversely as the square roots 
of the lengths. 
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184. ErucPLBs. 

!• What is the timt of an oscillation of a pendulum whose length 
is 10 feet; and what must he the length of a pendulum which shall 
oscillate ten times in a minute ? 

The length of a pendulum which oscillates in 1'' is 39.11 inches ; 
and, (Art. 181.) the times of vibration of pendulums of difierent 
lengths, are to each other as the square roots of their lengths ; hence 
V : T; :v^39Tl : \/raO: ;625 : 1095, T= VY^ = 1|}{ seconds. 

Again, let Ts=6''=: time of one oscillation of a pendulum which 
makes ten in a minute, then 6" : 1": : \/L : •Sftll, .•.36 : 1 : :L 
: 39.11, or L=39.11 X36 inches =117| feet. 

2. Compare the tines of vibration T, t^ of two pendulums whose 
lengths are L, 7, tc^Aen carried to the distance D, d, above the Earth^e 
surface. 

Let r=:the radius of the Earth, then since the force of gravity 

varies inversely as the square of the distance of the f^h's center, 

the force which accelerates the pendulum whose length is (L) : the 

1 
force which accelerates the pendulum whose length is (/):: i t\ [« 

1 ^ /L 

: fTTi: :r+rfl« : r+T5i»; but by Art. 182, Toe V p» .'.T : t 

If L=:/, then T ;t:: r+D : r+d; i. e. the times of vibration of 
the same pendtdum^ when carried to different heights above the Earth* s 
surface^ are to each other as the distances of those heights from its 
center. 

3. Jfa pendulum at the EariVs surface vibrates (oi) times in T"; 
Jmw must its length be altered so that it may vibrate (n) times in 
T"7 

Let L=3 the length of the pendulum which vibrates (m) times in 
T'', and L+a?«: the length of that which vibrates (n) times in T''; 

then by Art. 183, (since F is given) mm: r-rr : T/TTrTTxi ••'•*» 

• T . » w IT , (m«— n«)L 
n*:\L+x : L, or n«L+n«x=m»L, and 4Ps=^ T * 
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Let m^ntyt where y is very small with respect to n; then 

(m«-fi«)L (tany+yML , . . „ .^ 

-J — ^— = "V 3 = (rqectiDg y • as very small with respect 

t2Ly 2Ly 
to 5iny) » and consequently L4-*=Lt 1 which furnishes us 

with a convenient theorem for ascertaining the quantity hy which 
the pendulum of a clock must be lengtliened or shortened according 
as it gains or loses a few seconds or minutes in a day.* 

4. A pendulum^ which pibrated seconds and kept true time at 
the Earth^s surface^ was carried to the top of a mountain^ and 
there lost [t) seconds in ah hour: What was the height of the 
mountain 7 

Let r^radius of the earth, a?=height of the mountain, T=the 
number of seconds in an hour or the number of vibrations in an 
hour at the Earth's surface, then T— / will be the number of vibra- 
tions in an hour at the top of the mountain. By Art. 183, when 
the length of the pendulum is given, the number of vibrations in 
a given time are directly as the square roots of the forces which act 
upon the pendulum ; hence, since the forces are inversely as the 
squares of the distances from the center of the earth, 



• Suppose, for instance, that a clock gains 3 minntes in a day, i. e. instead of 

perfonniog 34X60X60 or 86400 vibrations in a day, it performs 86400+180 or 

^ ^^ 2Ly 360L L 
86580 vibrations in that time; then nss86400 and ys=180, .*. ^ ^BS4/00 ^^* ^^^ 

although this acceleration of the pendnlam indicates that its length is a little less 

L 
than 39.1 1 inches, yet it is evident that in finding the valoeof g|gi L may be assam- 

L 39.11 
ed equal to 39,11 inches without any material error \ hence SaK or ^^ (=.16 of aa 

inch) is the quantity by which the pendulum must be lengthened to make it vibrate 
seconds. In the example here given, m (=86580) is greater than n, and therefore 
y is positive ; if the pendulum loses a certain number of seconds in a day, then m 

3Ly 

is less than «, and consequently y is negative ; the value of --r- must in this case 

be subtracted from h, or the pendulum must be shortened. The theorem alluded 
to in the 3d example, therefore, gives this rule: Multiply twice the length of the 
pendulum by the number of seconds gained or lost, and divide the result by the 
number of seconds in a day ; the quotient will give the number of inches or parts of 
an inch by which the pendulum is to be lengthened or shortened. 

Vol. I.— N. p. 21 
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185. QUESTIORS ON THE PsMDULUM, 

1 . The lengthi of pendulums vibrating seconds at St. Thomas 
near the equator ^ at New York, at London^ and at Spitzbergen^ in 
Lat. dOPf have been ascertained by very accurate experiments to be 
as stated below : Required the space through which a body would 
fall in one second at those places respectively 1 (Art. 181 •) 



Lengh of Pend. 8p«e« Im 1 

St. Thomas, 39.02074 192.56 InchM. 

New Tork, 39.10168 192.96 

London, 39.13860 193.14 

Spitzbergen, 39.21469 193.52t 

2. What is the length of the seconds pendulum at New Haven, 
where a body falls from rest I6j\fut the first second 1 

Ans. 39.110, or 39tV inches nearly. 

3. 7%« length of the seconds pendulum being B9j\ inches, what 
are the lengths of pendulums vibratirig i and 4 seconds; also in S 
seconds ; and how long must a pendulum be to vibrate once an hour J 
Ans. For half sec. 9.775 inch. ss| the length of the seconds pend. 

quarter " 2.444 " =yV " " 

two " 13.03 feet =:4um€8 " " 

one hour 7997.7 miles « diameter of the earth nearly4 

• If < be very small with respect to T, then z may be coosidered as equal to 

^ withoot «ny material error. Now T =3600", if therefore i be equal to 1, 3, 3, 

r Sir 3r 

Ac. secoads, then x will! be equal tosgQQt ^ggg • ^sfr* &c.; and supposing r to 

be equal to 4000 miles, the heights of mountains upon which a pendulum, that vi- 
brates seconds at the Earth's snrfhce, loses 1, % 3, Ac. seconds in an hour, will be 
l|, 3|, 3|, Ac. miles respectively. 

t Hence it appears that the space through which a body fklls from a state of rest 
in one second, is less at the equator than at the latitude of 80^ by ^^v. in. or 
nearly I inch. 

t The diameter of the earth is 7918 miles. 
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4. A pendulum which vibraitd teeondi at the level of the sea, 
teas found to mbrate but 8597 timei in an Aaur, on the top of a 
neighbaring mou$Uain : Required the height of the mountain J 

Ads. 3| miles. 



CHAPTER X. 



OP PROJECTILES. 



186. A body thrown into the air at any angle with the horizon^ i$ 
called a projectile. 

The doctrine of Projectiles proceeds on tbe supposition that the 
force of gravity acts uniformly, and that bodies move without resist- 
ance from the air, neither of which suppositions is strictly true ; but, 
for distances so small as those usually involved in these inquiries, the 
variation in the force of gravity is not material, and for all practical 
purposes the efiect of tbe resistance of the air is separately com- 
puted, and allowed for. 

187. jT a body be projected in any direetion^ not perpendicular 
to the horizon^ it toill describe a parabola. 

This proposition has already been demonstrated in Art. 48. 

The most concise and comprehensive method of treating this 
subject, is first, to investigate by means of Analytical Trigonometry, 
a general formula^ sbovring the relations between the time, velocity, 
range, and angle of elevation of a projectile, however these may 
vary among themselves ; and secondly, to deduce from this, formulae 
of greater simplicity that serve for particular cases. 

188. In order to investigate the general formula ^^ let A (Fig. 
122.) be the point of projection, ABor AB^ the plane on which the 
body is projected, passing through A. AB also denotes the range^ 



* Sm EfK^. MUrofoliUMa, Art. Mechanics, p. 106, from which a large part of 
this chapter is taken. 
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or distance to which the body is thrown. Let AC be drawn parallel, 
and BCD perpendicular to the horizon ; let the angle of elevation 
CAD»a, the angle of depression of the plane CABssi, the velo- 
city of projection ssv, the time of flight =&/, the range ABsr, and 
the space fallen through by gravity in one second or 16|-'j feet ^m* 

Fig. 123. D 




Then, by the laws of uniform motion, at the end of the time i^ if 
gravity did not act, the body would be found in the point D, while, 
by the laws of falling bodies, it would, in the same time, pass through 
the perpendicular DB ; consequently, 

AD=<r; and DB—mt'. . 

In the right-angled triangles ABC and ADC, the angle B is the 
complement of &, and the angle D is the complement of a ; and, since 
the sides are as the sines of the opposite angles, 

COS. 6 : sin. (aii)» y.tvltv ^JH^^^mt'. 

COS. 6 

l-l m/_sin. (flii) 
V COS. 6 

Again, COS. a i sin. (ad=6) : : r : TilPlte*) =:rm^>. 

COS. a 



(».) 



^ Pliu when the plane deaeendsi mIikm when the plane ascends. 
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r COS. a 

From equation (10'^=s:!Lil5l(f^. 

m COS. 6 

w'cos.'ft 

From equa. (8.) <«=^^'°'(^^^). 

mcos.a 

Hence, JL=»'°- («=«=*) ^. (8.) 

«■ incos.*6 

From these three equations, all the relations between the time, ve- 
locity, range, and aqgle of elevation, are readily determined ; so that 
any two of these four quantities being given, the other two may 
be found. Thus, 

By equation (1 .) v = - 



sin. {adzb) 
mi* cos. a 



By equation (2.) r= . - , . 

sin. {adzb) 

If the range and elevation be given to find the time and velocity^ 

By equation (2.) /= /!^-if±*)l *. 

\ mcos.a / 

By equation (3.).= (-j-^gL^)* 

If the velocity and elevation be given, to find the time and rayife, 

n .• /f \ <• rsin. (a=b6) 

By equation (I.) t=^—-^^—^. 

ffi cos. o 

r» ' /f%\ ^* sin* («^^) COS. a 
By equation (3.) r= ^^ ^ . 

' ^ in cos." 6 

If any two of the above quantities be given to find the angle of 
elevation^ then (the inclination of the plane to the horizon (6) 
being supposed to be known) in order to find the value of a, we 
must substitute for sin. (adiA), its value involving the sine of each 
arc separately. Now sin. (adzb) = sin. a cos. i±sin. b cos. a*, 
whence either the sin. a or cos. a may be obtained. 

The value of a and b being known, we shall then find, in all the 
preceding cases, 



• Day's Trigoaometrical Analysis, Art. 906. 
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Sb, (adrft) COS. a equal to a known quantitj. Let this be deno- 
ted by C ; then 

COS. a sin. a cos. 6dbsin. 6cos.' a^s^C ; 
Let ca sin. a, then cos. a»\/(l— «*) 

a?y^(l-«»)dbtan.*fc(l-««)»-^. 

cos. 6 

189. As this is a quadratic equatioui the solution will give two 
values of x^ which shows, that there are always two different angles 
of elevation which equally satbfy the conditions of the proUem, ex- 
cept in the case where the two roots of the equation are equal to each 
other, when only one angle will be found. In this case, 

sin. a=sin. i {90dzb)y under which limitation the range will be a 
maximunii or the greatest possible ; and all angles of elevation 
equally above and below that which gives the maximum range, 
will give ranges equal to each other. For, by the value of r as de- 
termined above, 

.sin. (a:±:&)cos. o 

fit COS.* 6 

If V and the angle b are ^iven, the range will vary as sin. (adb&) 
COS. a. 

But sin. {a±:b) cos. a^i sin. {ia±:b)+i sin. {:hb) ;t and since 
the second part of this expression is constant, the range will vary as 

sin. (2a=h&) ; 
and this quantity will be greatest when 

2ad=6=90O. 
Then 2 (a±:b)=90<^=pbX 

And ad=6=:45o=Fi4. 

And since all angles equally above and below 90^ have the same 
sine, all angles equally above and below that which gives the max- 
imum have equal ranges. Thus, a cannon ball fired at an angle of 
60^ (in a vacuum) above a horizontal plane, would reach the plane 
at the same distance from the point of projection, as if fired at an ele- 
vation of 30^. When the data of the problem give or require a 
greater value for sin. (2adbi) than I, that is, than the sine of 90^, it 
shows the problem, under the proposed conditions, to be impossible. 

• Day'i Trigonometrical Analysis, Art 216. t lb. Art. 212. Eq. I. 

t b being added to one side and snbtracted from the other. 



or PBOJBCTILES. 167 

190. To fiod the gnatest h^ht to which the projectile w'dl ts- 
cend, we must recollect that a body projected perpendicularly up- 
wards will rise to the same height from which it must have fallen to 
acquire the velocity of projection. (Art. 30.) Calling the time of 
rising to the greatest height, ^, we shall have 2mf ss the velocity of 
descent from gravity ; and, v representing the whole velocity of pro- 
jection in an oblique direction, the perpendicular part will be repre- 
sented by V sin. a ; whence 

o */ • A uf «sin. a J ./. »* sin.'a 
2fnt^ssiv sm. a, and t ^ and r* = . 

But the space fallen through in the time fszmfsz^ ^'°' ^, 

4ffi 

And the ascent in the same time from projection is, 

fv sin. a=s. ^ ^'°* ^ . Consequently, the difierence of these will 

2m 

be the greatest height of the projectile above the point A ; that is, 

jp »"8in.*a i>*sin.*fl «'sin.*a j 4mfc . . /mx 

A= — — — . = ,and sssm.' a. (4.) 

2m 4oi 4m V' ^ 

If therefore the angle of elevation and velocity are given, the 
greatest height may be determined ; or if the range (r) or the time 
(0 ^^ gi^^Oj (the angles being known;) the value of v' may first be 
ascertained by preceding formulae, and then the height (A) from 
equation (4). 

191. AH the preceding equations become much more simple 
when the projection is along a hmzanial plane'; for then i^O, and 
sin. 6^0, and 006.6=^1 ; hence. 

Id eq. (1.) 5? ( =(!E:£±^\ ^^m. a. (V.) 

V \ cos.6. / 

(2.) 5L' ( ==5M?±i)\ =?«L^ = ton. o. (2'.) 

r \ COS. a / cos. a 

/« V r /_ sin. (a±:b) cos. a\ _sin.aoos.a_,isin.2a ^^, v 

i?« \' mcos.' 6. / m m * 

Hence from (1.0 1=^ — -— oc « x sin. o. (5.) 

m 

(3'.)r«= oe «a xsm.2a. (6.) 

2m 

/ii \ I e*Xsin.*ii_ .^ • • /^ \ 

(4.) A» a e* X sm.* a. (7.) 

4m 
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Oo a borissoDtftI plane, therefore, (the most usual case,) we have 
the following theorkhs. 

L The TiHE or flight varies at the velocity tf projection mud'- 
t^lied by the sine of the angh of elevation* 

II. The RAifGB* varies as the square of the velocity of projection^ 
multiplied by the sine of twice the angle of elevation. 

III. The GREATEST HEIGHT vorics OS the square of the vetoaiy 
of projection f multiplied by the square of the sine of the angle oj 
elevation^ 

Moreover, since the sine of twice 45^ equals the sine of 90^, which 
equals radius, hence, hy Theorem II, 

IV. The RANGE if GREATEST whcn the angle of elevation is 45^, 
anil is the same at elevations equally above and below 45^.f 

And since'the square of the sine of the angle of elevation must be 
greatest when the angle is a right angle, therefore, by Theorem III, 

V. A projectile rises to the greatest height when thrown per^ 
pendicularly upwards. 

Finally, since the sine of the angle of elevation is greatest when 
the angle is a right angle, therefore, by Theorem I, 

VI. TTie time of flight is greatest, when the body is thrown 
perpendicularly upwards. 

192. Questions on Projectiles. 

1. A body is projected at an angle of 15 degrees with the hori- 
zont with a velocity of 140 feet per second: What was its range, 
greatest height, and time of flight 7 

By (6.) r = t>' X sia. a« ^ J9CgXj_^ ^^ ^^^ 

xm oSJ- 

By (4.) A = t> X sm. a ^ ^g^ logarithms) 20.409 feet. 

By (5.) t = ^^^'°-^r= 2.253 seconds. 

m 



• Sometimes called random, 

t For the sine of twice any angle below 46® is the same as the sine of twice any 
angle the same number of degrees aboTe 45®. 
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That is, its horizontal range was 304.663 feet ; its greatest alti- 
tude, 20.409 feet ; and its time of flight was 2.253 seconds. 

2. A body is projected at an angle of 60^ with the horizon, and 
descends to it at the distance of 100 feet: With what velocity was it 
projected f and what was its greatest altitude and its time of flight 1 

From (6.) v = f ^*!^1*=60.94 feet. 
^ ' \ sin. 2a/ 

From (4.) h « ^' ^ /'°''^ = 43.3 feet. 

4m 

From (5.) t =:=l2ii!HlfL= 3.28 seconds. 

Ill 

3. I fired an arrow which remained in the air 4 seconds^ and fell 
at the distance of 100 feet: With what angle of elevation was it 
fired f with what velocity , and how high did it ascend 1 

By equation (2^.) tan. a=.^=2.57333=tan. 68° 46'. 

r 

By equation (6.) « = f . ) * =69.024 feet per second. 

By equation (4.) A = ^' ^ ^'"''^ =64.343 feet. 

4m 

4. A gun was fired at an elevation of SOP, and the shot struck the 
ground at the distance of 4898 feet : With what velocity did it leave 
the gun, and how long was it in the air 7 

Ans. Velocity, 400 feet per second. 
Time, 19.05 seconds. 

5. Random 4396 feet, time of flight 16 seconds: Required the 
angle of elevation and the velocity of projection. 

Ans. El. 40^ 3', V.400 feet per sec. 

6. Random 2898 feet, velocity of projection 389.1 feet: What 
were the elevation, and time of flight 1 Ans. EI. 19^, T. 7.87 sec. 

7. Elevation 40^, Random 4898 : Required the random when the 
elevation is 29i^ 7 Art. 191.(6.) Ans. 4263. 

8. lUevatian 40^3^, time of flight 16 seconds: Required the 
random and velocity of projection 7 Ans. R. 4898, Y. 400 feet. 

9. Velocity 510 feet per sec, time of flight 15 seconds, to find 
the ekvation and random. ^ Ans. £1. 28^ 14', R. 6740. 

Vol. I.— N. P. 22 
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10* Oft a $ide JUS ascending umforwdy a&o«€ a harizanial hvd 
at an angle of \(P 20", a ball was firtd at an angle ofdtvatum 
above the horizon of 34°, and with a velocity of 401 feet per sec-^ 
and : What was the range on the side hiU tohen the gun was direci- 
§d up the hUly and what when directed downwards 1 

Ads. 3438 and 5985 feet.* 



CHAPTER XL 



OF THE STRENGTH OF MATERIALS. 

193. The importance to the architect and the engioeer of ascer- 
taining the form and position of the materials which he employs, in. 
order to secure the greatest degree of strength and stability at the 
least expense, has led mathematicians and writers on mechanics, to 
devote much attention to this subject. How is the strength of a beam 
affected by giving to it different shapes and different positions? how^ 
must a given quantity of matter be disposed in order that it may- 
have the greatest possible strength ? and upon what principles de- 
pends the stability of columns, roofs, and arches ? these, and many 
similar inquiries, have been the objects of profound investigation* 

The strength of beams^ or pieces of timber, is the first object of 
inquiry. Strength is the power to resist fracture : stbess, the 
power to produce fracture. 

194. The strength of a beam resting , horizontally^ on its two ends, 
from a weight on its center, is proportioned to the area of a cross 
section, multiplied by the depth of its center of gravity. 

Thus, in Fig. 123, if AB represent a stick of timber, resting hor- 
izontally on supports at its two ends, and W be a weight ^placed at 
the center, and a i c <f be a cross section, then, (supposing the 
weight to be sufficient to break the beam,) the fracture will com- 
mence at the bottom, and proceed regularly to the top, ending at 

• See Art. 188| formula (3.) 
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W.* Now siBce the tendency to resist fracture from cohesion, must 
depend upon the total amount of all the separate forces acting be- 

Pig. 123. 
' W B 




3" 



A 



tween contiguous particles, it must evidently depend upon the num- 
ber of the particles, that is, upon the extent of surface, or area of the 
section. 

This would be the ease were no other mechanical force involved 
but cohesion ; but the reaction of the supports at A and B, being 
equal to the weight, and severally acting at the longer end of a bent 
lever AWa, AW6, &c., consequently, the tendency to fracture, from 
the leverage^ will be lessened, as the shorter arm of the lever is in- 
creased, while the longer arm remains the same: therefore the 
strength being inversely as the stress, will be regularly increased as 
the distance of any lamina from W is increased, and the whole effect 
will be as the distance of the center of gravity from that point. 
Hence from both, causes, the strength varies as the area of the section 
multiplied by the depth of the center of gravity .f 

195. This proposition is general, and applies to a number of dis- 
tinct cases. In cylindrical and square beams, since the area of the 
section varies as the square of its diameter, and the distance of the 
center of gravity from the point E varies as the diameter, their 
strength is as the cubes of the diameters. In beams of an oblong 
figure, the strength varies as the breadth and square of the depth ; 
for here the area being as the product of the two sides, and the dis« 



• It is here supposed, acoordiDg to the views embraced by most writers on Me- 
chanics since the time of (3alile0| that tiie parts of a fractured beam turn about the 
line where the fracture terminates ; bat Mr. Barlow, in his Essay on the Strength 
and Stress of Timber, proves by experiment, that the tendency is to turn about a 
line entirely within the section, the fibers on that side of the line where the frac- 
ture begins being extended, and those on the other side eompressed. This line 
ke calls the imv^toZ axis* 

t Day's Algebra, (Art 406.) 
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taoce of the center of gravity from E being equal to half the perpen* 
dicular side, and therefore proportioned to that mde, the proposition 
is, that the strength varies as the breadth X depth, X depth, or as 
the breadth into the square of the depth. Hence, the same oblong 
beam with its narrow side upwards, is as much stronger than with 
its broad side upwards, as the depth exceeds the breadth. For the 
area being the same in both cases, the strengths are proportioned to 

Fig. 1S4. 
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EG and Egp, or as AB to AC. Thus if a joist be ten inches broad 
and 2^ thick, it will bear four times more weight when laid on its 
edge, than on its side. Hence the modem mode of flooring with 
very thin, but deep pieces of timber. 



196. In beami of different lengths, reiting on ttoo supports, the 
strength toiU vary as the area of the section into tJie depth of the 
center of gravity, divided by the length into the weight. 

Let L, If denote the lengths ; W, w, the weights ; A, a, the 
areas of the sections ; and G, g, the depths of the centers of grav- 
ity, of two prismatic beams, resting horizontally on their two ends. 

The stress, or tendency to produce fracture, from the weight of 
the beam itself, will be expressed by ^L X W, and il X w.^ But 
the tendency to resist fracture is denoted by AxG, and aXg. 
Hence the aggregate strength of the timber will be directly as the 
latter and inversely as the former. That is, 

g AxG . cX£..AxG , aXg 

••p:>rw*jT3<ii XxW* /xti^" 

197. A triangular beam is twice as strong when resting on its 
broad base, as when resting on its edge. 



• For the reaction at each support is a force which =iW, acting apon iL at its 
center of gravity ; bat the center of gravity of JL, is at a distance from the propssj 
of 4L=iL; therefore the efficacy of the force =iLXiW«^lLXW. (Fig. 133.) 
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For, the area being the same in both cases, the strength varies as 
EG and %, which are as 2 to 1. (Art. 71.) 




A B C 

These principles apply not only to beams, but to bars, and similar 
structures of every sort of matter. 

198. T%e strength of any bar in the direction of its lengthy i$ 
directly proportional to the area of its transverse section* 

Here each line of particles, in a longitudinal direction, may be 
considered as exerting a separate force, and therefore the aggregate 
force will manifestly depend on their number, and of course on the 
area of its section, the whole being equal to the sum of all its parts. 
Hence the various shapes of bars make no difference in their abso- 
lute strength, since this depends only on the area of the section, and 
must obviously be the same when the area is the same, whatever be 
its figure. A rope, therefore, or a wire, to which a weight is ap- 
pended, is as likely to break in one place as in another ; but when 
the weight of the rope becomes considerable, and the force is ap- 
plied perpendicularly, the increase of weight, as its length mcreases, 
renders it more liable to break in the upper than in the lower parts. 

199. The lateral strengths of similar beams, are inversely as their 
lengths or breadths* 

Let D, dj represent the diameters of two cylindrical beams, or the 
sides of two beams in the form of square prisms; then, 

D» d* 

^is:: ^ • 



LxW Ixw 

But in similar beams, L oc D and W a D' 

d\.l .1..1 .1 
D'rf "LT 



. • 



s-*-^' 
^•'••5^ 



In oblong beams, 

g.... BxD' , by.d» 
LxW l>iw 
But iti similar beams, L a B 
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c.,..LxD» .Zxd* ..1 . 1..1 . 1 
LxD» /Xrf» D d L I 
When the beams are of the same Jigure, and their lateral eec^ 
tions the eame^ then, the breadth and depth of one being respect- 
ively equal to the breadth and depth of the other, 

S : *: : ^ \„ : -— . And since W oc L, .'. 
LxW Ixm 

S : f : : =~ : j-« Hence, half the length of a beam, supported 

at both ends, will bear four times as great a pressure as tbe whole 
beam ; and a prop placed under the center of a beam increases its 
strength in the same ratio- 
Long beams are weak from their own weight ; and the length may 
be so increased, that they will break from this cause alone. The 
strength arising from making tbe beam larger, increases as tbe square 
of one of the homologous sides, while the weight increases as the 
cti&e, and therefore preponderates in long beams. To consider, in 
connection, the several circumstances which affect the strength of 
timber, it appears that a beam twice as broad as another of the same 
length, is also twice as strong; that one twice as deep, the other di- 
mensions remaining the same, is four times as strong ; and that one 
twice as long as another similar beam, has only half the strength. 

800. But if besides their own weights, these beams be made to 
support other weights, W, v/^ placed at their middle points, then their 
tendency to fracture will be increased. 

For, »nce the reaction, arising from the pressure on each support 

=}W', and this force acts at the point of fracture with a leverage 

equal to JL, the stress produced by W'=JLx4W's=JLxW'. 

But the stress arising from the weight of tbe beam itself =^LxW. 

Therefore the whole stress =iLxW+iLxW'=riL(4W+W') 

ocL(}W+WO, .-. 

g,^., AxG ^ axg 

■•L(iW+W') ' l{iw+v/y 

or, in tbe case of cylinders and square prisms, 

" L( JW+ WO • /(iu^+u^)' 
If the weights of the beams be so small, when compare4 with the 

weights supported, as to make it unneceMaiy to take them into oca- 
sideratton, then 
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S : i::^^, : ^-^ (in cyl. and sq. prisms,) ^^^4^=; : j^ 

SOI. lo order that the foregoing general formule may be applied 
to practice, so as to find the actual strength of bars or beams, it is 
necessary to have some standard of strength ascertained by experi- 
ment, which may be employed as the unit of comparison. For ex- 
ample, it is found by experiment that a small beam of oak, one foot 
long and one inch square, is able, when supported at both ends, to 
sustain a weight of 600 pounds^ and that a bar of iron of the same 
dimensions, would sustain in the same circumstances 2190 pounds. 
The beam weighs half a pound, and the iron three pounds. With 
these data applied to the foregoing fimnule, we may perform such 
problems as the following. 

1. What weight might Be nutained at the middle point of a prie^ 
maiie beam of oak ^ tohoee hngth ii Gfeei^ and its end 4 inches squarel 

Let Ss= strength of the beam required. 

«= strength of a beam whose length is one foot and square 
end one inch. 

W= weight of the larger beam, and to that of the smaller =1 
pound. Let L=6, 2=1, Dss4, dsl. Weight required s W^ 
Given weight (600 pounds) s=ti^. 

Then, the weight of the beams not being taken into the account, 

*' 'LxW WXttK-'exW'* 1x600' 

But the strength, at the moment of fracture s= in both cases, i. e. 

S=s: .'. „, = — -^;-r; whence W'= 6400 pounds. 
' 6xW' 1X600* ^ 

If the weight of the beams be taken into the account, then (Art. 200.) 

D^ d^ 4» P_ 

LxiW+w> * ixiw+w'"6.2^^+W' • i.pnsoo* 

Hence, -=^=:« -1-- ; and W'=6878| pounds. Ans. 
6.24+W' 600i 

8. What muit be the depth of a beam of an oblong prismatic 
form, whose breadth is 2 inches and length 8feetj to support « weight 
O/6400 pounds 9 its own weight not taken into consideration 1 



♦ For W:»::LXD>:iX«i«,.-.W:4::6X 16:1 ::96:1,.-.W« 
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Hen,, (Art. 199.) S : . : : ^^ : j^^::^ : ^^ ••• 

2D's=85.333, or D==6.53 inches. Ads. 

3. What weight might be supported at the middle paint of a bar 
of iron^ 10 feet long^ and the side of whose square end is 3 inches j 
its own weight not being taken into eonsiderationi 

Ans. 5913 pounds. 

5M)2. Hie stress {or tendency to fracture) on any part of a hori- 
zontal beam supported at both ends^is proportioned to the product 
of its two distances from the supported ends* 

The sum of the pressures on A and B mutt obviously be equal 
to the whole weight. But, (Art. 102.) 

Pig. 186. 
C 




o ^A WxBC J ^n WxAC 

Pressure at A =s =- — , and pressure at B = — -pr — . 

AB *^ AB 

But the reaction of either point of support is equal to the pres- 
sure on that point ; and this force acts at C with a leverage AC on 

one side, and BC on the other, so that the stress at Css — 

Ad 

W V AP ^ 

X AC or , ^T X BC, either of which expressions «8tres8 at C, 
AB 

and oc ACxBC. 

And since this rectangle is greatest when AC=CB, and dimin- 
ishes as these lines become more and more unequal in length, so, 
the tendency of a horizontal bar to break is greatest in the middle, 
and decreases towards the points of support. 

Hence a beam, in order to be equally strong throughout, must be 
thickest in the middle, being thinned off towards the ends; and if the 
sides of such a beam are parallel planes, the figure of the beam must 
be eUipticaL 

For let the curve APDM, whose axis is AD, represent this lon- 
gitudinal section, and let a=the thickness or breadth of the beam ; 
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then a lateral section of the beam at any point C, will be an oblong, 
whose breadth is a, depth PM, and the depth of its center of gravity 
i^PM. Hence, the tendency of the beam to resist fracture at any 
point C, is as a X PM« ; but the siren at C is as AC X CD ; there- 

axPM« PM' 
fore the strength ^^ ^^T cxCD ^^ ACxCD ' '^^"^ ^^ ^^* * 




AC xCD, the strength will be the same at every point; but in this 
case the curve APDM is an ellipsci whose transverse is ADj and 
conjugate FK« 

203. The timbers which compose the horizontal part of the frame 
of a house, being usually rectangular parallelepipeds of uniform di- 
mensions throughout, it is manifest that a considerable portion of 
the material is wasted ; but, in such cases, the attempt to save the 
material would be attended with paramount disadvantages* When 
however the material is expensive, or where lightness is important, 
as in many kinds of machinery, the foregoing principles may be ap- 
plied with great advantage. A useful application of it is seen in 
the shape given to the iron bars of railways, as represented in the 

following figure. 

Fig. 128. 




204. ExAVPLES. 

1. What must be the length of a heam 4 indies square j to support 
6400 pounds at its middle point J 

Let S =strength of the required beam, 

s ^strength of a beam 1 foot long, and its end 1 inch square. 
Vol. I.— N. P. 23 
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Was weight of the larger beaoQ, 
t^scweight of the smaller beam or i lb. 
By the questiooy 

Lssrequired length, Z=l, D^4, d^i. 
W'=6400 lbs. 

i^=s weight sustained by the unit =600 lbs. 
(1.) ir the weight of the beams be not taken into consideration, 
by Art. 900, 

^•'••LxW''/xti^--Lx6400 * 1X600* 

But, at the moment of fracture, the strength in both cases becomes 

64 _ 1 
equal to nothing ; and then, S being equal to «, Lx6400~1x600 ' 

whence Ls6 feet. 

(2.) If the weight of the beams be taken into account, then, (Art. 

D» rf» 4» l^ 

200.) S''''^^yf^yff)'i(^^^+y/y'^4m^ei00) * l(J+600/ 

64 I 

•'• L(4L+6400)'*h:600" Whence, L=5.98 feet. 

2. What must be the breadth of a beam of an oblong prumatic 
form^ whose depth is 8 inches and length 6 feet, to support a weight 
of 6400 Ibs.f its own weight not being taJcen into the account 1 
Let B= required breadth. 

6=breadth of the beam 1 foot long, and its end one inch 
square. 
Then, (Art. 200.) 

BxD* _6» Bx64 1» „ 

^ • '• =L^W' * Ix^' -6x6400 • 1x600' Hence, at the moment 

. o Bx64 1 , « . , , 

of fracture, when o^s, 6x6400 "^600* ^"^°^® 8=1 inch. In 

the two preceding examples, the beams are of the same lengthy 
and have equal strengths, each supporting a weight of 6400 lbs. 
But in beams of equal length, the solid contents are as the areas of 
the sections. In example 1st, the section =4' = 16 ; and in exam- 
ple 2d, the section =1 X8=8. Hence, 



* The weights being as the solid contents, 
W:«::LXDa:IXrf«::LXI6:lXl,.-.W:J;:LX16:l,.-.lW=LX4. 
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Tbe first beam : second beam : : 16 : 8. Therefore, the obloog 
beam placed edgeways, is as strong as tbe square cms, althougb it 
contaioB only one half as much matBrial. 

3. What meighl may ie tupporttd at iht middle of a bar of iron, 
lOJiet longj and tlu ride oftehoie (^uarc tt 3 mchet, iti own weight 
heirig taken into the aeamnl 1 

c. .. D* . d' .. 3- 1^ 

° • *• -LCiW+WO * ((iw+u^)" 10(135*+ W) • 1(1 i+2190) 
Hence, W'=5783.05 lbs. 

905. The fongoing inrestigalioiM and examples relate to beams 
supported at both eods : we proceed to the case where tbe beam is 
supported at oa\j one end. 

In nmilar cylindrical and prinaalie beans, supported at one end, 
the $trength variee invenely either ae the diameter or at the length. 

Fig. m. 



Let ABEF, abef, (Fig. 139.) represent the longitudinal sections 
of two piismatic beams fixed borizoDtally into the wall HKLM ; 
then tbe tendency pf these beams to retitt (raciure at tbe ends EF, 
ef, where they are inserted into the wall, will be measured in tbe 
same manner as in the preceding cases, that is, by the area of the 
lateral section into the dt^th of its center of gravity, except that in 
this case, tbe fiacture will begin at the upper points F, /, and end ^ 
at the lower points E, e. Tbe tendency to fradmce fiaclurs will 

• The bar of iron wrighi 970 lbs. 
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be the weight of the beams actiQg al the distance of ibeir cen- 
ters of gravity from the ends EF, tf. HencCi (Art. 196.) 

S : #: : :A^ : 4^i or if any weights, W, ii/, are placed at the 
iLxW \ly.w 

other ends of the beams, then (since the effects of these weights to 

produce fracture will be measured by W^ X L and uK X Z) we have 

S : i: : --====r= : . — : and if the weights W, w, of the 

beams are very small when compared with the weights W, uf^ then 
g AxG .4iXf 

* -LS^^Wxi?' 

Hence, in simflar beams, as in Art. 199, S : «: 1=;^ : - or >. : -• 

Let W, to, represent the weights of the parts ABCD, o&eJ, of 
the beams, then the tendency of those parts to produce fracture 
at C, c, will be measured by sACxW, and iacXto; therefore, if 
S, f represent the strength, of the beams at the points C, e, then 

q , ^.. AxG ax^ txa X. II 

• • • TTk — = %i= — iir : r-^ — : or if W, w, be very small 

ACxiW+W ocxiw+u/' ' ^ 

with respect to W, u/, then S : *::-4^^ \ 12H.. 

ACxW acXtiK 

Hence if a given weight Vf' be supported at the end of a given 
beam whose weight is so small as not to be taken into considera- 
tion, the strength of that beam to support the weight W' at any point 

AxG 

C, between A and F, will vary as--^^-— — : or, since W' b con- 

ACxW' 
AxG 



stent, as. 



AC 



A beam svpported at one end in the form of an isosceles wedge, 
or of a PARABOLA, is equally strong throughout; or^ when a weight 
is hung at the end, the beam is as liable to break in one place as in 
another. 

Let the beam be in the form of an isosceles wedge^ (Fig. 180.) 
whose flat sides are parallel to the horizon, and whose given depth 
ttdf, then As=EDxd, and 6=:^<f /.AxG^i^EDxif', which va- 
ries as ED or EC, which varies as AC. Hence the strength is as 

AC 

j^, that is, it is constant. 
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If Iba s!dM of tba besm b« pinlkl planes, and ils longitudinal 
seoiioa a seniiparabola (sse Fig. 130.) es A'C'F'IV ; tbeo let d equal 
the giTtn breadth, and ne havo A=dxC'Jy, G=iC'D', 

Fig. 190. 



.■.AxG==WxCD", which TBriMaaCD". Hence S «^'P^'. 
But since A'D^ is a parabola, A'C ac CD", .: . S «^S^' 

S06. Suppose the beams lo be cylinders or square prisms, (resting 
mther on one end or on both ends,) whose diameters or sides are D, d, 

D' d* 

*^^'-'--L:^^^WW'''1^^^^' Let«^=0, thenS:.:: 
D» d' 
-z — -is r^i ' TfZZ.' '"^'^^ expresses the relatire strenglb of two 
JjX JVV + W j' Jsw 

cylindrical beams whose lengths are L, I, diameters D, d, weights W, 
10, the former of which supports the given weight W' at the end of it, 
and the latter supports only its own weight. Letcf.=D; then S:* :; 
1^ 1 1^ 2L 

LxiW+W" • Vx«'''Lx|W+W^'Wx/' = '"'''""*" = ^■■' 

Wx/ 

I ; L, .-'. w= 1 • In this case, therefore, the ratio of S ! « ex- 
presses the relative strength of two cylindrical beams of the same 
diameter, one of which supports the given weight W at its end, and 
the other supports ooly its own weight ; and if the beam whose 
length ia L brmks ffhea W' is placed at the Mil of il* the beam 
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whose length is / will break by its own weight. Hence, let Sss«, then 

length of the beam of the same diameter that would break by its 
own weight. 

207. Let the beams be similar cylinders, then D* : d* : :L* ; I*, 

L» Z« L« 8L»» 

•'• (Art. 206.) S:s: iT^y^y^ * Hif* "iW+W * WxT ^^ ''^^ 

If, therefore, a cylindrical beam whose length is L breaks with the 
given weight W' placed at the end of it, a similar cylindrical beam 

whose length is M — Zz — I will break with its own weight. 

208. If a horizontal beam be supported at both ends, the stress 
produced by its own weight, W, is measured by jLxW, (Art. 196.) 

If the beam be supported at one end only, the stress is measured 
by the whole weight applied at the center of gravity, and conse- 
quently the stress s^^LxW. 

Therefore a beam supported at both ends has four times the strength 
of the same beam, supported only at one end. And if a certun 
beam resting on one end breaks by its own weight, a beam of the 
same dimensions twice as long will break by its own weight when 
resting on two supports, the former having just four times the strength 
it would have if twice as long. 

If, however, instead of the weight of the beam itself, this be left 
out of the account, and a weight W' be appended, then the stress on 
the beam when supported at one end will be measured by LxW'; 
while, in the case of the beam supported at both ends, (since the 
weight, being at the centre is also at the centre of gravity of the 
beam) the stress is measured, as before, by jLxW'. (Art. 200.) 
Therefore, a weight appended at the end of a beam supported only 
at one end produces four times the stress, as the same weight ap- 
plied at the centre of the beam when supported at both ends. 



« The weights of similar cylindeis of the same density, are as the cubes of 
their diameters or lengths; therefore, to :W:: It: Ls /. w ^ ^ ■ * 
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209. Examples. 

1 . Whai must he the length of a beam of oak one inch square^ eup- 
ported at both ends, which is just capable of bearing Us oum weight! 

By Art. 201 , a beam of oak 1 foot long and 1 inch square, 
weighiDg i pound, just supports 600 pounds. And by Art. 206, 

the expression /=:L [ X- — j^ denotes that when a beam whose 

length is L breaks when W' is placed at the end of it, I is the 
length of a beam that will break with its own wefght, consequently, 

since here L = 1, W=i, and W' = 600, /= (i±I?2?ji== 

(2401)i=r49 feet. 

2. What must be the length of a bar of iron I inch square, sup^ 
ported at one end, which would break by its own weight 7 

Here L^l foot, WsS pounds, and since (Art. 208.) abeam 
supported at one end will break with \ as great a weight as when 
supported at both ends, W's=547| pounds, .'. 

/=1 (?±2|54Ii\i=,i9.13. 

3. Snce a bar of iron 1 inch square, and 1 foot long, vnU sup" 
port a weight of 2190 pounds, what must be the dimensions and 
weight of a similar bar, which wiB break with Us oum weight when 
supported at both ends 7 

The required beam being simUar to the given beam, therefore, 
by Art. 207, its length equals 1461 feet. And L(l) : 2(1461): : 
D(l inch) : £2=121^ feet=:the side of its square. Again, since 
the weights are as the cubes of the homologous sides, 
w : W(3y: :^(1461)> : l, .-. the weights 9356605543 pounds. 

4. Two beams are of equal length and weight, the first being a 
square prism whose section is 4 inches sqtuire, the second an oblong 8 
by 2 inches : How much stronger is the second beam than the first, and 
how much stronger when laid on the narrow than on the broad side 1 

Ans. The second beam is twice as strong as the first, and four 
times as strong when laid on the narrow, as on the broad side. 

5. A beam of oak, supported at both ends, is one inch square 
and 40 feet long : At what point of the beam wiU a weight of 
100 pounds, he just sufficient to break U 1 
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Let a7sr distance of the weight W' from ooe end; W'X400 
represents the stress at the middle, and (Art. 202.) W' X ^C40-Jc) 

the stress at the required point. 

Let / be the length of a beam one inch square that would break 
with its own weight=49 feet (Art. 209. Ex. I.) 

By Art. 206, i/x«^=L (jW+Wx^— ^). Hence x=.51 

feet, or about 6 inches. 

210. On the foregoing principles Dr. Gregory makes the follow- 
ing remarks, most of which were originally suggested by Galileo, to 
whom we are indebted for the earliest investigation of these propo- 
sitions. From the preceding deductions (says Gregory) it follows, 
that greater beams and bars must be in greater danger of breaking 
than less similar ones ; and that, though a less beam may be firm 
and secure, yet a greater similar one may be made so long as neces- 
sarily to break by its own weight. Hence Galileo justly concludes, 
that what appears very firm, and succeeds well, in models, may be 
very weak and unstable, or even fall to pieces by its weight, when it 
comes to be executed in large dimensions, according to the model. 
From the same principles he argues that there are necessarily limits 
in the works of nature and art, which they cannot surpass in magni- 
tude ; that immensely great ships, palaces, temples, &c., cannot be 
erected, since their yards, beams, bolts, and other parts of their 
frame, would fall asunder by their own weight. Were trees of a 
very enormous magnitude, their branches would, in like manner, fall 
off. Large animals have not strength in proportion to their size ; 
and if there were any land animals much larger than those we know, 
they could hardly move, and would be perpetually subjected to the 
most dangerous accidents. As to marine animals, indeed, the case 
is different, as the specific gravity of the water sustains those ani- 
mals in a great measure ; and in fact these are known to be some- 
times vastly larger than the greatest land animals.* It is (says 
Galileo) impossible for Nature to give bones to men, horses, or other 
animals, so formed as to subsist, and proportionally to perform their 
ofiices, when such animals should be enlarged to immense heights. 



* Whfiles in the Northern Regions, are sometimes fbnnd sixty feet long , and 
weighing seventy tons. 
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uoless she ases matler much firmer and more resisting than she com- 
rooDlf does ; or should make bones of a thickness out of all propor- 
tion ; whence the appearance and figure of (he animal must be mon- 
strous. Heoce, we naturally join the idea of greater strength aod 
force with the grosser proportions, and that of agilitjr with (be mora 
delicate ones. The same admirable philosopher likewise remarks, 
in connection with this subject] that a greater column is in much 
more danger of being broken by a (all than a similar small one ; that 
a man is in greater danger from accidents than a child ; that an in- 
sect can sustain a weight many times greater than itself, whereas, 
a much larger animal, as a horse, could scarcely carry another bone 
of bis own size.* 

21 1. T^e lateral Hrength of iteo et/linderi, of Ihe tame matter, 
and of equal weight and length, one of which it hoUoa and the 
other tolid, are to each other at the diameters of their tectioni. 
Fig. 131. A 



o 



Let ABC, abc, represent a section of two cylinders, of equal 
length, and containing equal quantities of matter, of which ABC 
is hollow and abc is solid. Then the area of the ring whose breadth 
is AD, is equal to that of the circle abc. But the strengths of 
these areas are as the areas multiplied by the distances of their 
centers of gravity from the points of pressure, A, a (An. 194.); or, 
since the areas are equal, (he strengths are as AG : ag, that is, as 
the diameters of their sections. 

The strongest form, therefore, in which a given quantity of mat- 
ter can be disposed, is that of a hollow cylinder ; and, leaving out 
of view the diminished rigidity of their structures or fabrics, there 
would seem to be no limits to the strength which might be given to 
such a cylinder by iocreasing its diameter. But the proposition is 

* QtegOTj's Mechanics, I. 110. 
Vol. I.— N. P. 24 
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true only when the sectioDS are perfectly circular ; and this condi- 
tion, connected with the want of rigidity when the annulus becomes 
very tbini occasions limits to the actual operation of the principle. 

212. From this proposition Galileo justly concludes, that Nature 
in a thousand operations greatly augments the strength of substances 
without increasing their weight ; as is manifested in the bones of ani- 
mals, and the feathers of birds, as well as in most tubes or hollow 
trunks, which, though light, greatly resist any effort to bend theni. 
Thus, (says he,) if a wheat straw, which supports an ear heavier 
than the whole stalk, were made of the same quantity of matter, 
but solid, it would bend or break with far grenter ease than it 
now does. And with the same reason, art has observed, and ex- 
perience confirmed the fact, that a hollow cane, or* tube of wood or 
metal, is much stronger or firmer^ than if, while it .continues of the 
same weight and length, it were solid ; as it would then, of conse* 
quence, be not so thick. For the same reason, lances, when they 
are required to be both light and strong, are made hollow.* 

313. The area ABC : abc: : AB> : ab*. 
AndDEF: a6c::DE« : ab* 
.-. ABC-DEF : abc : AB« -DE« : aJ«. 
Or the area of the ring is to the area of the solid section, as 
AB^ -DE' : a&'. If the area of the ring is equal to the solid 
section, then AB» ~DE«=a6« and ai«v^(AB»-DE«). 

What weight could be sustained at the middle point of a ctflif^ 
drieat iron tube 8 feet long, whose diameter is l^ inches ^ and thick" 
ness i of an inch ; supposing the tube to be supported at both endsl 

The diameter of a solid cylinder of the same length and weights 
l.Il inches, and 

S : *t : : ^^^^ : ^ : : ^^^ : '^. Therefore W'=370.'8 
LxW' Ixu/ 8xW' 2190 

pounds. 

But (Art. 211.) strength of the tube : strength of the cylinder: : 
diaro. tube : diam. cyh: :| : 1.11, .'. The tube would sustain at its 

middle point a weight of ?^7-?:?=501.08 pounds. 

• Gregory, 1.113. 

t « s strength of a bar of iron 1 foot long and 1 inch sqaare. 
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r ABT II.— PRACTICAI. APPUCATIONS OF THE PRINCIPI.E8 

OF ATECHANICS. 



CHAPTER I. 

GENERAL OBSERVATIONS ON MOTION. 

514. Motion and rest are accidental states of bodies, oor is a body 
naturally prone to one state more than to the other. If it is found 
at rest, it is because it is kept in equilibrium by opposite and equal 
forces; and if it is found in motion, it is because it has been put in 
motion by some force extrinsic to itself. The resistances to motion 
whicb exist near the surface of the earth, particularly gravity, create 
a seeming tendency to a state of rest ; but in reality, rest is no more 
the natural state of bodies than motion is. 

515. Motion is distinguished into absolute and relative. Abiolute 
motion^ is a change of place m space with respect to any fixed point : 
RekUive mo^ton, is a change of place in bodies with respect to each 
other. A body may be at the same time in a state of absolute mo- 
tion, and of relative rest. Thus, all the different articles contained in 
a ship under sail, have a motion in common with the ship, but may 
be at rest with respect to each other. When a man walks towards 
the stern of a ship at the same rate as that of ihe ship, he is in mo* 
tion with respect to the ship, but at rest with respect to the earth- 
When a balloon, carried along by the wind, attains the same velocity 
as the wind, it is relatively at rest, and appears to the aeronaut to be 
in a perfect calm, although it may be actually moving one hundred 
miles an hour. Since the earth in its annual revolution around the 
sun, is moving eastward at the rate of nineteen miles, or 100,000 
feet per second, were a cannon ball, at a certain time of day, fired 
eastward at the rate of 2000 feet per second, the only effect would 
be to add 2000 feet to the velocity which the ball had before in com- 
mon with the earth ; and were it fired westward, the etteci would be 
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merely to stop 3000 out of 100,000 parts of its previous niotioDy 
while the cannon would proceed onward leaving it behind.* Did 
not the atnnosphere partake of the diurnal motion of the earth, bat 
were it to remain at rest with respect to this motion, the progress of 
any place to the east, would cause a relative motion of the air, or a 
wind, westward, which would blow with a violence far surpassing that 
of the most terrible hurricanes.f 

Indeed we cannot be sure that we have ever seen a body absolutely 
at rest. In our stillest moments, we are revolving with the earth on 
its axis ; we are accompanying the earth in its annual revolution 
from west to east around the sun ; and are perhaps attending the 
solar system around a common center of motion.^ 

916. Apparent motion^ as distinguished from relative,' is that in 
which the moving body is quiescent, and the motion is owing to a 
real motion in the spectator. Thus, the backward motion of the 
trees to one riding rapidly, the receding of the shore to one who is 
sailing from it with a fair wind, and the diurnal motions of the heav* 
enly bodies from east to west, in consequence of the revolution of 
the spectator in the opposite direction ; these are severally examples 
of apparent motion. It is often a very difficult problem to deduce 
the real from the apparent motion. While a planet, as Venus, is 
revolving about the sun in an orbit nearly circular, its motions as 
seen from the earth are extremely irregular ; and to make all these 
irregularities consistent with the real motion, has been a perplexing 
problem in astronomy. We can sometimes decide that a given mo- 
tion is real, because we observe a cause in operation, which is com- 
petent to produce it. The impulse of the wind, or the direction of 
the current, will satisfactorily account for a ship's receding from a 
given object, while no cause appears why the object should recede 
from the ship ; the revolution of the earth on its axis is a cause com- 
petent to explain the apparent revolution of the heavens, while we 
cap find no cause for their actual revolution. The effects also of a 
given motion, enable us to decide whether it is real or apparent. 

• Robison's Mechanical Phil. 1.31. 

t Winds are in fact freqaently produced by this cause, Yiz. by their having a 
relative velocity different from that of the part of the earth over which they blow. 
t Young's Natural Phil. L 19. 
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Thus a coDstant uindeiicy to inoYe in a straigbt line b cbaracterisUc 
of real motion.* 

317. The Laws or motion have been already recited in Chapter 
I«j and concise illustrations of them were added in that place. It 
was necessary to proceed thus far at the beginning of this work, since 
these constitute the fundamental principles of mechanics. By their 
great comprehensiveness, they furnish the most convenient classi6- 
cation of the various phenomena of motion, and it will therefore be 
useful to resume the consideration of them. They are very remark- 
able examples of a happy generalization ; but their very compre- 
hensiveness renders them difficult to be understood by the young 
learner ; nor can they be thoroughly mastered in all their relations, 
until after considerable proficiency is made in the science of mechan- 
ics. These laws indeed are the chief foundation of Newton's Prin- 
cipia.f 

S18. First law. — A body continues always in a state of rest ^ or 
of un^orm rectilinear motion j until by some external force^ it is made 
to change its state, — ^Thb law contains the doctrine of inertia, ex- 
pressed in four particulars. First, that unless put in motion by some 
external force, a body always remains at rest ; secondly, that when 
once in motion it continues always in motion, unless stopped by some 
force ; thirdly, that this motion, arising from inkrtia, is uniform ; 
and, fourthly, that this motion is in right lines. The proofs by which 
this and the other laws of motion are established, have been already 
stated. (Art. 22.) It is our present object to make the application 
of these laws to various phenomena of nature and art. 

219. And first, with respect to bodies at rest. The operation of 
this principle is seen, when a horse starts suddenly forward, and his 
rider is thrown backward. " When we desire a person, with suspec- 
ted disease of the brain, to shake his head, and tell whether he feels 
pain, we are doing nearly the same as if we touched the naked brain 
with the finger to find the tender part ; ibr the Inertia of the brain, 
when the skull is movedf causes a momentary pressure between it and 



• Wood's Mechanics, p. 23. t Young's H. PhiL 1. 96. 



190 APPUCATlOirS OF mSCHANICS. 

the skull, almost equiralent for our purpose to suoh a touch/'* la 
consequence of the Inertia of matteri before a body can be brought 
to the required velocity, this velocity must be impressed upon every 
particle of matter it contains. Hence, the more numerous its parti- 
cles, the greater its Inertia, which is thereibre proportioned to the 
quantity of matter. But the weight also is proportioned to the 
quantity of matter, and therefore the Inertia is proportioned to the 
weight. Yet it must be carefully distinguished from weight, having 
in fact nothing in common with it, except that both are propoftiooed 
to the quantity of matter, and of course to each other. But were 
we to strike with a hammer upon the top of a body falling towards 
the earth, the resistance from Inertia would be the same as if the 
body were struck with the same force on the side ; or in whatever 
direction the blow were applied, a similar renstance would be felt. 
This seems little else than what we commonly understand by the 
reaction of a body ; but we conceive this reaction itself to depend 
upon an inherent property in matter, to which we give the name 
of Inertia. Inertia is the cause and reaction the effect. A vast 
weight may be moved on a horizontal railway by a comparatively 
small force, provided it can be got into motion with the required 
velocity. In transporting large quantities (eighty tons, for instance,) 
of coal, the weight is distributed mto a number of different cars, 
connected together by a loose chain, in order that the Inertia of 
the several parts may be overcome successively .f 

320. In consequence of the Inertia of matter, the motion applied 
to a body does not instantly pervade the mass. In order to this, mo- 
tion must be applied gradually, especially if the body is large ; for if 
it is applied suddenly, it is frequentiy ail expended on a part only of 
the mass, the cohesion is overcome, and the body is broken. This 
explanation accounts for several familiar facts. When a team starts 
suddenly with a heavy load, the effi>rt is either wholly ineffectual, or 
some part of the harness or tackling gives way. If we draw a heavy 
weight by a slender string, a slow and steady pull will move the 
weight, when a sudden twitch would break the string without starting 



♦ Arnoti's El. Phys. p. 50. 

t See accoimt of the Hatton Railway in "Strickland's Reports." 
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the mass. Tfao same principle apfdies to bodies already in motion. 
Thas, when a horse in a carriage starts suddenly forward, he may 
break loose as well when the carriage was previously in motion, as 
when it was at rest. The Inertia of a body is in fact the same 
whether the body is in motion or at rest, opposing the same resistance 
to its moving with increased velocity, as to its beginning to move 
from a state of rest. Several singular phenomena result from the 
same cause, showing that time is necessary in order that motion com^ 
municated by impulse, may pervade an entire mass. A pistol ball, 
fired through a pane of glass, frequently makes a smooth well defined 
hole, and does not fracture the other parts of the glass. Here, the 
momentum of the ball is communicated to the particles of glass im- 
mediately before it. Had the impulse been gradual, the same mo« 
tion would have difRised itself over the whole pane, and every part 
would have felt the shock. A ball fired through a board delicately 
suspended, causes no vibrations id the board. A cannon ball, having 
very great velocity, passes through a ship's side, and leaves but lit* 
tie mark, while one with less speed, splinters and breaks the wood to 
a considerable distance around* A near shot thus often injures a ship 
less than one firom a greater distance.* 

A soft substance, as day or tallow, may be fired through a plank, 
the body, by its great momentum, forcing its way through the plank 
before the motion has had time to diffuse itself through the contigu- 
ous parts. The whole momentum being concentrated upon the part 
immediately before the body, the cohesion of that part is destroyed. 

221. Secondly f let us consider the effects of Inertia as it respects 
bodies in motion. All bodies in contact with each other acquire a 
common motion ; as, for example, a horse and his rider, a ferry boat 
and its passengers, a ship and every thing within it, the earth and all 
things on its surface. Whenever either of these bodies stops sud- 
denly, the movable bodies connected with it are thrown forward.—* 
Were the revolution of the earth on its axis to be suddenly arrested, 
the most dreadful consequences would ensue ; every thing movable 
on its surface, as water, rocks, cities, and animals, not receiving in- 
stantaneously this backward impulse, would fly off eastward in pro- 

* Arnott's El. Phys. p. 104. 
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miscuous ruin. Were tbe diurnal motion of the earth, bowever, very 
gradually diminished, until it finally ceased, so that time should be 
afforded to communicate the loss by slow degrees to the bodies on its 
surface, no such efiects would take place. If a passenger leaps from 
a carriage in rapid motion, he will fail in the direction in which the 
carriage is moving at the moment his feet meet the ground ; because 
bis body, on quitting the vehicle, retains, by its Inertia, the motion 
which it had in common with it. When he reaches the ground, this 
motion is destroyed by the resistance of the ground to the feet, but 
is retained in the upper and heavier part of the body, so that the 
same effect is produced as though the feet had been tripped.* 
Coursing owes all its interest to the instinctive consciousness of the 
nature of Inertia, which seems to govern the measures of the bare* 
The greyhound is a comparatively heavy body moving at the same or 
greater speed in pursuit. The hare doubUt^ that is, suddenly chan- 
ges the direction of her course, and turns back at an oblique angle 
with the direction in which she had been running. The greyhound, 
unable to resist the tendency of its body to persevere in the rapid 
motion it had acquired, is urged forward many yards before it is able 
to check its speed and return to the pursuit. Meanwhile, the hare 
is gaining ground in the other direction, so that the animals are at a 
very considerable distance asunder when the pursuit is recommen* 
ced. In this way a hare, though much less fleet than a greyhound, 
will often escape it.t 

S22. Although, on account of the numerous impediments to mo- 
tion which exist on the surface of the earth, bodies are unable to 
maintain for any considerable time, the motion they have acquired, 
yet we see the first law of motion, so far as it respects the tendency 
of bodies to persevere in motion, fully confirmed in tbe continued 
and unaltered revolution of the heavenly bodies. These are impel- 
led by no renewed forces, but revolve from age to age in an undevi- 
ating course, simply because they meet with no impediments.^ 



* Lardner's Mechanics, p. 34. t lb. 

t Refined observations have recently detected a slight resistance, and broQgfat 
to light the existence of an extremely rare mediam diffused through the celestial 
•paces. 
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933. Thirdly, bodies, in consequence of their Inertia, hive ■ ten- 
dency to move over equal spaces in equal times, that is, to move uni- 
(otm\y. In a lull rolled on ice, in a pendulum continuing to vibrate 
after the inoviog force is vilhdrawn, and in numerous cases sim- 
ilar to tbsw, we observe in miture and art this tendeccy to uniform 
motion ; but in all tliese cases, the motioD is not absolutely uoiform, 
but more w less retarded by tbe resistances encotnitered. A much 
nearer approximation to the truth is obtained by Fig. 139. 
means of a piece of apparatus called Aluood'i 
Machine. Its construction, omitting some parts 
not essential to the principle, is as follows. The 
triangular base and upright pillars (which are 
usually of mahogany) constitute the frame, 
which is surmounted by a horizontal table or 
plateof wood AB, Fig. 132, perforated wiihsc- 
verd holes. C is a vertical wheel, which, by 
a contrivance called /ricft'on wheels, (not repre- 
sented in the Ggure,) is made to revolve with the 
least possible resistance from friction. D and 
E are two weights exactly equal, and connected 
by a slender string passing over the wheel C. 
FG is a perpendicular scale graduated into in- 
ches from top to bottom, extending from to 
60 or 70, according to the bright of the ma- 
chine. H is a movable ring which slides up 
and down on the scale, and K is a brass plate 
sliding in the .same manner.* A great variety 
of the principles of motion may be established 
by means of this apparatus, but we are at pres- 
ent concerned only with the method of showing, 
that a body when once put in motion continues, 
by its inertia, to move uniformly, after the] 
moving force is withdrawn. It is obvious tbatj 
the weights D and E balance each other, and 
consequently, that the power of gravity is entirely removed from D, 
BO that it is at liberty to obey the full and exclusive influence of any 
force that may be applied to it. If therefore an impulse be given, 

* There are f^quenltfconnecledirilli the macbine ■ pendnlDiD,BiidsacbpaiU 
of ■ clock tt are necessary for beaiing mcodiU. 
Vol, I.— N. p. 25 
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by the finger, for example, to D, when at the top of the scale, it ought, 
in conformity to the law under consideration, to move uniformly along 
down the scale, passing over the same number of inches in each suc- 
cessive second. Such appears to be the fact. But in order to give 
still greater precision to the experiment, a small brass bar is laid on 
D, which communicates motion to it, accelerating its progress until 
it comes to the brass ring H, where the bar lodges, and the weight D, 
after it leaves the ring, passes accurately over the same number of 
inches on the scale in each successive second. 

224. Fourthly, moving bodies have a constant tendency to pro- 
ceed in right lines. In nature there occur indeed but few examples 
of rectilinear motion, but almost every moving body describes a curve. 
Thus, the heavenly bodies move in ellipses ; projectiles describe pa- 
rabolas ; or if their direction is so altered by a resisting medium, 
as the atmosphere, that their path is no longer a parabola, it is still 
changed to some other curve ; and a ship sailing across the ocean, 
describes a curvilinear path on the surface of the earth. The waving 
of trees and plants, the courses of rivers, the spouting of fluids, the 
motions of winds and waves, are likewise more or less curvilinear. 
Bodies falling towards the earth by gravity, present almost the only 
examples we observe in nature of a motion purely rectilinear. But 
notwithstanding the deviation from a right IjnQ, observable in actual 
motions, yet we find there is always some extraneous cause in ope- 
ration, which accounts for such deviations. 

225. In consequence of this tendency of moving bodies to pro- 
ceed in right lines, when a body revolves in a curve, around some 
center of motion, it constantly tends to fly oflT in a straight line, which 
is a tangent to its orbit. This is called the centrijiigal force. A stone 
from a sling, water escaping from the periphery of a revolving wheel, 
and water receding from the center of a tumbler or pail when the 
vessel is whirled, are familiar instances of the tendency of bodies 
when revolving in circles to fly oflf in straight lines. The action of 
the centrifugal force may be studied more advantageously by means 
of an apparatus called the Whirling Tables. These consist of two 
small circular tables, to which is communicated a horizontal revolution 
around their centers. Bodies laid on the tables in different ways are 
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made to participate ia their rotary inotioDS, and thus the laws of the 
cedtrifugal force may be observed. By meaos of this apparatus the 
foUowiDg propositions are established. 

S26. (1.) The centrifugal force of bodies revolving in- a given 
circle, is proportional to their densUies or specific gravities. If 
quicksilver, water, and cork, be whirled together in a tube or a vessel, 
these bodies will arrange themselves in the inverse order of their spe- 
cific gravities, so that the cork will be at the least, and the quick- 
silver at the greatest distance from the center of motion. 

227. (2.) When bodies revolve in the same circle with different 
velocities, the centrifugal forces are as the squares of the velocities. 
By doubling the velocity of a revolving body, its centrifugal force 
is quadrupled. Millstones, revolving horizontally, communicate their 
circular motion to the corn that is introduced between them near the 
center. The com, by the centrifugal force which it gradually ac- 
quires, recedes from the center and passes out at the circumference. 
If too great velocity is given to millstones, they sometimes burst with 
violence. A horse in swift motion, on suddenly turning a corner, 
throws his rider ; and a carriage turning swiftly is overset on the same 
principle. In feats of horsemanship, when the equestrian rides rap- 
idly round a small ring, he inclines his body inwards in different de- 
grees according to the velocity with which he is moving, and thus 
counteracts his tendency to fall outwards by the centrifugal force.* 

288. (3.) Hence, when spherical bodies revolve on their axes, the 
equatorial parts, being farthest from their centers of motion, and con- 
sequently moving faster, hav^ a proportionally greater centrifugal 
force. If the revolving body is soft so as to yield, it is elevated in 
the equatorial and depressed in the polar parts. Thus a mass of clay 
revolving on a potter's wheel, swells out in the central parts and be- 
comes flattened at the two ends. The earth itself, by its figure, which 
is an oblate spheroid, indicates the operation of this principle, its 
equatorial exceeding its polar diameter by 26 miles ; and the planet 
Saturn, which has a far more rapid revolution on its axis, indicates 
■ III p^— — — ^—»^p^i^i 11 ■.■■■■■■■ I ■■ 1^ 

• Amott*s Elements of Phys. p. 69. 
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the same modiGcatioD of its figure in a still higher degree, being 
strikingly elevated at the equator and depressed at the poles.* Let 
the circle in Fig. 133, represent a section of the earth, AB being the 
axis on which it revolves. This rotation causes the matter, which 



Fig. 133. 
A 




B 

composes the mass of the earth, to revolve in circles round the di& 
ierent points of the axis as centers, at the various distances at which 
the component parts of the mass are placed. As they all revolve 
with the same angular velocity, they will be affected by centrifugal 
forces, which will be greater or less in proportion as their distances 
from the center are greater or less. Consequently, the parts of the 
earth which are situated about the equator Q, will be more strongly 
affected by centrifugal force than those about the poles AB : the 
effect of the difference has been, that the matter about the equator 
has actually been driven farther from the center than that about the 
poles, so that the figure of the earth has swelled out at the sides, and 
appears proportionally depressed at the top and bottom, resembling 
an orange in shape. 

229. The centrifugal force of the earth's rotation also affects de- 
tached bodies on its surface. If such bodies were not held upon 
the surface by the earth's attraction, they would be immediately flung 
off by the whirling motion in which they participate. The centri- 
fugal force, however, really diminishes the effects of the earth's at- 
traction on those bodies, or, what is the same, diminishes their weight. 
If the earth were not revolving on its axis, the weight of bodies in all 
places equally distant from the center would be the same ; but this 
b not so when the bodies, as they do, move round with the earth. 

* Lardner's Elements of Mechanics, p. 105. 
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They acquire from the ceotrifugal force a tendency to fly off from 
the axis, which increases as their distance frotn that axis, and is 
therefore greater the nearer they are to the equator, and less as 
they approach the pole. But there b another reason why the 
centrifugal force is more efficient in the opposition which it gives 
to gravity near the equator than near the poles. Thb force does 
not act from the center of the earth, but is directed from the earth's 
axis. It IS therefore, not directly opposed to gravity except on the 
equator itself. On leaving the equator, and proceeding towards 
the poles, it is less and less opposed to gravity, as will be plain 
on inspecting Fig. 133, where the lines FC all represent the di- 
rection of gravity, and the lines OF represent the direction of the 
centrifugal force.* If the diurnal motion of the earth round its axis 
were about seventeen times faster than it is, the centrifugal force 
would, at the equator, be equal to the powe/of gravity, and all bodies 
there would entirely lose their weight. But if the earth revolved 
still quicker than this, they would all fly off.t 

5230. The consideration of centrifugal force proves, that if a body 
be observed to move in a curvilinear path, some efficient cause must 
exist which prevents it from flying off, and which compels it to re- 
volve round the center. Thus the bodies of the solar system are 
constantly impelled or drawn towards the sun by a force which we 
denominate gravity. If this force did not act constantly, they would 
resume their motion in the right line in which they were originally 
projected, when they were first launched into space, and continue 
moving in it forever. 

$!3l. Srcond Law.-— itfolion, or cAan^e of motion, ispropor" 
iional to the force impressed, and is produced in the right line in 
which that force acts. 

First, motion is proportional to the force impressed. This is very 
satisfactorily shewn by means of Atwood's machine, (Art. 223. Fig. 
132.) When the box D is loaded with small bars of different 
weights, (the bars being left on the ring H, as in Art. 923.) the box 

• At the eqaator, the loss of weight by the centrifngal alone is 7I7; and by 
increased distance from the center of the earth, jjj ; hence the entire loss is xif 
t Boncharlat's Mech. by Coartenay, p. 951. 
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descends along the scale, in consequence of the motion given it by 
the bars, with velocities exactly proportional to the weights of the 
bars respectively. 

Secondly J motion is in the direction of the force impressed. -Not- 
withstanding the diversity of motions to which every terrestrial body 
is constantly subject, the eSeci of any force to produce motion is 
the same, when the spectator has the same motion as the body, as 
though the body were absolutely at rest. In other words, all mo- 
tions are compounded so as not to disturb each other ; each remaiiH 
ing, relatively, the same as if. there were no others.* Since, for 
example, by the diurnal motion of the earth, places towards the 
equator move faster than those towards the poles, if the foregoing 
principle were not true, the same forces would produce difierent 
quantities of motion in different latitudes ; and a body struck in a 
direction north or south, njpuld not move in that direction, but would 
deviate to the east or west. A pendulum also would vibrate diflbr* 
ently accordingly as it moved in a north and south, or in an east 
and west direction, whereas not the slightest difierence of time can 
now be detected. If we are in a ship, moving equally, any force 
which we can exert will produce the same motion relative to the 
vessel whether it be or be not in the direction of the vessel's mo- 
tion. If we stand on the deck, supposed to be level, and rpll a 
body along it, the same efibrt will produce the same velocity along 
the deck whether the motion be from head to stern, or from stern to 
Jiead, or across the vessel. Also a body dropped from the top of 
the mast will not be left behind by the motion of tbe ship, but will 
fall along the mast as it would if the mast were at rest, and will 
reach the foot of it in the same time. If a body be thrown perpen- 
dicularly upwards, it will rise directly over the hand and fall perpen- 
dicularly upon it again ; and if it be thrown in any other direction, 
the path and motion relative to the person who throws it will be 
the same as if he were at rest.f 

232. It may seem, at first view, more questionable whether, as is 
asserted in Art. 20, the smallest force is capable of moving the larg- 
est body. Agreeably to this doctrine, a blow with a hammer upon 

* Whewell's Mechanics, p. 231. 

t Robison's Mech. Phil, by Brewster, 1. 48. 
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the earth ought to move it, and that it would do so may be inferred 
from the followiog reasons. 

(1.) We can conceive the earth to be divided into parts so small, 
that the blow would produce upon one of them even a sensible 
motion. Then it would produce on two of the parts half as much 
velocity ; and upon all the parts together a velocity as much less 
than upon one, as their number was greater than unity. This velo- 
city might be appreciable in numbers, although too small to be 
observed by the senses. 

(2.) Very heavy weights may be actually put in motion by small 
forces. Leslie asserts that a ship of any burden in calm weather and 
smooth water, may be gradually pulled along even by the exertions 
of a -boy.* 

(3.) The repetition of very small blows finally produces sensible 
efi^ts upon large bodies. The wearing away of stone by the drop- 
ping of water, the abrasion of marble images by the kisses of pil- 
grims, and, especially, the demolition of the strongest fortresses by 
repeated blows of the battering ram, are examples of powerful 
efiects produced by small impulses, each of which must have con- 
tributed its share, since the addition of any number of nothings is 
nothing still. 

533. Third Law. — ffhen bodies act upon each other ^ action and 
reaction are equal, and in opposite directions. 

The doctrine of action and reaction has been fully investigated 
and explained in the former part of this work. (See pp. 15—17, 
and 81 — 9.) All we propose to do at present is to add a few fa- 
miliar illustrations. 

534. If I strike one hand upon the other at rest, I perceive no 
difference in the sensations experienced by each. The resistance 
to the hand which gives the blow is equal to the impulse given. A 
boatman presses against the bank with his oar, and receives motion 
in the opposite direction, which being communicated to the boat, 
makes it recede from the shore. He strikes the water, the reaction 
of which, at every impulse, carries the boat forward in the opposite 
direction. An infirm old man presses the ground with his staff, and 

* Leslie, £1. Nat. Phil. 1. 30. 
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thus, by lighteniag tbe pressure on his lower limbsi ihakes his amis 
perform a part of the labor of walking. A bird beats the air with 
his wings, and by giving a blow whose reaction is more than sufficient 
to balance the weight of his body, rises with the dififereace* When 
the wings are small and slender, as those of the humming bird, and 
disproportioned to the weight of the body, the defect is compensated 
by more frequent blows, giving nimble motions, suited to their short 
but swift excursions, while the long wings of the eagle are equally 
fitted, by their less rapid but more effectual blows, for his distant 
journeys through the skies. Hence, propelling and rowing a boat, 
flying, and swimming, are processes analogous to each other, de- 
pending on the principle of reaction. 

235. If a man stands in a boat and pulls upon a rope which is 
fastened to a post on the shore, the force of the man is expended on 
the post in one direction, and the post, by its rei(ptiod, draws tbe man 
in the opposite direction, namely, towards the shores (See p. 19. 
Ex. 12.) Call the man A, and let another man B take the place of 
the post. If B pulls with a force just equal to that of A, he will 
do nothing more than what the post did before, and therefore the 
two men together will bring the boat ashore no sooner than A would 
have done alone in the former case. If A pulls with more force 
than B, he pulls B towards him, and the reaction, or the force which 
carries tbe boat ashore, is the same as before, namely, the force of B. 
If B were to pull with more force than A, be would pull A out of the 
boat, were not A attached firmly to the boat, in which case the velo- 
city of the boat would be augmented. By attentively considering 
this and all analogous cases, we shall perceive, that whenever two 
bodies act against each other, they give and receive equal momenta, 
and tbe momenta being in opposite directions, it follows, that bodies 
do not alter the quantity of motion they have, estimated in a given 
direction, by their mutual action on each other. This principle is 
well explained in Emerson's Mechanics, as follows — 

The mm of the motions of any two bodiei in any one line of di^ 
rtdion^ iotoards the same party cannot be changed, by any action of 
the bodies upon each other; whatever force these actions are caused 
by, or the bodies exert among themselves.* Hence it follows, that 

* Emerson's MecbaDics, 4to. p. 17. 
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the sum of the motioas of all the bodies io the world, estimated 
in one and the same line of direction, and always the same way, is 
eternally and invariably the same. Whatever motion, therefore, 
one body receives towards another, whether it is drawn towards it 
by 4ittraction, or by a rope, or by any other method, precisely the 
same quantity of motion it imparts to the other body in the oppo- 
site direction.* If a man in a boat pulls at a rope attaebed to 
another boat of equal size, the boats will move towards each other 
with equal velocities ; but a man in a boat pulling a rope attached 
to a large ship seems only to move the boat, but he really moves 
the ship a little, although its velocity is as much less than that of 
the boat, as its weight is greater. A pound of lead and the earth 
attract each other with equal force, and the two bodies approach 
each other with equal momenta.f 

S36. Since momentum is proportioned to the joint product of the 
velocity and quantity of matter, a great momentum may be obtained 
either by giving a slow motion to a great mass, or a swift motion to a 
small body. A striking illustration of this is afforded by problem 
9th, page 19tb, where on the supposition that a grain of light moving 
with its usual velocity, were to impinge directly against a mass of ice 
floating at its ordinary slow rate, the grain of light would be compe- 
tent to stop about 44} tons of ice. Islands of ice move with such 
vast momentum, that they instantly demolish the largest ship of war 
if it comes in their way. 

337. If a body in motion strikes a body at rest, the striking body 
must sustain as great a shock from the collision as if it had been at 
rest, and struck by the other body with the same force. For the 
loss of force which it sustains in one direction, is an effect of the same 
kind as if, being at rest, it had received as much force in the oppo- 
site direction. If a man walking rapidly, or running, encounters 
another standing still, he suffers as much from the collision as the 

* Glaantitas motus qase coUigitar capiendo snmmam motaum factor am ad 
eandeiB partem, et difierentiam factor am ad contrarias, non mntatar ab actiooe 
corporam inter se. (Principia, Lex III. cor. 3.) 

t The pound of lead does indeed attract the earth only half as mtich as two 
ponnds would do; nor does it receive from the earth but half as much ; the power 
of attracting and of being attracted is the same. 

Vol. I— N. P. 26 
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aum agaiDst whom be strikes. Wben two bodies moving in opposite 
directions meet| each body sustains as great a sbock as if, being at 
resti it bad been struck by the other body with the united forces of 
the two« For this reason, two persons walking in opposite direc- 
tions, receive Iroin their encounter a more violent shock then might 
be expected* If they be of nearly equal weight, and one be walking 
at the rate of three and the other ibur miles an hour, each suataios 
the same shock as if he had been at rest, and struck by the othev 
tunning at the rate of seven miles an hour.^ 

This principle accounts for the destructive effiscts arising fix>SDi 
ships running foul of each other at sea. If two ships of 600 tons 
burthen enconnter each other, sailing at ten knots an hour> each sus- 
tains the shock, which being at rest it would receive from a vessel 
of 1000 tons burthen sailing ten knots an hour. It is a mistake to- 
suppose 4hat when a large and a small body meet, the small body 
suflkrs a greater sbock than the large one. The shock which they 
sustain must be the same ; but the large body may be better able to 
bear it. Wben the fist of a pugilist strikes the body of his antago- 
nist, it sustains as great a shock as it gives ; but the part being more 
fitted to endure the blow, the injury and pain are inflicted on his op-^ 
ponent. This is not the case however when fist meets fist. Then 
the parts in collision are equally sensitive and vulnerable, and the 
efi^t is aggravated ,by both having approached each other with great 
force. The eflfect of the blow is the same as if one fist, being held 
at rest, were struck by the other with the combined force of both.f 

238. The question may be asked. Why are the effects so much 
more severe wben we fall from an eminence upon a naked rock than 
upon a bed of down ? In both instances our fall is arrested, and we 
sustain a contrary and equal reaction ; yet in the one case we might 
sufier hardly any injury, while in the other we should be bruised to 
death. The reason of the difierence is this : when we fall on a bed 
of down, the resistance is applied gradually ; when we fall on a rock, 
it is applied instantaneously. We do not strike the bed with the same 
force that we do the rock ; we move along with the bed, and of course 
do not lose our motion at once, and we receive in the opposite direc- 
tion merely what we lose. A violent blow, if equally difiused over 

• Ijardner's Mech. p. 47. t lb. p. 48. 
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tbe human body may be sintaiBed without injury. Thus, if an anvil 
be laid on tbe breast, a man may reeeive on it a heavy blow with a 
great hammer with impunity.* 

239. There are many instances where action and reaction mutu- 
ally destroy each other and no motion results. Thus, when a child 
stands in a boat and pulls by a rope attached to the stem, he labors 
in vain to make the boat advance. Dr. Amott tells us of a man 
who attached a large bellows to the hinder part of his boat, with the 
view of manufacturing a breeze for himself, being ignorant that the 
reaction would carry the boat backward ais much as the impulse of 
the artificial wind carried it forward.-f A force which begins and 
ends within a machine has no power to move it. — (EroersoUf HlOt 

240. Va&iable motion. — When a moving body is subjected to 
the energy of a force which acts on it without interruption, but in a 
different manner at each instant, the motion is called in general, 
variable motion.^ We have instances of variable motions in the 
unbending of springs, in tbe action of the wind on the sails of a 
ship, and in the action of gun powder on a ball while it is passing 
through the barrel of the gun. In each of these cases, the velocity 
of the moving body is constantly augmented, yet the degree of aug* 
moitation is diminishing until it finally ceases. 

341. When a moving body receives, each successive instant, the 
same increase of velocity, it is said to be uniformly accelerated. If 
a small wheel were revolving without resistance, and, at the end of 
every second, I should apply a given impulse, the whqel would be 

« Amou's EI. Pfays. p. 104. t lb. p. 107. 

t It i9 common in elementary works on Mechanics, to fiod under the head of 
"reaction," a class of phenomena which evidently belong to a cause distinct from 
that of the matnal action of bodies. For example, a little steam carriage is some- 
times exhibited, from which a jet of steam issues, and the carriage moves in the 
Opposite direction. This, it is said, is owing to the reaction of the air upon the 
steam, being supposed analogous to the flying of a bird which beats the air with 
its wings, and is borne along by its reaction j but the motion of the carriage, in 
the foregoing experiment, is owing to a very different cause. Before the jet was 
opened the steam pressed equally on all sides of the vessel ; as soon as the opening 
ia made on one side, the pressure is removed from that side, but remains on tfaa 
opposite side, and therefore gives motion to the vessel in that direction. 

I Gregory's Meeh. L 181. 
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uoMbrmljr accelerated ; for, bj its own inertia, it would retain all its 
previous motion, and, by the second law of moticn, the repetition of 
the same force, at equal intervals, would increase its velocity at a 
uniform rate. If the intervals at which this force was repeated were 
inde6nitely diminished, the same kind of effect would take place ; 
and the same would evidently be the case, were the force to operate 
without cessation. Such a force is that of Gravitt. 

242. It has already been shown, in articles 4. and 7., that Gravity 
is a quality which belongs alike to all matter in proportion to its quan- 
tity ; and that, at different distances from the center of the earth, it 
varies inversely as the square of the distance. The^ manner in 
which this force decreases as the distance increases will be seen at 
one view by the following table, beginning with the distance of the 
surface from the center. 



Distance, 


1 
1 


2 


3 


4 


5 


10 


30 


60 


Attraction, 


i 


* 


tV 


tJt 


Ti» 


«v» 



Hence it appears that a body placed SO times as far from the center 
of the earth as the surface is from the center, is attracted only xiw^^ 
part as much ; and at the distance of 60 times the radius of the earth 
the same force is diminished 3600 times.*^ At this distance there- 
fore it would take 60 seconds, or one minute, for a body to fall 
through the space it falls at the surface of the earth in one second ; 
that is, through 16y*7 feet* But all distances within a few hundred 
feet of the earth bear so small a ratio to the earth's radius, that the 
force of gravity may be considered as the same unvarying force, in 
relation both to the weights of bodies and to the velocities with 
which they fall. (See Art. 8.) 

243. It is not alone by the direct fall of bodies that the gravitation 
of the earth is manifested. The curvilinear motion of bodies pro- 
jected in directions different from the perpendicular, is a combination 
of the eflfects of the uniform velocity which has been given to the 
projectile by the impulse which it has received, and the accelerated 



• This last is nearly the distance of the moon from the earth ; and it is foond 
by calculation that the moon is actoally drawn towards the earth, away from 
the straight line in which she tends to move, by exactly this force. 
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or retarded Telocity which it receives* from the earth's attracUon. ' 
Suppose a body placed at any point P above the surface of the earth, 
and let PA be the direction of the earth's center. If the body 
were allowed to move without receiving any impulse, it would de- 
scend to the earth in the direction PA with an accelerated motion. 
But suppose that at the moment of its departure from P, it receives, 
an impulse in the direction PB, which would carry it to B in the 
time the body would fall from P to A, then, by the composition of 
motion, (Art. 41.) the body must at the end of that time, be found 
in the line BD, parallel to PA. If the motion in the direction of 
PA were uniform, the body P would in this case move in the straight 
line PD. But this is not the case. The velocity of the body in 
the direction PA is at first so small as to produce very little deflec- 
tion of its motion from the line PB. As the velocity, however, 




increases, this deflection increases, so that it moves from P to D in 
a curve, which is convex towards PB. The greater the velocity of 
the projectile m the direction PB, the greater sweep the curve will 
take. Thus it will successively take the forms PD, PE, PF, &c. 
and that velocity can be computed,* which (setting aside the resist- 
ance of the air) would cause the projectile to go completely round 
the earth, and return to the point P from which it departeds In 

* A cannon boll shot horizontally from the top of a lofty moon tain, would go 
three or four miles. If there were no atmosphere to resist its motion, the same 
original yelocity would carry it thirty or forty miles before it fell ; and if it could 
be despatched with about ten times die velocity of a cannon shot, the centrifugtU 
force would exactly balance the force of gravity, and the ball would go quite 
round the earth. (Amott, El. Phys. p. 91.) 
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this case the body P would continue to rerolve round the earth like 
the moon. 

244. Hence it is obvious, that the phenomenon of the revoIiitj<Hi 
of the moon round the earthi is nothing mOre than the combined 
effects of the earth's attractioui and the impulse which it receiFod 
when launched into space bjr the hand of its Creator,* And were 
any of the heavenly bodies to explode, we may conceive that the 
fragments would proceed in a rectilineal direction iintili approach- 
ing, severally, within the sphere of influence of some large body, 
whose attraction would combine with their projectile force, they 
would forever afterwards continue to revolve around that body, as 
the satellites revolve around. their primaries.f 

• 

245. But the attraction of gravitation is manifested by compara- 
tively small masses of matter. The effect of a high mountain is 
perceptible upon a plumb line, causing it to deviate sensibly from a 
perpendicular, so that the same star in the zenith would change its 
apparent place when viewed on opposite sides of the mountain. 
This was observed by two French astronomers, near Mount Cbim- 
borazo in South America, as early as tl)e year 1738 ; and the ex- 
periment was repeated in 1772 with all possible accuracy, by Dr. 
Maskelyne, astronomer royal of Great Britain, at the base of the 
mountain Schehallien, in the eastern part of Scotland.| Mr. Cav- 
endish, a distinguished English philosopher of the last century, ren- 
dered sensible even the attraction of a sphere of lead, by bringing 
it near a small bullet, suspended from one arm of an exceedingly 
delicate balance. The sphere when brought near the bullet dis** 
turbed its equilibrium.^ 

246. By gravity, bodies are directed towards the center of the 
earth. We are not to infer from this fact that there b any peculiar 
force, (like that of a large magnet for example,) residing at the ceiH 

ter, but merely that the efiect of the earth, taken as a whole, is the 

- • - 

* Lardner's Mechanics, p. 79. 

t This has actaally been supposed of the four new planets, Ceres, Pallas, Joao 
and Vesta. 
t Ed. Encyclopedia, III. 76. 
I lb. Vol. III. Lardner's Mech. 89. 
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same as though its matter were eoedeiised iolo- the eenter. The 
line of attraction passes through the center because such a line is the 
rendtant of the separate attractions of all the particles composing a 
sphere. Thus if AB he a line passing through 
the center of the sphere, and A he any hodyi 
and a and b two particles ot matter in the 
sphere equally distant from A, it is evident that 
their comfained aotioos would be expressed by 
the diagonal which would coincide in direction 
with AB. Tbe same is true of any other par- 
ticles taken equally distant £rom A in opposite 
bemiapberes. At different parts of the earth, 
therefore, the directions of filling bodies are 
not parallel, but ibrm converging lines* But 
on account of tbe great magnitude of the earth, two places 100 
feet distant will not vary one second, and when a mile asunder, they 
will not differ one rnimUe from perfect parallelism.* For all the 
purposes of machinery, therefore, as well as for experiment, the di- 
rection of the lines of gravity may be considered as parallel. 




S47. Since bodies in falling towards the earth are uniformly acceir 
erated, tbe velocity acquired must be proportioned to tbe time tbe 
body has been falling : at tbe end of ten seconds it has acquired ten 
times tbe velocity which it had at tbe end of one second. And in 
Art. 29, it has been shown that the spaces described are proportioned 
to the squares of the times ; so that tbe space described during 100 
seconds, is not merely 100 times as great as that described in one 
second, but it is the square of 100, or 10,000 times as great. This 
conclusion was arrived at mathematically, long before it was estab- 
lished by actual experiment. There were two difSculties which 
stood in the way of such a verification, viz. the little time occupied 
in descending through such perpendicular heights as the experimen- 
ter can command, and the resistance of the air, which, when the 
velocity becomes great, acts as a powerfully retarding force. We 
can rarely command a perpendicular eminence of more than four 
hundred feet, and yet the time occupied in the whole descent is only 
about five seconds, a period too short to enable us to mark distinctly 



* Gregory's Mech. 1, 193. 
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the respective rates at which the saccessive intanrals are desoribed« 
At wood's Machine (Fig. 182. p. 193.) afibrds the means of obFia- 
tiog both these difficulties, and verifying the laws of filling bodies 
with great accuracy. 



248. The object of the machioe, so far as respects experimeats 
on falling bodies, is to render the descent of bodies so gradual^ ibat 
the. relation between the times and epaces, can be accurately ob- 
served. By recurrence to the figure, and to the descriptions given i& 
Art. 223, we shall readily see how this object may be accomplished. 
The weights D and E each equal Si} ounces, and of course the 
quantity of matter in both is 63 ounces. Now, since one 6[ these 
rises as the other descends, the force of gravity retards the one as 
much as it accelerates the other, and they are in effect the satne as 
though they were entirely destitute of gravity. If a small weight, 
as one ounce, were let fall freely from the top of the machine, it 
would fall through so small a space almost in an instant, and we 
should be unable to mark the rate at which it would pass over the 
successive portions of the graduated scale F6 ; but if it be laid on 
the weight D, it must carry D along with it ; that is, it must make 
D descend and E ascend, and therefore the motion belonging to one 
ounce, will be distributed throughout 64 ounces, and its velocity will 
be retarded in the same ratio. Consequently, the weight D will de- 
scend only rV^'i P^i^ ^ f^^ ^ ^ ^^y falling ireely ; and as a body 
falling freely descends in one second about 16 feet or 192 inches, 
the weight D will descend V/ ^^ inches in one second. The com- 
parative progress of this weight, and of a body falling freely for sev- 
eral successive seconds, will be seen in the following table. 



Time, 


1 

16tV 
3 


2 

64^ 

12 


3 

144| 

27 


4 

257i 

48 


5 

402,', 

75 


6 

579 
108 


Body falling freely, in feet. 


Do. in Atwood's Machine, in inches. 



Hence it appears that in six seconds, while a body would fall freely 
through 579 feet, it would in the same time descend only nine feet 
in Atwood's Machine. But the latter is a uniformly accelerated 
velocity, and subject to the same laws as the former, and it may 
therefore be employed to investigate the laws of falling bodies. The 
results correspond remarkably with theory, so that when the instru- 
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moot is well oonstruoled, and maoaged skilfully, tbe descending 
weight cKcks upon tbe stage or brass plate K, at tbe very instant 
required. 

$t49. We see in nature the law of acceleration of falling bodies 
indicatedy by tbe impetuosity with which bodies fall from any con- 
siderable height upon thVeartfa. Meteoric stooeSi falling from the 
sky, sometimes bury themselves deep in the ground. Aeronauts 
that have fallen from balloons have been dashed in pieces.* It is, 
however, a rare occurrence- to see a body falling from any great height 
perpendicularly : most instances of accelerated motion which come 
under our observation are in bodies falling down inclined plants^ 
whOTO the same law of acceleration prevails. (Art. 158.) A frag* 
menC of rock descending from the side of a mountain, has its speed 
augmented as it goes, until its momentum becomes irresistible, and 
large trees are prostrated before it. 

250. A very remarkaUe example of tbe acceleration of bodies 
descending down inclined planes, occurs at the Slide of Alpnach in 
Switzerland. On Mount Pilatus, near Lake Luzerne, is a valuable 
growth of 6r trees, which on account of the inaccessible nature of 
tbe mountain, bad remained for ages undisturbed, until within a few 
years, a Grerman engineer contrived to construct a trough in the 
form of an inclined plane, by which these trees are made to descend 
by their own weight, through a space of eight or nine miles, from 
the side of tbe mountain to the margin of tbe lake. Although the 
average declivity is no more than about one foot in seventeen, and 
the route often circuitous and sometimes horizontal, yet so great is 



* Any liquid falling from a reservoir, forms a descending mass or stream, of 
which the balk diminishes ft'om above downwards, in the same proportion in 
which the velocity increases. This U-ath is well exemplified by the pouring ont 
of molasses or thick syrap : if the height of the fall be considerable, the balky 
mass which first escapes, is redaeed, before i^ reaches the bottom, to a small 
thread ; bat the thread is moving with proportionally greater speed, for it fills the 
Teeeiving vessel with great rapidity. The same trath is exhibited on a grand 
scale in the Falls of Niagara, where'the broad river is seen first bending over the 
precipice, a vast slow moving mass, then becoming a thinner and thinner sheet ; 
until it flashes into the deep below, almost with the velocity of lightning. (Ar- 
Dott's El. Phys. 79.) 

Vol. I.— N. p. 27 
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the acceleration, that a tree descends the whole distance in the ibort 
space of six minutes. To a spectator standing by the side of the 
trough, at first is beard, on the approach of the tree, a roaring noise, 
becoming louder and louder ; the tree comes in sight at the distance 
of half a mile, and in an instant afterwards shoots past with the noise 
of thunder and the rapidity of lightning. When a tree happens to 
^ bolt" from the trough, it cuts the standing^trees quite oC* (See 
pp. 145, 146. Prob. 5. and 6.) 

951. Composition and Resolution op MoTioN.-^iSEaii/>2e mo- 
tion is that which arises from the action of a tingle force ; Cbnipoiifuf 
motion is that which is produced by leverol forces acting in different 
directions. Strictly speaking, we have no example of a simple mo- 
tion, since in the absolute motion of all bodies, their own proper mo- 
tion is combined with that of the earth in its diurnal and annual rev- 
olutions, and we know not with how many others. (Art. S15.) Id 
an enlarged sense, therefore, all motions are compound. But in the 
foregoing distinctions we have reference only to relative motions, as 
those which take place among bodies on the earth. In accordance 
with the second law of motion, (Art. 231.) a force striking upon a 
body in motion, will produce the same change of motion as though 
the body bad been at rest when the force struck it. This may at 
first view appear inconsistent with experience, especially in regard 
to opposite motions. Let us, therefore, consider the principle in its 
application to several different cases. Conceive the ice of a frozen 
river to be first stationary, and afterwards to float down with the 
current. Standing on the bank 1 roll a ball directly across the river. 
Will it pass, in the same direction in both cases ? It will not ; for in 
the first case.it will pass across perpendicularly to the banks, and in 
the second case it will go across diagonally. But now let me stand 
upon the ice and roll the ball. Since I float along with the ice I 
am at rest with respect to that motion, and the ball, though moving 
diagonally as before, appears to me to go directly across the stream. f 
If the ball was rolled not directly across but obliquely, making any 
angle with the bank, if I stood upon the floating ice, and was there- 



♦ Playfair's Works, 1. 96. ' 

t In the same manner two persons sitting in a boat under sail, toss a ball from 
one to the other in the same manner as though they were at rest on land. 
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fore at rest with respect to one of the motions of the ball, I should 
see the other motion in the same manner as though I had stood on 
the shore and the ice had been at rest. But if when a ball is rolling 
towards me, and I strike it in a direction exactly opposite to its 
course, but do not stop it, can the blow be said to produce the same 
change of motion as though the body had been at rest when the 
blow was applied ? Ans. If I had been moWng in the same manner 
as the ball before the blow, then stopping a part of the motion of the 
ball, would have given it a relative motion in the opposite direction ; 
since having none of my own motion stopped, 1 should leave it be- 
hind* This is what takes place when a cannon ball is fired in a di- 
rection contrary to that in which the earth is revolving about the sun. 
The cannon moves onward and leaves the ball behind. (Art. 215.) 

. S52. The laws respecting the composition and resolution of mo- 
tion which are demonstrated in Chap. III. p. 33 •, admit of being satis- 
factorily confirmed by experiment. Let two small wheels M, N,be at- 
tached to a wall or board. Let a thread be passed over them, having 
weights A and B, hooked upon loops at its extremities. From any 
part P of the thread, let a weight C be suspended, in such a manner 
as to be in equilibrio with A and B. The weight C, therefore, is the 
resultant of the forces A and B ; and since its direction is that of 
gravity, it will be represented by a line drawn directly upwards from 
P. From P, on the line PO, take Pc having as many inches as 

Fig. 134. 
O 




there are ounces in C ; and from c draw ca parallel to NP and c6 
parallel to PM. If the sides Pa and P6 of the parallelogram thus 
formed be measured, it will be found that Pa will consist of as many 
inches as there are ounces in A, and P& of as many inches as there 
are ounces in B ; consequently, the lines Pc, Pa, and PA, have the 
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same ratio to each other as the forces or weights C, A| end B. Bat 
Pc is the diagooal, and Pa and P6 are the sides of a parallelograin* 
Hence the diagonal of a fNirallelogram represents a fovce equivalent 
to the two forces represented by the sides;^ 

This experiment is an illiistration of the composition of fcree$, 
rather than of the composition of motions ; but a simple experiaowDt 
will show that the same law holds good with respect to a bodj aetu- 
ally set in motion by two different forces. A ball is placed at ooe of 
the comers of a smooth table. To the same comer are attached two 
springs, respectively in the line of the two sides of the table, and 
capable of giving a simultaneous impulse to the ball. The springs 
moreover are so proportioned to each otheri that one will drive the 
ball across one side of the tablci in the same time that the other will 
drive the ball across the other side. Now on letting go both springs 
at once, the ball will pass, in the same time, across the diagonal of 
the table to the opposite coraer.f 

253. We daily observe examples strikingly illustrative of these 
laws. In crossing a river the boatipan heads up the stream, and so 
combines the direction of the boat with that of the current, as to 
move directly across in a line, which is the diagonal between the two. 
Rowing, swimming, and flying, are severally instances of motion in 
the diagonal between two forces. In feats of horsemanship, when 
the rider leaps up from his saddle, we are surprised not to see the 
horse pass from under him ; but he retains the motion he has in 
common with the horse, and does not in fact ascend perpendicularly, 
but obliquely, rising in one diagonal, and falling in another. In the 
common feats of jumping through a hoop, and alighting again on the 
saddle, an inexperienced rider would be likely to project his body 
forward in the same manner as he would do in leaping through the 
same hoop from the ground. In such a case, instead of alighting 
on the saddle, he would alight either before the horse or upon his 
head or neck. All that is requisite in order to execute this feat, is 
to leap directly upwards from the saddle to a sufficient height to qlear 
the lower part of the hoop with the feet. By the speed which the 
rider has in common with the horse, his body will, without any exei^ 

* Gardner's Meeh. p. 91. t Lik UsefUl JBjaowled^, Meckamcs, {K & 
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lion on bis part, pass through the hoop, mod he will alight again on 
iho saddki on the ether side, in his desoent.*^ 

664. The Mailing of a ikip aflbrds an instraetiTe illustration of 
the principles of the compositbn and resolution of motion. When 
a ship sails in the jame direcUon as the wind, she is said to be scud^ 
ding, or sailing before the vAnd, and if she had but one sail, it would 
aet with the greatest advantagei when perpendicular or nearly so to 

Pig. 135. 




the wind. When a ship advances against the wind, and endeavors 
to proceed in the nearest direction possible to the point of compass 
from which the wind blows, she is said to be cfoie haukd. A large 
ship will sail against the wind with her keel at an angle of six pdnts 
with the direction of the wind, and sloops and smaller vessels may 
sail much nearer. When a ship is neither sailing before the wind, 
nor is close hauled, she is said to be sailing large. In this case, her 



• lib. TJsefal Knowledge, Mech. p. 6. 
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sails are set in an obliqae position, between the direction of the 
wind, and that of the intended course ; as represented in the vari- 
ous plans of vessels in 6g. 135, where the direction of the wind is 
represented by the arrow, and the position of the yards and sails, 
which are necessary for proceeding on the various points of compass, 
are shown by the transverse lines on- each plan. The relation of 
the wind to the course of the vessel is determined by the number of 
points of the compass between the course she is steering, and the 
course she would be steering if close hauled. In fig. 135, the ships 
a and b are close hauled, and the ships c and d (the former steering 
east by north, and the latter westby north) have the wind one point 
large. The ships e and / , one steering east and the other west, have 
the wind two points large. In this case, the wind is at right angles 
with the keel, and is said to be upon the beam. The ships g and h 
steering southeast and southwest, have the wind six points large, or, 
as it is commonly termed, upon the quarter, and this is considered 
as a very favorable manner of sailing, because all the sails cooperate 
to increase the ^ship's velocity, whereas when the wind is directly aft, 
as in the vessel m, it is partly intercepted by the after sails, and pre- 
vented from striking with its full force on those which are forward.* 

255. To one who has never studied the doctrine of the composi- 
tion and resolution of forces, it is apt to appear mysterious that a ship 
is able to sail with a wind partly ahead, and still more that two ships 
are able to sail in exactly opposite directions by the same wind. It 
is proposed to explain these phenomena. Let AB (fig. 136.) repre- 
sent the keel of a ship, and CD the sail ; and let the wind come in from 
the side, in the direction of HD. Let DE represent the whole force 
of the wind, and resolve DE into two forces, viz. into EF perpendic- 
ular, and FD parallel to the sail DC. Then it is manifest EF alone 
represents the eflfective force of the wind upon the sail. But EF is 
not wholly employed in urging the ship forward, since it is oblique 
to her course ; therefore, again resolve EF into FG parallel with 
the course and GE at right angles with it. The latter foice is lost 
by the lateral resistance of the water, while FG is employed in pro- 
pelling the ship on her way. 



« BigeloW's Eltmeals of Technology, p, 8ia 



GlimUt OBSKBTATIONS ON MOTION. 



215 



By inspecting Fig. 136. it will readily be seen that another ship 
may sail in the opposite direction by the same wind. When the 
wind strikes the sail at right angles, or in the direction £F, then only 

Pig. 136. 





one resolution is necessary ; for if EF represents the whole force of 
the wind, FG will represent the force that propels the ship forward, 
while 6E will represent the part which is lost by the lateral resbt- 
ance of the water. 

Since, resolving the force of the wind after the foregoing manner, 
the effective part of the force, viz. FO, will not wholly disappear 
until the wind is directly ahead, it might seem possible to sail much 
nearer the wind than is found to be actually practicable. But, 
though, on account of the peculiar shape of vessels, the forward re^ 
sistance is much less than the lateral, yet it is aomethingj and there- 
fore requires more or less of the force that acts parallel with the 
keel to overcome it. 



256. The doctrine of the composition and resolution of motion, 
by reducing a great number bf complicated motions to one, or by 
enabling us to estimate the precise influence of forces that act oblique- 
ly, has greatly simplified inquiries in Mechanics, and proportionally 
advanced the science. It is only by such means that the complex 
motions of the heavenly bodies, and the equally diverse forces that 
control them, could ever have been understood. The subject has 
also an extensive and important application in estimating the powers 
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of maduoerjr. Since, for example, any ODe side of a triangle or 
polygon, is always less than the sum of all the remaining sideSi it 
follows that a mechanical efiect will always. be more economical] j 
produced by a single force acting in the proper directioni than by a 
number of forces acting in different directions. 

257. By Art. 55. it appears, that a body aeied tgpim at the taane 
time by three forcei, represented in quantity and direction by the 
three sides of a triangle taken in order, wUl renuUn at rest. A kite 
at rest in the air, is commonly mentioned as an example of this, the 
three forces being, the direction of the wind, the weight of the kite, 
and the action of the string. Let AB be a kite, held by the string 
AS. Let DF represent the force of the wind blowing horizontally, 
and resolve it into two forces, viz. DC perpendicular, and CF par- 
allel to the kite. Then DC will be the only effective part of the 
wind, since that part which acts parallel to the kite, can have no in- 



Fig. 137. 




fluence on its motions. Again, resolve CD into two forces, namely, 
C£ 'perpendicular, and DE parallel to the horizon. Then CE 
will represent the upward force of the wind, and DE its force in a 
horizontal direction. Now when the string AS makes sudb an angle 
with the kite that its downward force AG, added to the weight of 
the kite, shall equal CE, and its horizontal force H6, equal DE, 
the kite will be at rest. 

S58. When two motions which are not in the same straight line, 
are combined, one of which is uniform, and the other accelerated, 
the moving body describes a curve. (Art. 48.) If two accelera- 
ting forces act, in which the rate of acceleration is the same, the 
motion is rectilinear; but if the rate of acceleration is different, the 
motion is still curvilinear. 



217 



CHAPTER II. 



OP THE CENTER OP GRAVITY. 



359. The principles which have been discorered respecting the 
composition and resolution of forces, and respecting the center of 
gravity, have alike contributed greatly to simplify the doctrines of 
Mechanics. It is characteristic of a great and penetrating mind, to 
devise means of divesting intricate subjects of their complexity, and 
thus to bring easily within the grasp of the mind, subjects otherwise 
too moch involved to be within its comprehension. By the rule of 
simple multiplication, we easily multiply any number by one thoo- 
sand : indeed, it is nothing more than to annex three cyphers to the 
number itself; but how tedious would be this process, were the rule 
of multiplication undiscovered, and we were unacquainted with any 
other method of arriving at the result, except to add the given num- 
ber to itself one thousand times. In like manner by means of the 
rules for the composition of motion, we are enabled to reduce a thou- 
sand different motions to one ; and by the doctrine of the center of 
gravity, we are taught how we may make a force, situated at one 
nngle point, equivalent to an inOnite number of forces, situated in as 
many different points. And, instead of pursuing the endless diver- 
sities of motions to which the different parts of a complicated sys- 
tem of bodies may be subject, we are taught how to follow merely 
the motions of a single individual point. By the earth's attraction, 
all the particles which compose the mass of a body, are solicited by 
equal forces in parallel directions downwards. If these component 
particles were placed in mere juxtaposition, without any mechanical 
connexion, the force impressed on any one of them, could in nowise 
aflbct the others, and the mass would, in such a case, be contempla- 
ted as an aggregation of small particles of matter, each urged by an 
independent force. Then, according to Art. 60, the resultant con- 
stitutes another force parallel to the others* But the bodies which 
are the subjects of investigation in mechanical science, are not found 
in this state. Solid bodies are coherent masses, the particles of 
which are firmly bound together, so that any force which a^ts one, 

Vol. I.— N. p. 28 
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being modified according to circumstances, will be transmitted tbrough 
the wfaole bodj.* 

5160. As all bodies which are subjects of mechanical inquiry, on 
the surface of the earth, must be continually influenced by terres- 
trial gravity, it is desirable to obtain some easy and summary method 
of estimating the eflSscts of this force. To consider it, as is unavoida- 
ble in the first instance, the combined action of an infinite number 
of equal and parallel forces, soliciting, the elementary molecules 
downwards, would be attended with manifest inconvenience. An 
infinite number of forces, and an infinite subdivision of the mass, 
would form parts of every mechanical problem. To overcome this 
difficulty, and to obtain all the ease and simplicity which can be de- 
sired in elementary investigations, it is only necessary to determine 
some force, whose single efifect shall be equivalent to the combined 
•fi^t of the gravitation of all the molecules of the body.f 

Such a force is obtained by supposing all the action to be con- 
eentrated in the center of gravity. We have already defined it 
thus : the center of gravity of a body^ ii that point about which, {f 
iupportedf aU the parti of a body (acted upon only by the force rf 
gramiyf) would balance each other in any position.X (Art. 64.) 

5161. To find the center of gravity by experiment^ several dififerent 
methods present themselves. We will first suppose the body to 
be in the shape of a piece of board, of uniform thickness. Sus- 
pend it by one comer, and from the same comer let fall a plumb 
line, and mark its line of direction on the surface of the board. 
Suspend the board from any other point, and mark the line of direc- 



« Lardner's Elements of Mechanics, p. 107. t lb. p. 106. 

t Others define it to be " the point through which passes the resultant of all the 
particular forces exerted by the gravity of the several parts of the body, or system 
of bodies, in whatever position the body or system is placed.'' (Cambridge Mech. 
p. 45.) 

" The resultant of any number of parallel forces continues of the same intea* 
sit^, and passes throngli the same point, whatever be the direction of the forces | 
hence it is called the Center of Parallel Forces. When the body is moving for- 
ward in a straight line, under the action of forces other than gravity, it is called 
tbe cenUr if Inertia ; when the body is acted upon by gravity, it is called tha 
center of gravity." (Renwick on the Steam Engine, p. U.) 
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tion of the plurab line as before, and the point where these lines 
intersect each other, must obviously be the center of gravity, since 
that center is in both of the lines. (Art. 65.) 

But when the body is not of uniform thickness, but is any irreg- 
ular solid, suspend the body by a thread, and let a small bole be 
bored through it, in the exact direction ef the thread, so that if the 
thread were continued below the point where it is attached to the 
body, it would pass through this hole. The body being successively 
suspended by several difierent points in its surface, let as many 
small boles be bored through it in the same manner. If the body 
be then cut through, so as to discover the directions which the sev- 
eral holes have taken, they will all be found to cross each other at 
one point within the body. Or the same fact may be discovered 
thus : a thin whre which nearly fills the holes being passed through 
any one of them, it will be found to intercept the passage of a similar 
wire through any other.* 

A convenient method of finding the center of gravity of a body 
is, to balance it in different potitions acro$t a thin edge, as the edge 
of a knife or a prism. The same thing may be efiected, when the 
shape of the body will admit of it, by laying it on the edge of a table, 
and letting so much of it project over the edge, that the slightest 
disturbance will cause it to fall. The center of gravity is the point 
in which the several lines marked on the body, where the edge cots 
it, intersect one another. From some or all of the foregoing trials, 
the center of gravity of bodies may be nearly ascertained ; but in 
order to find it with absolute exactness, we are frequently obliged 
to resort to intricate fluxionary processes. 

Properties of the center of gravity. 

m 

S62. By whatever method the center of gravity of a body has 
been ascertained, we shall find that when that is supported, the body 
will remain at rest in every position. Thus a globe will stand se* 
curely on a very small perpendicular support, since that support 
will necessarily be under the center of gravity ; a lever, as the beam 
of a balance, poised on its center of gravity, will be at rest in every 
position it takes while turning round the fulcrum, and however irreg« 

• Lardner's Mech. p. 110. 
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okr th« body may be, it will, when balanced on its center of grtT- 
itji obstinately maintain its position. 

When a body is suspended by an inflexible rod from a center of 
motion, and revolves around it, it will be at rest only token the center 
ef gravity is either direcUy hdotOf or direetly above the center of\ 
tian. For it is only in these two cases, that the center of gravity 
be in the line which is drawn through the center of motion perpen- 
dicular to the horizon. The stationary point above the center of mo- 
tion is very unstablCf since the slightest disturbing force throws the 
body out of the line of direction, when, by the force of gravity, it 
immediately descends to the lowest point it can reach, and vibrates 
about that point until it finally setties itself with the center of grav- 
ity immediately under the point of suspension ; and whenever it k 
thrown out of this position, the same vibrations are renewed until it 
resumes it. When therefore the center of gravity is at the lowest 
point it is capable of reaching, the equilibnum is etablCf srace the 
body obstinately maintains that position. On this principle, gates 
which have their center of gravity raised as they are opened, shut 
spontaneously. 

963. The stability of a body not only requires that the center of 
gravity should be low, but that tht line of direction (or, the line 
which is drawn through the center of gravity perpendicular to the 
horizon) should fall within the base. (Art. 69.) The farther it 
falls from the extremity of the base, the more stable is the positioa. 
Hence the stability of a pyramid, when standing on its broad base, 
and its instability when inverted. For the same reason, all broad 
vessels, as steamboats, are difficult to upset, while vehicles with 
narrow bases are easily overturned. When a load is so situated as 
to raise the center of gravity, it increases the liability to upset, be- 
cause it increases the facility with which the line of direction is 
thrown without the base. Thus carts loaded with hay, or bales ^i 
cotton, are very liable to be overturned. The same is true of stages 
carrying passengers or baggage on the top. On the other hand, a 
large ship well supplied with ballast is capsized with great difficulty! 
since the center of gravity of all parts of the ship is so low, as to 
render it difficult to throw the line of direction without the base. 
Tet if the center of gravity is very low, a ship will rock excess- 
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iToIy in t nnigh sea, since the upper parts near the deck, move ov«r 
a greater space in proportion as their distance from the center of 

gravity is greats. 

« 

364* There are many remarkable structures which lean or incline 
a little ; but so long as the line of direction falls within the base, 
and the parts of the mass have sufficient tenacity among themselves 
to hold together, the structure will stand. The famous tonfer of 
Pisa, was built intentionally inclining to frighten and surprise : with 
a height of one hundred and thirty feet, it overhangs its base six- 
teen feet.* This circumstance greatly enhances the emotion of the 
spectator from its summit. Many ancient spires and other tall struc- 
tures, are found to have lost something of their perpendicularity. 

Rocking ttones are rocks which are sometimes found so exactly 
poised upon their center of gravity, that a very small force is suffi* 
cient to put them in motion .f The rocking of a balloon when it 
begins to ascend, affords an illustration of the tendency of bodies to 
vibrate around the center of gravity. 

SMS. The moiumt ofanimaU are regulated in conformity with the 
doctrines of the center of gravity. A body is seen tottering in pro- 
portion as it has great altitude and a narrow base ; but it is a peculi- 
arity in man to be able to support his figure with great firmness, on 
a very narrow base, and under constant changes of attitude. This 
fiiculty is acquired slowly, because of the difficulty. The great fa« 
cility with which the young of quadrupeds walk, is ascribed in part 
to their broad supporting base. Many of our most common motions 
and attitudes, depend for their ease and gracefulness, upon a proper 
adjustment of the center of gravity. The erect posture of a man 
carrying a load upon his head — leaning to one side when a heavy 
weight is carried in the opposite hand — ^leaning forward when a 
weight is on the back— or backward when the weight is in the arms ; 
these are severally examples in point. When a man rises from his 
chair, he brings one foot back, and leans the body forward, in order 
to bring the center of gravity over the base ; and without adjusting 

• Some travelers, however, are of opinion that the inclination of the tower of 
Pisa, is the effect of time. It is said that an ancient picture of the tower repre- 
senu it as erect. Arnott's El. Pbys. p. 181. 

t Amer. Joaraal of Science, Vol. 7. 
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it m this manner, it is hardly possible to rise. A man standing with 
bis heels close to a perpendicular wall, cannot bend forward suffi- 
ciently to pick up any object that lies on the ground near him^ 
without himself falling forward. 

The art of rope or wire dancingi depends in a great degree upon 
a skilful adjustment of the center of gravity. The rope dancer 
frequently carries in his hand a stick loaded with lead, which be so 
manages as to counterbalance the inclinations of his body which 
would throw the line of direction out of the base. Upon a similar 
principle the equestrian balances himself on one foot on a galloping 
horse. 

The vegeiahU creation is subject also to these general laws of 
nature. Trees by the weight and height of their tops would seem 
peculiarly liable to fall ; but their roots afibrd a corresponding breadth 
of base, while their perpendicular trunksi and the symmetrical dis- 
position of the branchesi conspire to increase their stability. 

5266. The position of the center of gravity of any number of sep- 
arate bodieSi is never altered by the mutufd action of those bodies on 
each other. If, for example, two bodies, by mutual attraction^ ap- 
proach each other, the center of gravity remains at rest, until finally 
the bodies meet in this point. If, by their mutual action, they con- 
tribpte to make each other revolve in orbits, it is around their com- 
mon center of gravity. Thus the earth and moon revolve around a 
common center of gravity : the same is true of the sun and all the 
bodies that compose the solar system. Were the centrifugal force 
to be suspended, and the bodies abandoned to the mutual action of 
each other, they would all meet in their common center of gravity. 
(Art. 81 .) This naturally results fix>m the principle that the mo- 
menta on opposite sides of the center of gravity are equal, and that 
bodies by their mutual action produce equal momenta in each other. 

SohUion of Problems hy mtam of the center of gravity. 

267. The doctrines of the center of gravity suggest the readiest 
method of solving a great number of practical problems. 

Suppose three persons were carrying a stick of timber, (A by 
himself supporting one end, and B and C by a handspike lifting 
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together towards the other end,) and it were required to determine at 
what distance from the end of the stick the handspike moat he placed 
in order that the three persons might bear equally. A stick of tim* 
her heing a hody of regular shape and uniform density, has its center 
of gravity coincident with the center of magnitude. We may there* 
fore proceed on the supposition that the entire weight is collected in 
the center. Now in order that B and C may together lift twice as 
much as A, they must be twice as near the center. But the distance 
of A from the center, is one half the length of the stick ; therefore 
the distance of the required point from the center is one fourth the 
length of the sticky and consequently it is one fourth the same length 
fiom the end of the stick. 

The result thus obtained from theory, may be easily submitted to 
the test of experiment. For if we take the weight of the stick of 
timber with a pair of steelyards, and then, resting one end on s<Hne 
support, attach a cord at the distance of one fourth of the length of 
the stick firom the other end, and thus connect the stick with the 
steelyards, we shall find the weight equal to two thirds of the whole.* 

888. The method of finding the areas of the turfaeei and the $oUd 
cantentt of bodies, particularly of such as are of unusual figure, may 
frequently be very much simplified, by applying the principles of the 
center of gravity. This is sometimes called the cei^robarye method. 
It was discovered by Pappus, an ancient mathematician of Alexan- 
dria, but was more completely discussed and illustrated by Guldinus, 
Professor of Mathematics at Rome, about the year 1640.t This 
remarkable property of the center of gravity is expressed in the fol- 
lowing propositions : 

, 1. If any line tohatsoever revolves about a fixed point , the sur- 
BACB which it generates is equal to the product of the given lin^ 
into the circumference described by its center of gravity, 

* This experiment may be repeated with prach precision in the followins man- 
ner. Take a Qanter^i scale, well made, and ascertain its weight by a delicate 
balance. Let one end rest on a sharp edge, as the edge of a prism, and attaching 
a string at the distance of one fourth the length of the scale from the other end, 
connect it with one of the arms of the balance : the weight will be exactly two 
thirds of the whole. 

t Hence these prcqwrtaes of the center of gravity are sometimes called ChUdi- 
•as* Pr0p9rtUs. 
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9. If a iurfaee ha9{ng myjigure whaitoeoer, revohti ahami mm 
axisf the solid generated it equal to the product of that eurfaee ini^ 
the eiramference deteribed by He center of gravity. 

S69. Thus, the straight line CD, (Fig. 137.) ravolving about the 
center C, describes a circle whose surface is equal to CD into the 
circumference of the circle described hj its center of gravity E. 
Thb is evident also from the consideration that, since E is the cen- 
ter of the line CD, the circumference described by it will be half 
the length of the circumference ADB ; and the area of a circle is 
equal to the product of the radius into half the circumference. 

Fig. 137. 
A 




B 

Agaiui the small circle, having its center coincident with the ex- 
tremity of the line D, and revolving round on the circumference of 
the circle described by CD, being every where perpendicular to the 
plane of the circle, would describe a solid figure like the ring of ao 
anchor ; and the line described by the center of gravity, that b, the 
circumference of the circle, multiplied into the area of the revolving 
figure, would give the solidity of the ring. In like manner, in a 
cone, the solidity is equal to the area of the generating triangle, 
multiplied into the circumference of the circle, formed by the revo- 
lution of the center of gravity of the triangle ; and the sur&ce if 
equal to the product of the perimeter of the same triangle, multi- 
plied by the circumference described by the center of gravity of the 
same perimeter.* 



• For demimstnuioiia aad iarther iUnstratioDS of thcte propoeiliions, sea Ap- 
pendix. 
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CHAPTER III. 



OF MACHINERY. 



270. The orgtns einplojrecl in cornmuaieating moCion, are tools^ 
machines, and engines. Toob are the simplest instruments of art ; 
these when complicated in their structure, become machines; and 
machines when they act with great power, take the name of enginet* 
Among the ancients, machines were confined chiefly to the purposes 
of architecture and war; and they were moved almost exclusively 
by the strength of animaU. Thus, in building one of the great 
Pyramids of Egypt, vast masses of stone were raised to a great 
height, amounting together to 10,400,000 tons. In this labor were 
employed 100,000 men for twenty years. The advantage which 
tnan has gained by pressing into his service the great powers of na* 
ture, instead of depending on his own feeble arm, is evinced by the 
fact, that by the aid of the steam engine, one man can now accom-> 
plisb as much labor as 27,000 Egyptians, working at the rate at 
which they built the Pyramids.* In war also, while the use of gun- 
powder was unknown, engines of great power were invented for 
throwing stones and javelins, and for demolishing fortifications. Such 
were the Catapulta, the Balista, and the Battering Ram, of the 
Romans. Yet it is remarkable, .that during many ages, while such 
powerful auxiliaries were employed in architecture and in war, the 
ancients should have made so little use as they did of machinery 
in the ordinary processes of the arts. The practice of grinding corn 
by hand, which was chiefly performed by women, was prevalent at 
Rome until the time of Augustus, when we find the first mention 
made of water mills.f 

271. The Mechanical Poivers, being the principal instruments of 
art, will first require our attention. They have already been consid* 
ered theoretically ;^'^e are now to consider them practically. It will 
be recollected that, when two forces act on one another by means 
of any machine, that which gives motion is called the power; that 

• DnpiD. t Ed, Eneyc, Art IMMnia. 

Vd. I.^N. P. 29 
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wbich receives molioo, the we^ht. (Art. 97.) The weigbt in- 
cludes not ooly the proper weight of the body or bodies moved, but 
also every kind of resistance opposed to the action of the power, 
whether it arises from the quantity of matter in the body moved, or 
from the inertia of the machine itself, or from the air, or from friction. 
It will be farther recollected, that an equilibrium is produced between 
two forces, when their momenta are equal. (Axt. 149.) Now, since 
momentum is compounded of quantity of matter and velocity, a 
given momentum may be produced, either by giving a great velocity 
to a small weight, or a small velocity to a great weight. The con- 
sideration of this subject will be resumed hereafter. 

THE LEVEB. 

272. The principle of the lever has a most extensive application 
in the arts, and the forms under wbich it occurs are very various* 
We may contemplate it as having equal or unequal arms. 

The balance affords the most common example of a lever with 
equal arms. The necessity of arriving at the weight of bodies with 
the greatest degree of accuracy in pecuniary transactions, and more 
especially in delicate scientiBc researches, as those of chemical analy- 
sis, has induced men of science, and artists, to bestow great and 
united attention upon the construction of this instrument, until they 
have brought it to an astonishing degree of perfection. 

273. The principal parts of the balance are the beam GH (Fig. 
138.) the points of suspension G and H, and the fulcrum F. In 
order to construct a perfect balance, the most important particulars 
to be attended to, are the length of the arms, that is, of the beam ; 
the situation of the center of gravity of the whole instrument, with 
respect to the fulcrum or center of motion ; and the position of the 
point of suspension. 

(1.) The sensibility of the balance is increased by increasing the 
hngths of the arms ; but unless the arras, when long, are at the same 
time of considerable weight, they will not have the requisite strength, 
but will be liable to bend ; and an increase of weight, adds to the 
amount of friction on the center of motion. It is not common, there- 
fere, to make the arms of a very delicate balance more than nine 
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inches id leogth ; tad, ibr the purpose of uniting lightness vitb 
itrengtb, the beam is composed of two hollow cones placed base to 
base, as in Fig. 138. 



(2.) The center of gravity of the instrument, must be %. little be- 
low the center of motion. For if the beam is balanced on its cen- 
ter of granty, it will remain at rest in every position, (Art. 64.) 
whereas it roust be at rest, only when in a honzootal position. If 
tbe center of gravity is above the center of motion, the position is 
too unstable, (Art. &62.) and on the least disturbance of tbe equi- 
lihriuro, the beam will be liable to upset. Finally, if the center of 
gravity is too far below the' center of rootioo, tbe equilibrium will be 
too stable. Hence, in very delicate balances, the center of motion 
u placed a little above the center of gravity. 

(3.) The pointt of tutpemion must be in the same light Una with 
tbe center of motion. For since when weights are 'added to tbe 
scales, the effect is the same as though they were concentrated in 
the points of suspension, (Art. 99.) were those points above the 
center of motion, the center of gravity would be liable to be shifted 
above tbe center of motion, when the beam would upset ; and if 
the same points were below the center of motion, unless the weights 
added were large, the center of gravity would he too low, and tho 
equilibrium too staUe. 
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S74. In order to pcevenl friction as much as possible, the Jularum 
if made of bardeoed steel , and shaped into a triaogular prism, or 
koUe edge, smoothly rounded, and turning on a plane of afate or 
steel, or some other very hard and polished substance. 

It is only by a nice attention to all these particulars, that artists 
hare been able to give to the balance so great a sensibility. Some 
bare been made to turn with the 1000th part of a grain.* By load* 
log the beam, the sensibility of the instrument is diminished ; it m 
customary, therefore, to estimate its power, by finding what part 
of the weight with which it is loaded it takes to turn it. Thus, if 
when loaded with 7000 grains, it will turn with one grain, its power 
is -y y'vt* ^ balance constructed by Ramsden, a celebrated English 
artist, for the Royal Society, turned with the ten miUionth part of 
the weight.f Delicate balances are usually covered with a glasi 
ease to prevent agitation from the air, and to secure them from in- 
jury. Figure 138, represents an instrument of this kind made for 
the Royal Institution of Great Britain.| 



275. The lent hver balance is represented in figure 139. The 
weight C acts as though it were concentrated in the point D, (Art* 




104.) and the weight in the scale acts at K ; hence an equilibrium 
will take place, when the article weighed has to C the same ratio 
as DB has to BK. Now every increase of weight added to the 



• Nicholson's Chemicat Diet.— £ater in Lardacr's Mtchanies. 
t Young's Lectures on Nat. Phil. 1. 195. 

t For a full aeeoant of the most accurate balances, see Kater on '*BalanesB 
and Pandnlums" in Lardner's Mechanics, p. 978. 
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scales causes C to rise oa the arc FG, and D to recede from B. 
Hence the different positions of C» according as different weights 
are added to the scale, may be easily deterpiinedi and the corres- 
ponding numbers marked on the scale FG. 

376. It is essential to an accurate balance, that the two arms 
should be precisely equal in length. The faUe balanee, which is 
sometimes used with a design to defraudi has its arms unequal. The 
dealer turns such an instrument to his account, both in buying and 
selling. In buying, he puts his weights on the longer side, (or then 
it takes more than an equivalent to balance them ; and, in selling, he 
puts bis weights on the shorter side, because less than an equivalent 
will produce an equilibrium. Tire fraud may be detected by making 
the weights and the merchandize change places. The true weight 
may be determined from such a balance by the rule given p. 99 ; 
or more conveniently, by putting the article whose weight is to be 
determined into one scale, and counterpoising it with sand, shot, or 
any convenient substance, in the other scale, and then, removing the 
article, and finding the exact weight of the counterpoise. It is evi* 
dent that the weight of the merchandize will be the same as thai of 
the weights employed to balance its counterpoise. 

877. The fteelyard is a lever having unequal arms, in which the 
same body is made to indicate different weights, by placing it at dif- 
ferent distances from the fulcrum. A pair of steelyards has usually 
two graduated sides for determining smaller or greater weights. It 
will be seen that on the greater side, the weight is placed nearer the 
fulcrum. Consequently, the weight indicated by the counterpoise, 
when at a given distance from the fulcrum, will be proportionally 
greater. This instrument is very convenient because it requires but 
one weight. The pressure on the fulcrum, excepting that of the 
apparatus itseir, is only that of the article weighed, whereas in the 
balance, the fulcrum sustains a double weight. But^the balance is 
susceptible of more sensibility than the steelyard, because the sub- 
divisions of its weights can be efiected with a greater degree of pre- 
cnion than the subdivision of the arms of a steelyard.* 

* Kftter. 
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278. The tpring itedyard is a very convenieat in- 
stniment for weighiog, in caaes where the subdiviiions 
of the weights are large- It depends on the elasticity of 
a spiral steel spring, to compress or extend which re- 
quires a force proportioned to the degree of compres- 
sioD or extension. The manner of applying it will be 
easily understood from the representation in fig. 140. 
After cbotinued use, especially when loaded with 
heary weights, the elasticity of the spring is liaUe to 
be impaired, and the accuracy of the instrument di- 
minished. When made, howetrer.in the best manner, 
ipring steelyards reuin their accuracy for a long time. 

279. In Fig. 141, is represented a vntical section of a latge 
Weighing Machine, such as is used for loads of hay, cotton, or 
other heavy merchandize. 

AB, a section of the platfonn, resting loosely on a frame, H, I. 

CN, DN, levers of the secmd kind, baving their fiilcfums at 
C, D, and resting on a bar at N. 

W, W, pins which press upward against the platibnn, wbeo the 
levers are raised. 

EF, a lever likewise of the second kind, hanog its fiilenim at E, 
and cmnected, by a perpendicular arm, with the beam of a pair of 
steelyards at G. 

Pig. 141. 



Four levers are usually employed, proceeding frcHO the four comeis 
of an immovable frame, or having their fulcnims firmly set in ma- 
•onry. The levers all rest on the common support at N. 
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Suppose a load of merchandize is placed on the platform to be 
weighed. By the steelyards, we ascertain that the weight exerted 
at G 18 100 pounds, which force is that exerted at F to raise the 
lever to EF. Supposing, for convenience of computation, that the 
levers have their longer ten times the length of their shorter arms, 
then 100 pounds at F balances a force of 1000 pounds at N. This 
force is still further multiplied by the four levers so as to become 
10,000 pounds, which b the weight of the load including that of 
the platform. If the platform rested on a single lever this would of 
course sustain a weight of 10,000 pounds ; but as the levers seve«* 
rally sustain the same part of the weight, each one bears only one 
fourth of the load, or 2,500 pounds. 

S280« When a weight is supported by a lever which rests on two 
props, the pressure upon both fulcrums is equal to the whole weight. 
This principle is sometimes applied in ascertaining the weight of a 
body too heavy for the steelyards. The body is suspended immo- 
vably near the center of a pole, and the steelyards are applied to 
each end of the pole separately, the other end meanwhile resting 
on its fulcrum. The two weights being added togethery make the 
entire weight of the body. If the body is suspended exactly in 
the center of the pole, it will be sufficient to obtain the weight of 
one end and double it. The weight of the lever should, in both 
cases, be subtracted from the entire weight. 

281. Since when a weight is sustained between two props, the 
part iustained by each prop is invertely as the distance of the weight 
from it^ it follows that a load borne on a pole, between two bearers, 
is distributed in this ratio. As the effort of the bearers, and the di- 
rection of the weight are always parallel, it makes no difference 
whether the pole is parallel to the horizon or inclined to it. Whether 
the bearers ascend or descend, or move on a level plane, the weight 
will be shared between them in the same constant ratio. (See Fig. 80.) 

282. Handspikes and crotobars are familiar examples of levers 
of the first kind. A hammer affi>rds an example of the bent lever; 
and shears, pliers, nutcrackers, and all similar instruments, are doubU 
levers ; that is, they consist of two levers united. A pair of shears. 
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with loo g handles, like those used hy tinners, exhibit very strikingly 
the increase of power gained by bringing the weight or substance 
acted on nearer to the fulcrum. The jaws of animals exhibit a 
aimilar property. An oar, applied to a boat rowed by band, a 
wbeel-terrow, and a door shut by the hand applied to the edge re- 
mole from the hinges severally, furnish instances of levers of the 
second kind, where the weight is between the fulcrum and the power. 
The crane is a lever of the second kind, which is much used 
when great weights are transported for a short distance, as heavy 
boxes of merchandize from the vessel to the wharf, or great masses 
o( stone from the quarry to a car or boat. An example of the crane, 
on a small scale, is seen in the apparatus of a kitchen fire-place. 

f 
283. When one raises a ladder from the ground by one of the 

lower rounds, the ladder becomes a lever of the third kind, the 
power being applied between the weight and the prop* Since in 
all the mechanical powers, the power and weight have equal mo- 
menta, and since, in the third kind of lever, the weight has more 
velocity than the power, the power is as much greater than the 
weight as the velocity with which it moves is less. The difficulty 
experienced in raising a ladder from the ground by taking bold oi 
the lowest round, or of shutting a door by applying the band to the 
side next to the hinges, shows the mechanical disadvantage under 
which a lever of this kind acts. Yet it is very useful in cases when 
it is required to give great velocity to the body moved. S^eep 
sheartj consist of two levers of this kind united. Here the whole 
force required is so small that to save it is of no consequence, while 
80 soft and flexibfe a substance as wool, requires the shears to be 
moved with considerable velocity. A pair of tongs is composed in 
the same manner ; and therefore it is only a small weight that we 
can lift with them, especially when the legs are long. 

5284. One of the most remarkable applications of the third kind of 
lever, is in the bones of animals. These are levers, the joints are 
the fulcrums, and the muscles are the powers. The muscles are en- 
dowed with a strong power of contraction, by which they are made 
to pull upon a tendon or cord, which is inserted in the bone near the 
fulcrum. Thus, the fore-arm moves on the joint near the elbow 
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fts a falcniiDi a little below whieh is inserted a tendon, eonnected 
with a muscle between the elbow and the sboulder whicb gives it 
motion. The arrangement may be well represented by attaching a 
small cord to one of the legs of a pair of tongs, near the joint. It will 
require a considerable force to lift the leg by pulling at the string, 
especially if the string be pulled in a direction nearly parallel with 
the leg, as it ought to be, since the tendon which lifts the fore-arm, 
acts in such a direction with respect to the arm. The muscles there- 
fore act in moving the bones under a double mechanical disadvantage, 
their force being applied both obliquely and very near the fulcrum* 
The force which the muscles exert in raising a weight held in the palm 
of the hand, is enormous, as will be comprehended from the following 
illustration. Let AB represent the fore-arm moving on the elbow- 

P Fig. 143. 

El 




AC B 

joint at A, and having the tendon inserted at C, which we will sup- 
pose to be one hundred times nearer to A than B is to A. Conse- 
quently, a weight of 1 lb. at B, would require a force at C, acting 
directly upwards of 100 lbs. But the force of the tendon does not 
act directly upwards in the direction of CD, but very obliquely, as 
in the direction of CE, of which the part EA only can contribute to 
support the weight. Suppose this part to equal T^^th of the whole 
force CE, and it follows that the muscular force exerted to raise a 
weight of 1 lb. in the palm of the hand, would, were it to act with- 
out any mechanical disadvantage, be sufficient to raise a weight of 
1000 lbs. Yet Dr. Young informs us, that a few years ago there 
was a person at Oxford, who could hold his arm extended for half a 
minute, with half a hundred weight hanging to his little 6nger.* 

285. But by giving to the muscle the position it has, the greatest 
possible compactness of structure is obtained, while, by making it aet 
so near the fulcrum, what is lost in foice, is gained in velocity; and 
while the power acts through a small space, the hands are moved 
quickly through a great dstance. In consequence of the dominion 
which man can gain over the stronger animals, and especially over 



* Young's Lectures on Nat. Phil. 1. 139. 

Vol. 1.— N. p. 80 
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the great powen of Nature, be bu little occasioa to exert grest 
tirength with bis naked hands : the celerity of their moveineiits, is 
to bim a far more importaDt endowment. 

WHEEL WOBK. 

286. When a lever is applied to raise a weight, or to orerconie a 
resistance, the space through which it acts at one time is small, and 
the work must be accomplished by a succession of short and inter- 
mitting eSbrls. The common lever is, therefore, used only in cases 
where weights are required to be raised through small spaces. When 
a continuous motion is produced, as in raising ore from the mine, or 
in weighing the anchor of a vessel, some contrivance must be adopted 
to remove (he intermitting ac^on of the lever, and render it cootinua]. 
The wheel mid axU, in iu various forms, fully answers this purpose. 
It may be considered as a revolving lever. 

S87. In numerous forms of the wheel and axle, the weight is ap- 
plied by a rope coiled upon the axle ; but the manner in wbicb the 
power is applied is very various, and not often by means of a rope. 
The circomference of a wheel sometimes cbrries projecting pins as 
.in Fig. 93, lo wbicb the hand is applied to turn the machine. An 
instance of this occurs in the wheel used in the steerage of a vessel. 
In the common toindlius the power is applied by means of a mneh, 
which corresponds to the radius of a wheel. (See Fig. 94.) The 
axis is sometimes placed in a vertical position, and turned by leven 
Pig. M3. 



moved horizontally. The copKoii of a ship (Fig. 143.) is an ex- 
ample of this. Levers answering to the radii of a wheel are inserted 
in holes mortised in the axis, and turned by several men working 
together. In some cases, as in the treadmill, the wheel is turned 
by the weight of animals walking on the circumference, with a mo- 
tion like that of ascending a steep hill. 
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5S8. The poorer of the wheel and axle being expressed by the 
number of times the diameter of the axis is contained in that of the 
wheel, there are obviously two ways by which this power may be 
increased ; either by increasing the diameter of the wheel, or by 
diminishing that of the axle. In cases where great power ia re- 
quired, each of these methods is attended with practical inconveni- 
ence and difficulty. If the diameter of the wheel is c<MAsiderably 
enlarged, the machine will become unwieldy, and the power will 
work through an unmanageable space. If on the other hand, the 
power of the machine is increased by reducing the thickness of the 
axis, the strength of the axis will beconiie insufficient for the support 
of that weight, the magnitude of which had rendered the increase of 
the power of the machine necessary. To combine the requisite 
strength with moderate dimensions and great mechanical power, is 
therefo^ impracticable, in the ordinary form of the wheel and axle. 
This has, however, been accomplished by giving different thicknessea 
to different parts of the axle, and carrying a rope, which is coiled on 
the thinner part, through a wheel attached to the weight, and coiling 
it in the opposite direction on the thicker part, as in Fig. 144. To 
investigate the proportion of the power to the weight in this case, let 
Fig. 145 represent a section of the apparatus at right angles to the 



Fig. 144. 
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axis. The weight is equally suspended by the two parts of the rope 
S and S^, and therefore each part is stretched by a force equal to 
half the weight. The momentum of the force which stretches the 
rope S, is half the weight multiplied by the radius of the thinner 
part of the axis. This force being on the same side of the center 
with the power, co-operates with it in supporting the force which 
stretches S^, and which acts on the other side of the center. Now 
the momenta of P and S togetheri must be equal to the momentum of 
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S' (An. 81.) ; and therefore^ if P be multiplied bjr tbt rtdiUs of the 
wheel, and added to hair the weight mahipUed by the radios of the 
thinaer part of the axis, we shall obtain a sum equal to half the 
weight, multiplied by the radius of the thicker part of the axis. 
Hence the power moltipliedby the radius of the wheel, is equal to 
half the weight multiplied by the difference of the radii of the thicker 
and thinner parts of the axis.* 

889. A wheel and axle coostructed in this manner, b equiyalent 
to an ordinary one, in which the wheel has the same radius, and 
whose axis has a radius equal to half the difference of the radii of 
the thicker and thinner parts.t The power of the machine is ex- 
pressed by the ratio which the radius of the wheel bean to half the 
difference of these radii ; and therefore this power, when the diam- 
eter of the wheel is giren, does not, as in the (wdioary wheel and 
axle, depend on the smallness of the axis, but on the snallness of 
the iifferenee of the thinner and thicker parts of it. The axle may, 
therafore, be construoied of sueh a thickness, as to gite it all the 

• requisite strength, and yet the difierence of the diametera of its dif- 
ferent p^rts may be so small as to pre h all the requisite power.]: 

We sea here strikingly exemplified the principle, that the weight 
sustained by a given power may be increased as its velocity is dimin- 
ished. By inspecting figure 145, it will be seen that the string con- 
nected with the thinner part of the axle nnunndsj while that connected 
with the thicker part winds up^ by which means the ascent of the 
weight may be rendered slow in any degree, and a proportionally 
greater quantity of matter may be added to balance the constant 
momentum of the power. 

890. It is sometimes desirable to make a variable power produce 
a constant force. This may be done by making its velocity increase 

♦ Let W« weight 
P =£ power. 

R a= radios of the wheel. 
fte do, of the thicker part. 
rfsn do. of the thinner part 
Then, PxR+lWXf' = lWXr,.-. 

PXR=iWXr— lWXW=*JW(r— rO. 

t PXR«4W(r^W>«WxK»-— '"O. 
t Lardner's El. Meeh. p. ISL 
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as its intensity diminishes. We have an example of thb in the 
cipnocal action between the main«spring and fusee of a watch. (Fig. 
146.) The mainspring b coiled up in the hex A^ and is connected 



Fig. 146. 




with the fusee B by a chain. When the watch is first wound up, 
the spring acts with its greatest intensity, but then as the wheel B 
tumsy it uncoils with the least velocity ; but on account of the vary- 
ing diameters of the wheels of the fusee, the velocity is continually 
increased as the intensity of the spring is diminished. In a similar 
manner a varying weight may be moved by a constant power. 

Communication of Motion by Wheel Work. 

S91* Motion may be transmitted by means of wheel work in sev- 
eral difierent methods, the principal of which are, the friction of the 
circumference of one wheel, upon that of another— the firiction of a 
band — and the action of teeth. 

One wheel is sometimes made to torn another, by the mere ftic- 
iion of the two circumferences. If the surfaces of both were per- 
fectly smooth, so that all friction was removed, it is obvious that 
either would slide over the surface of the other, without communi- 
cating motion to it. But, on the other hand, if there were any as- 
perities, however small, upon their surfaces, they would become mu- 
tually inserted among eaph other, and neither the wheel nor axle 
could move without causing the asperities on its edge to encounter 
those which project from the surface of the otlier ; and thus both 
wheel and axle would move at the same time. Hence if the surfaces 
of the wheel and axle are by any means made rough, and pressed to- 
gether with sufficient force, the motion of either will turn the other, 
provided the load or resistance be not greater than the force neces- 
sary to break off these small projections which produce friction. 

29S. In some cases where great power is not required, motion is 
communicated in this way through a train of wheel woik^ by ren- 
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dering the surfaces of the wheel and axle rough, either by faclog 
thefii with buff leather, or with wood cut across the grain. The 
commuoicatioti of motion between wheels and axles by friction has 
the adrantage of great smoothness and evenness, and of proceeding 
with little noise ; but this method can be used only in cases where 
the resistance is not very considerable, and therefore it b seldom 
adopted in works on a large scale. Dr. Gregory mentions an instance 
of a saw-mill at Southampton, where the wheels act upon each other, 
by the contact of the end grain of the wood. The machinery makes 
very little noise and wears well, having been used not less than 
twenty years.* 

293. Wheel work is extensively moved by theyWe^tofi of a band. 
When a round cord is used, any degree of friction may be produced, 
by letting the cord run in a sharp groove at the edge of the wheel. 
When a strap or flat band is used, its friction may be increased by 
increasing its width. The surface at the circumference of a wheel 

Pig. 147. 




which &rries a flat band, should not be exactly cylindrical, but a 
little convex, in which case if the band inclines to slip off at either 
side, it returns again by the tightening of its inner edge, as may be 
seen in a turner's lathe. When wheels are connected in the shortest 
manner by a band, they move in the same direction : if the band 
be crossed, they will move in opposite directions.f (Fig. 147.) 
Wheels are sometimes turned by chains instead of straps or bands, 
and are then called rag' wheels. The chains lay hold upon pins, or 

• Gregory's Mech, II. 537.— Lardner's EL Mech. 183. 
f Bigdow'8 Technology, p. 899. 
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enter into notches, in the cnrcDniference of the wheels, so as to cause 
them to turn nmuUaneously. They are used when it is necessary 
that the relocities should be uniform, and where great resistance 
is to be oTercome, as in locomotiTe steam engines, chtia water 
wheels, Aic* 

394. But the most common nnxle of moviog wheel work, is by 
means of teeth cut in the circumference of the wheels. The wheels 
of necessity turn id opposite directions. The couDexion of one 
toothed wheel with another is called gearing. In the formation of 
teeth, very minute attention must be given to their figure, in order 
that motion may be communicated from one wheel to another, with- 
out rubbing or jarring. If the teeth are ill matched as in figure 149, 
Fig. 14a Pig.W9. 




when the tooth A comes into contact with B, it acts obliquely upon 
it, and as it moves, the corner of B slides upon the plane surface of 
A in such a manner as to produce much friction, and to grind away 
the side of A, and the end of B. As they approach the position 
CD, they sustain a jolt the moment their surfaces come into full 
contact ; and ader passing the position CD, the same scraping and 
grinding efllect is produced in the opposite direction, until by the rev- 
olution of the wheels the teeth become disengaged. To avoid these 
evils, the surfaces of the teeth are frequently carved so as to roll on 
each other with as little friction, and with as uniform force and ve- 
locity as possible. (Fig. 149.) Much pains and skill have been be- 
stowed on this subject by mathematicians, with the view of ascertain- 
ing the kinds of curves which fulfil these purposes best.f 

* Bigelow's Tecbnology, p. 33(k 

t See BUks on ihe form of the t«eth of cog wboeli, Am. Jour. Science. TIIL 86. 
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Regulation of Vtlodty by Wheel Work. 

S95. Wheel work serres the purpose, aoc only or fennkig a coo- 
venieDt commonicatioa of moUon between tbe power and the weight, 
but also of regulating Us velocity. Thus, when the connection b 
formed bj means of a band, as in figure 147, the velocity of tbe 
wheel B, that carries the weight or sustains the pressure maj be 
altered at pleasure, by altering the ratio between the diameters of 
the two wheels. If the diameters are eqnal, the wheels will revolve 
with equal velocity; if A remains the same, while the diameter of 
B is increased or diminished, the velocity of B will be increased or 
diminished in the same ratio ; or if B remains the same, while the 
diameter of A is changed, the velocity of B will be changed in the 
same manner.* We see familiar examples of the application of 
this principle in the common spinning wheel, and tbe turner's latbe. 
In the spinning wheel, a band passes round a large wheel and a 
small one called a spool, having the spindle for its axis ; and in 
consequence of the great disparity in the size of the wheels, a great 
velocity is given to the spindle by a comparatively slow revolution 
of the wheel. In turners' apparatus, machinery for spinning cotton, 
and the like, a large hollow cylinder or drum^ is fixed horizontally, 
which is kept revolving by the moving power, and from which, mo- 
tion is conveyed by bands to lathes, spindles, &c., to which any re- 
quired velocity is given, by altering the diameter of the small wheel 
that is connected with them and turns them. Sometimes a change 
of velocity is effected by making the drum of a conical shape, and 
then the velocity imparted to the lathe or tbe spindle, will be greater 
or less, according as the band proceeds from the larger or smaller 
part of the drum. 

296. A more exact method of regulating the velocity of motion, 
is by means of wheels and pinions.^ An example of this kind is 

* This woald be accarately trae, in caae the band did not slip or slide ; bat since 
it nsaally does slide more or less, tbe velocity of the driven wheel is commonly a 
little less in proportion, than that of the wheel which drives it— Bigelow, EI. 
Tech. p. S29. 

f Pinions are smaller wheels acting on the circumferences of larger. The 
teeth of a pinion are called leaves. They are moet commonly raised on the axis 
of one wheel, and form the commnnication between that wheel and the next in 
the series. 
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leen hi Fig. 150, where A, B, C, are three wheela, and a, b, c, a 
the correspondiog piaioos. As the leaves of the pinions succes 
ivety pass between the teeth of the wheel, the divisions of the tv 
cucuraferenceg must correspond to each other, and the number 

Fig. 160. 



teeth in the wheel will he as nauch greater than in the pinion, as it 
circumference of the wheel is greater than that of the pinion. Ther 
fore it follows, that the number of leeth in a wheel, and of leaves 
the pinion that acts upon it, expresses the ratio of the ciroumferent 
or radius of the wheel (o that of the pinion. Hence, in bd equili' 
rium, the power multiplied by the product of the numbers exprea 
tng the amount of teeth in all the wheeh respectively, is equal to tt 
weight multiplied by the product of the several numbers denotir 
the leaves in each of the piuions. (Art. 117.) 

297. It is farther evident that the velocity of the wheel and that 
the pinion connected with its circumference, wilt he inversely as tl 
number of teeth in each. Thus in Fig. 160, if the pinion a has J 
teeth, and the wheel B has 100, a will move ten limes as fast as I 
For the same reason b will move ten times as fast as C ; so that, 
this arrangement, the power moves with 100 times the velocity 
the weight. By varying the ratio between the numlwr of teeih - 
the pinion, and the number of teeth in the wheel with which it 
connected, we may vary the velocity of any wheel at pleasure. 

298. A familiar instance of this is aSbrded in the mechanism i 
a common clock. A pendulum by falling gains a quantity of mi 
tion sufficient to carry it on tlie other side to the same height as tb 
from which it fell ; and were it not for the resistance of the air ar 

Vol. I.— N. p. 31 
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Fig. 151. 



the impediments, a penduhiro when once set in motion would con- 
tinue to vibrate by its own inertia, (Art. 19.) add would thus afford, 
without the aid of any machinery, an exact measure of time. But, 
in order to continue its vibrations, some small force must be applied 
to it to compensate for the loss of motion from friction and resistance. 
This force is applied to the pendulums of clocks by the toeightf and 
an analogous force is supplied' to the balance wheel of watches and 
chronometers by springs. In Fig. 151, let 
AB be a wheel having 30 teeth, and let N, M, 
be a pendulum, connected with the wheel by 
tlie pallets I, K ; and to the axis a„ let a weight 
be hung. It is evident that this weight, were 
there nothing to arrest it, would descend by 
the force of gravity with accelerated velocity* 
It endeavors thus to descend, and hence exerts 
the required force on the pallets of the pendu- 
lum. For, every time the pendulum performs 
a double vibration, (returning to the same 
point from which it set out) a tooth of the 
wheel escapes,* and the wheel runs down until 
the next tooth strikes upon the pallet, and thus 
gives it the impube which is necessary to keep 
up the vibrations. 




On 



9 



5299. It would seem therefore that, for beating seconds, only a 
single wheel is necessary^; nor would any more be absolutely indis- 
pensable ; but in this case the weight would descend so fast, as soon 
to reach the floor, and the clock would require to be wound up 
again every few minutes. Hence a series of wheels are interposed 
between the pendulum and the weight, by which the descent of the 
latter is retarded upon the principle explained in Art. 397, and the 
descent of the weight is slower in proportion as the series is more 
extensive. In cheap clocks, as some of those made with wooden 
wheels, the series is short, or the number of wheels employed for 
retarding the descent of the weight is small, and such clocks require 
frequent winding up ; but in clocks of finer workmanship, a greater 
number of wheels is interposed, and such clocks require to be wound 

« Hence this wheelis called the Mipeiiieftt. 
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up less frequently. Hmj go eig^t dsys, and soma in made to go 
a whole year without windiog. 

WBIEL OABBIAOBS. 

300. When a loaded earnage is moving on a horizontal plane, 
free of obstacle^ the resisunce to be overcome does not consist of 
the weight of the load, directly, but of the fric^on occasioned by 
the weight. For, since the weight acts in a direction perpendicular 
to the plane, it cannot oppose the motion of the carri^e in a direc- 
tion parallel to the plane. Nor would increasing the weight, to any 
extent, make any difference, were it not that we should thus increase 
the friction, which (as will be explained more fully hereafter) is pro- 
ponioned to the weight. 

When a carriage wheel is made to ilide on the ground, (as when 
a wheel is lacked,) the whole amount of the friction is encountered 
without bringing in to our ud any mechanical advantage ; but when 
a wheel turns on its axle, the friction is transferred from the ground 
to the axle, and each spoke of the wheel successively becomes a 
lever, turning on the ground as a fulcrum, while the power, or force 
of the team, is exerted on the end next to the axis. By thus trans- 
ferring the friction from the ground to the axle, each spoke, in ita 
turn, is made to aid in overcoming that fricdon. Thus, in Fig. 152, 

Fig. liO. 



let C be the axis, CP the line of draught, and R the point where 
the wheel touches the piano. The force applied in the directiod 
CP, acts on CR at C, and turns it on its fulcrum at R. This ia 
the force by which the wheel is made to advance. But the friction 
on the axle at C, re-acts in the opposite direction, having a leverage 
equal only to the radius of the axle, while the power wbioh over- 
eomes tbisj has a leverage equal to the radhis of the wheel. Henca, 
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in the wheelp there is a mecbaDical advantage gained in overcoming 
the friction, in the ratio of the radius of the wheel to the radius of 
the axle. Moreover, the axle may be made of such materials, and 
lubricated with such substances, as to render the actual amount of 
friction much less than it would be were the wheel made to slide oo 
the ground. 

But wheels have another important^advantage, namely, in over- 
coming ohtiades ; in which case they act on the principle of the 
bent lever. 

Thus let A be an obstacle, as a stone for example. From A let 
fall the perpendiculars AN, AM, upon CR, CP, and conceive MAN 
to be a bent lever, turning on A as a fulcrum, the power being ap- 
plied at M in the direction CP, and the weight resting on N (which 
supports the center of gravity). Now, the mechanical advantage 
gained, will be in the ratio of MA to NA. It will therefore be 
increased (and of course the force necessary to overcome the obsta- 
cle be diminished) as the point A is nearer to R ; and the mechan- 
ical advantage will be lessened as the point A recedes from R. 
When the obstacle is so large as to make AM only equal AN, then 
no mechanical advantage is gained, but the whole weight of the load 
must be lifted by the former ; and when AM becomes less than AN, 
the wheel involves a mechanical disadvantage, and the difficulty of 
carrying the wheel over the obstacle becomes very great. It is 
farther obvious that large wkeeb have the mechanical advantage, 
both as regards overcoming the friction, and overcoming obstacles, 
in a higher degree than small wheels, since these afford a greater 
leverage than the others on account of the increased length of the 
spokes. But in practice very large wheels cannot be employed, 
since they would be either weak or too heavy, and the increased 
height of the axle would carry thej^enter of gravity too high, and 
enhance the danger of upsetting. The difficulty of turning might 
also render unusually large wheels ineligible ; and the axle might 
be raised so high, as to make the horse draw obliquely downwards 
and increase the pressure on the ground, whereas the line of draught 
ought to be so adjusted as to lighten that pressure, especially where 
the road is soft and yielding* 

When a wheel sinks below the surface, the force is rendered 
strikingly inefficacious from several causes. The fulcrum on which 
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each spoke successively turns gives way, and diminishes greatly the 
mechanical advantage otherwise gained by transferring the friction 
from the ground to the axle, as before explained. Likewise, the 
mud or sand into which the wheel has sunkj opposes in front of the 
wheel an obstacle like that represented at A in Fig. 152, while the 
fulcrum on which the bent lever turns in the effort to lift the wheel 
over the obstacle gives way as in the other case, and a great part of 
the mechanical advantage is lost. From these considerations, it is 
easy to understand the reason of the superior advantages of hard 
and smooth roads. 

. SOL The line of dranghi should not be horizontal but inclined 
upwards towards the breast of the horse, in an angle not less than 
15 degrees with the horizon. This brings the strain nearly at right 
angles with the collar, whereas a horizontal draught lifts the collar 
upwards, by which the force is wasted and the animal is choked.* 
The angle of draught, however, should be less than the above when 
the road is very smooth. The general rule is, that the angle should 
be the same as the inclination of a hill, down which the carriage 
would roll spontaneously. Consequently, in smooth Macadamized 
roads, the line of draught should be small, and on railways, nearly 
horizontal.! 

302. The efl^t of suspending a carriage on springs, is to equal- 
ize the motion by causing every change to be more gradually com- 
municated to it, and to obviate shocks. Springs are not only usefiil 
for the convenience of passengers, but they also diminish the labor 
of draught ; for whenever a wheel strikes a stone, it rises against the 
pressure of the spring, in many cases without materially disturbing 
the load, whereas without the spring, the load, or a part of it, must 
rise with every jolt of the wheel, and will resist the change of place 
with a degree of inertia proportionate to the weight, and the sudden- 
ness of the percussion. Hence springs are highly useful in baggage 
wagons and other vehicles used for heavy transportation 4 

A pair of horses draw more advantageously abreast than when one 
is harnessed before the other. In the latter case, the forward horse, 

• Fuller on Wheel Carriages. 

t Moseley's Mechanics applied to the Arts. 

t Bigelow, El. Tech. p. 90O. 
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being attacbod to the ends of the sbafb, draws in a line neariy hori- 
zontal ; consequently be does not act with his whole fcace apcKi tbe 
load, and moreover expends a part of big force in a rertical piessore 
<H) the back of the other horse. 



THE PULLKT. 

803. Pulleys aredirided into fixed and kotabu. In tbe,^c«I 
pulley, as has been denunstrated in Art. 120, no mechanical adran- 
tage is gained, but its use consists in furnishing a convenient nods 
of changing the direction of tbe power. Thus, it b far more con- 
venient to raise a bucket from a well by drawing downwards, aa is 
tbe case when tbe rope passes over a fixed pulley above tbe bead, 
than by drawing upwards leaning over the well. By means of tbe 
pulley, great facilities are afforded for Rumaging the rigging of a 
ship. The sails at mast head can be easily rabed while the baods 
itand upon the deck, whereas, without the aid of ropes and palleysj 

Fig. 153. 



the same force removed to mast head would operate under very 
great disadvantages. Similar facilities are aflbrded by this kind of 
apparatus for raising heavy weights, as boxes of merchandise, or 
heavy blocksof Stone in building. Fig. 153, represents a convenient 
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method of elevating large masses of stone in building a high tower, 
as a lighthouse or mpnument. The crane at B enables the work« 
men, when the weight is raised, to swing it round to the point where 
it is to lie, or to a platform near to it. The lower end of the rope 
CD, is connected with a wheel and axle in the figure, but it is ob- 
vious that different methods of applying the power might be adopted, 
to suit the convenience of the workmen. For example, instead of 
the wheel and axle we might attach a horse or a yoke of oxen to the 
rope CD ; or we might attach a long sweep to the top of the axis, 
and jpin a team of horses or cattle to the end of it, and raise the 
weight by driving them round, as in a common cider mill. 

304. Fire escapee sometimes consist merely of a pulley fixed near 
the window of the apartment, around which a rope may be easily 
placed, having a basket attached to the end. The man seats him- 
self in the basket, grasping, at the same moment, the rope on the 
other side of the pulley, and thus he lets himself gradually down* 

305. The movable pulley, by distributing the weight into separate 
parts, so that it is supported at several different points at once, is 
attended by a mechanical advantage, proportioned to the number of 
such points of support. Movable pulleys may be arranged accord- 
ing to several different systems, which increase the efficacy of a 
given power in different ratios.* It will be observed, however, that 
the ascent of the weight is in all cases retarded in proportion as the 
efficacy of a given power is increased. It must be further observed 
that in using any system of movable pulleys, the whole weight of 
the pulleys themselves, together with the resistance occasioned by 
the rigidity and friction of the rope, all act against the power, and so 
far lessen the weight which it is capable of raising. In the more 
complex systems of pulleys, it is estimated that at least two thirds 
of the power is expended on the machinery itself. On account 
therefore of the slowness of the motion which the weight receives, 
and the loss of power from the resistance of the ropes and blocks, 
such systems of pulleys are seldom employed. It is only in' raising 
vast weights, such as large ships, or great masses of stone from a 

« See Part I, Arts. 12S)— IS5. 
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quarfyi that they are ever used. For managiag the rigging of « 
ship, the combination usually employed consistB of not more than 
tyro or three movable pulleys. From its portable ferm, however^ 
its cheapness, and the facility with which it can be applied, espe* 
cially in changing or modifying the direction of motion, the pulley is 
one of the most convenient and useful of the mechanical powers. 

Tuis INCUKKD PLANE. 

306. The inclined plane becomes a mechanical power ia ooose* 
quence of its supporting a part of the weight, and of course leaving 
only a part to be supported by the power. Thus the power has to 
encounter only a portion of the force of gravity at a time,— a por- 
tion which is greater or less, According as the plane is more or less 
elevated. When a plane is perfectly horizontal, it sustains the ei>- 
tire pressure of a body that rests on it ; that is, the pressure on the 
plane is equal to the whole force of gravity acting on the body. As 
one end of the plane is elevated, this force is resolved into two, one 
of which is parallel and the other perpendicular to the plane. In 
proportion as the plane is more elevated, the part of the force 
which acts parallel with the plane is increased, until, when the 
plane becomes perpendicular to the horizon, it no longer sustains 
any portion of the weight, and the latter descends with the whole 
force of gravity. 

307. The simplest example we have of the applicadon of the 
Inclined Plane, is that of a plank raised at the binder end of a cart 
for the purpose of rolling in heavy articles, as barrels or hogsheads. 
The force required to roll the body on the plank, setting aside fric- 
tion, is as much less than that required to lift it perpendicularly, as 
the height of the plane above the ground is less than its length. 
Every one knows how much the facility of moving heavy loads is 
increased by such means, and how the ibrce required to move them 
is diminished, by increasing the length of the plane while the height 
remains the same. Long inclined planes, constructed of plank, are 
frequently employed in building, especially where high walls are 
built of large masses of stone, the materials being trundled upon the 
plane on wheel barrows, or transported on heavy rollers. It is even 
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supposed, that in boildrng the Pyramids of Egypt, the huge masses 
of stone were elevated on an inclioed plane. Road$ also, except 
when they are perfectly level, afford examples x>f this mechanical 
power. When a horse is drawing a heavy load on a perfectly hori- 
zontal plane, what is it that occasions such an expenditure of force? 
It is not the weight of the load, except so far as that increases the 
friction ; for gravity, acting in a direction perpendicular to the hori- 
zon, can oppose no resistance in the direction in which the load is 
moving. The answer is, that the force of the horse is expended 
chiefly in overcoming friction, and the resistance of the air. But 
when a horse is drawing a load up a hill, he has not only these im- 
pediments to encounter, but has also to overcome more or less of 
the force of gravity ; that is, he lifts such a part of the load as bears 
to the whole load the same ratio, that the perpendicular heiglit of the 
hill bears to its length. If the rise is one foot in twenty, he lifts one 
twentieth of the load, and therefore encounters so much resistance 
in addition to those which he had to overcome on the horizontal 
plane. If the ascent were one foot in four, and the load were a ton, 
the additional force required above what would be necessary on level 
ground, would be 560 pounds. 

308. -Railways afford another striking exemplification of the prin- 
ciples of the Inclined Plane. By means of them the irregular surface 
of a country, however hilly and uneven, is reduced to horizontal lev- 
els and inclined planes. These are sometimes inclined at so slight 
an angle, that the tendency of the cars down the plane, is only just 
sufficient to balance their friction, and they would remain at rest 
of themselves in any part of the plane, while a small force would 
move them either way. In other places the Inclined Planes are very 
steep for a short distance; and the cars ascending them are some- 
times drawn up by means of a power (a steam engine, for example,) 
stationed on the summit, and sometimes cars descending on one side 
are made to draw up others on the other side, the two being con- 
nected by a chain or rope which passes round a pulley on the sum- 
mit. It is said that on a well constructed horizontal railway, a single 
horse will draw a load weighing ten tons.* 



* Strickland's Reports. 

Vol. I.— N. P. 3^ 
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a09. The locltDed Phne has been very advantageously substito- 
ted fi>r Locks on Canals. The method, in general, is to construct 
around the falls a railway in the form of an inclined plane ; and 
then the boat being floated into a large cistern of water, the whole 
is placed on the incline^ plane, (the lower end of the cistern being 
supported so as to keep the surface of the water level,) and is rcdied 
up or down the plane, either by makin/jr descending draw up ascend* 
ing loads, or by drawing up the ascending cistern with its boat by 
means of machinery. In the latter case, the water-fall itself acting 
on a wheel, may be made to afford the requisite power.* 

THfi SCREW. 

310. When a road, instead of ascending a hill directly, winds 
round it to the summit, so as to lengthen the inclined plane, and thus 
aid the moving force, the Inclined Plane becomes a Screw. In the 
same manner a pair of stairs, winding around the sides of a cylin- 
drical tower, either within or without, affords an instance of an in- 
clined plane so modified as to become a screw. These examples 
show the strong analogy which subsists between these two mechan- 
ical powers ; or rather, they show that the screw b a mere modifi- 
cation of the Inclined Plane. 

311. The Screw is generally employed when severe pressure is 
to be exerted through small spaces, and is therefore the agent in 
most presses. Being subject to great loss from friction, (upon which 
however its chief utility depends, as will be shown hereafter,) it usu- 
ally exerts but a small power of itself, but derives its principal effi- 
cacy from the lever, or from wheel work, with which it is very easily 
combined. Thus, in Fig. 154, were the power applied directly to 
the screw, the mechanical advantage gained would hardly more than 
compensate for the loss by friction ; but by means of the lever, (which 
may be lengthened or shortened at pleasure,) the power is greatly 
increased. Also, by means of the endless screw^ Fig. 99, combined 
with the wheel and axle, a very powerful force may be exerted ; and 
as the mechanical power -of the screw depends upon the relative 



« See " Report on Renwick's iDclined Plane," Journal of the Franllin Hsii- 
tuUt Vol. IL 
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magnitude of the circumfereDce through which the power reVolveSi 
and the distance between the threads, (Art. 139.) it is evident that, 
to increase the efficacy of the machine, we must either increase the 
length of the lever by which the power acts, or diminish the distance 
between the threads. Although, in theory, there is no limit to the 
increase of the mechanical efficacy by these means, yet practical in- 
convenience arises frokn the great space over which a very long lever 
travenes. If, on the other hand, the power of the machine be 
increased by diminishing the distance between the threads,, and of 
course their size, the thread will become too slender to bear a great 
resistance. The cases in which it i^ necessary to increase the power 
of the machine, being those in which the greatest resistances are to 
be overcome, the object will evidently be defeated, if the means 
chosen to increase that power, deprives the machine of the strength 
which is necessary to sustain the force to which it is to be submitted.* 



312. These inconveniences are remedied by Hunter* $ Screvf, 
which, while it gives to the machine all the requisite strength and 
compactness, allows it to have an almost unlimited degree of me- 
chanical efficacy. This contrivance, which is represented in figure 
154, acts upon a principle similar to that of the wheel and axle, as 

Fig. 154. 




represented in figure 144, where the efficacy of the power is in- 
creased by diminishing the velocity of the weight, which is accom- 
plished by making the rope unwind on one side while it winds up, 
with somewhat greater speed, on the other side. In the case before 
us, the screw is likewise composed of a smaller and a larger thread, 

* Lstdaer'8 El. Meeb. p. S90. 
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tion. All cutting add piercing instruments, such as knives, razors, 
scissors, chisels, nails, pins, needles, awls, kc. are wedges. The 
angle of the wedge in these cases, is more or less acute, according 
to the purpose to which it is applied. In determining this, two 
things are to be considered — the mechanical power, which is increas- 
ed by diminishing the angle of the wedge, (Art. 146.) ; and the 
strength of the tool, which is always diminished by the same cause. 
There is, therefore, a practical limit io the increase of the power, 
and that degree of sharpness only is to be given to the tool, which 
is consistent with the strength requisite for the purpose to which it 
is to be applied. In tools intended for cutting wood, the angle is 
generally about 30^ ; for iron it is from 50^ to 60^ ; and for brass, 
from 80^ to 90^. Tools which act by pressure may be made more 
acute than those which are driven by a blow ; and, in general, the 
softer and more yielding the substance to be divided is, and the less 
the power required to act upon it, the more acute the wedge may be 
constructed.* 

316. In many cases, the utility of the wedge depends on that 
which is entirely omitted in the theory, viz. the friction which arises 
between its surface and the substance which it divides. This is the 
case when pins, bolts, or nails, are used for binding the parts of 
structures together ; in which case were it not for the friction, thej 
would recoil from their places, and fail to produce the desired effect. 
Even when the wedge is used as a mechanical engine, the presence 
of finction is absolutely indispensable to its practical utility. The 
power generally acts by successive blows, and is therefore subject 
to constant intermission, and but for the friction, the wedge would 
reoc»l between the intervals of the blows with as much force as it had 
been driven forward, and the object of the labor would be contin- 
ually frustrated. 

OENERAL REMAKKS ON MACHINERY. 

317. Archimedes is said to have boasted to King Hiero, tbaf if 
he would give him a place to fix his machine, (a nov (rrG») he would 

• LardDer. 
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move the world/' Yet there can be no machine by the aid of which 
Archimedes could move the world, in any other way, than by mov- 
ing, himself, over as much more space than that over which he 
moved the earth, as his weight was less than that of the whole earth. 
If Archimedes bad received the place he desired, and had also em- 
ployed what was equally desirable, a machine which operated free 
of all resistance, he must have moved with the velocity of a can* 
non ball, to have shifted the earth only the 27 millionth part of an 
inch in a million of years.* 

318. Machines are divided into two classes, those intended sim- 
ply to sustain a weight, tind those intended to move it. In machines 
of the first class, estimating the effect by the weight sustained, it is 
evident that the efficacy of the power is increased. By means of 
a lever, for example, a man may sustain a weight ten times as great 
as he could by his unaided strength. We may perceive, however, 
on closer examination, that he does not in fact bear the whole 
weight, but only one tenth part of it. Let it be a lever of the 
second kind, where the weight is ten times nearer the fulcrum than 
the end is to which the power is applied. Now, the hand that sup- 
ports this end performs the same office as the second fulcrum in a 
lever of the fi.rst kind ; and since (Art. 102.) the pressure on each 
fulcrum is inversely as its distance from the weight, therefore, in the 
present case, nine parts out of the ten are borne by the prop, and 
only one by the power. If (says Camot,) Archimedes had obtained 
his " fixed point," it would not, in reality, have been Archimedes, 
but the fixed point that would have sustained the earth. 

In machines of the second class, the effect is not estimated sim- 
ply by the weight moved, but it requires to be taken into the ac- 
count the time occupied in moving it a certain distance, that is, the 
velocity. Hence, the effect of moving powers is estimated by the 
product of the weight moved multiplied by the velocity, or it is 
measured by the momentum produced. Moreover, in the former 
case, all resistance from friction, the rigidity of ropes, and so on, 
conspire with the power in sustaining the weight ; but in machines 
of the second class, all such resistances oppose the action of the 

* Ed. Encyc. XII. 578. 
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power, and require a greater power lor a gtren weight, than would 
be necessary, if the power were applied directly to the weight.* 

319. Hence it will be inferred, that do mofnen/nm, or effectiTS 
ibrce, is gained by any of the mechanical powers, or by any ma- 
chine. If a man, with his naked hands, can lift to a given height, 
as one foot, only 150 pounds in one second, it is impossible for him 
to perform any more labor than this by any mechanical contrivances.f 
On the contrary, when the structure of the machine is complicated, 
there is a loss of force, by employing the machine instead of the 
naked hands, proportioned to the resistance of the parts of the ma- 
chine itself*. It is to be remarked, however, that this doctrine pro- 
ceeds on the supposition that the useful effect produced is estimated 
from the joint product of the force, velocity^ and time. Thus, F X 
TxV=iFx2TxV=2FxiTxV=xFxJTx2V,&c4 Aeon- 
▼enient method of estimating different forces is to draw a heavy 
weight out of a well, by a rope passing horizontally over a fixed 
pulley, near the top of the well. Suppose that a man can draw up 
a irock weighing 100 pounds, through the space of 50 feet in one 
minute. He would, of course, be able to draw up ten such masses 
in ten minutes, weighing in ail 1000 pounds. Now by passing the 
rope over five pulleys, (allowing nothing for the fi'iction of the pul- 
lejrs,) he might with the same force lift the whole 1000 pounds al 
once ; but it would rise ten times as slowly as the 100 pounds did 
before, and consequently would be ten minutes in reaching the top. 
Therefore, in a given time, it appears that the man would raise the 
same weight through a given space, with or without the aid of ma- 
chinery. In the former case, the 100 pounds might have been 
raised during the ten minutes through the space of 500 instead of 
60 feet; but 100x500x10^1000x50x10: so that the labor 
performed would have been the same in both cases. Let us sup- 
pose that P is a power amounting to an ounce, and that W is a 
weight amounting to 50 ounces, and that P elevates W by means of 
a machine. In virtue of the property already stated, it follows, 
that while P moves through 50 feet, W will be moved through 1 

* Venturoli's Mechanics, p. 164. 
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ibot ; but in moriog P through 50 feet, fifty distinct ^ort$ are 
ina4e, by each of which, if applied directlyi 1 ounce would be 
moved through 1 foot.* 

390. Whai theUf it may be asked, are the advantages gained by. 
Machinery 7 The advantages still are very great, for the following 
reasons. 

(1.) By the aid of machinery we can frequently offly our force 
to much better purpose. Thus in lifting a weight out of a well, or 
in raising ore out of a mine, it is obvious with how much more effect 
a man can work at the arm of a windlass, than he could draw direct* 
ly upon the rope by stooping over the well* So in raising a rock 
from its bed by mesns of a handspike or crowbar, we can easily see 
how much more effectually we can bring our force to bear upon it 
than we could do with our naked hands. 

(2.) By the aid of machinery, a man may be able to perform 
works to which his naked strength would be wholly incompetent. 
Thus, as in the preceding example, one might be able to lift a rock 
from its bed with a handspike, upon which he could make no im-* 
pressk>n with his naked hands : or, by means of pulleys, he might 
raise a box of merchandise from the hold of a ship, which he could 
not start at all wjth his unassisted force. In each of these cases, if 
the weight could be divided into snudl parcels, and if the force could 
be as advantageously applied without machinery as with it, the 
labor would be performed as easily in a given time in one way as in 
the other. But it might not be possible or at least convenient thus 
to divide it. Or if, instead of dividing it into a number of parcels, 
the same number of men could act directly upon the weight at once, 
the amount of labor which they would all exert in raising the weight 
without machinery, would be the same as that which the single man 
before supposed would exert with bis machinery. But it might not 
be convenient to assemble so many hands at a time ; or perhaps such 
a number could not work advantageously together. A farmer has 
many occasions for lifting or removing great weights when his labor- 
ers are not more in number than two or three in all. These must 
therefore perform the labor of 50 times as many men by being 50 
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times as loog about it. Tfaos, io the example i^yen oo page 130, 
of a combination of the mechanical powecs employed to haul a ship 
on the stocks, where a single man turning on a winchi with the iixce 
of 100 pounds exerts a force on the ship amounting to 161} tons, 
the ship would move as much slower than the ha&d as 100 pounds 
less than 161 i tons ; and consequently a great length of time 
would be required for an individual to perform this labor, even sop« 
posing no resistance were encountered from the machinery itself. 

(3.) Machinery frequently enables a man to exert his uAolefarct 
m circumstances where, without such aid, he could employ but a 
part of it. Thus, in winding silk or thread, to turn a single red 
might not require one fiftieth part of the force which the laborer is 
capable of exerting. Suitable machinery would enable him to torn 
fiAy spools at once. 

(4.) But the most striking advantage of Machinery, is not found 
io the fecilities which it lends to the personal strength of man. It 
lies in this, that it affords the means of calling m to his assistance the 
superior powers of the horse and the ox, of water, of wind, and es- 
pecially of steam. Here we find the excellence of mechanical con- 
trivances fully exhibited ; and no where else has the inventive genius 
of roan displayed itself to so great advantage. But here, as in all 
other cases, the various combinations of mechanical powers procbiof 
no force : they only apply it. They Ibrm the coromunfeation between 
the moving power and the body moved ; and while the power itself 
may be incapable of acting except in one direction, we are able by 
means of cranks, levers, and toothed wheels, to direct and modify 
that force to suit our convenience or necessities. Every one may 
see examples of this in the construction of the most common saw 
mill or flour mill, turned by water. In a mill ibr grinding wheat, 
the stones are required to move horizontally, while the action cf the 
water-fall is perpendicular. We therefore receive the whole force 
on the circumference of a wheel, and transmit it through several 
intermediate wheels to the revolving stone, where the grinding is 
performed. So in a saw mill, the water first communicates a rotary 
motion to the wheel, and this motion is converted by means of a 
crank into what is called a redproeating motion, as that of the saw 
in its ascent and descent. By means of wheel work the vtlodty of 
the moving body is increased or diminished at pleasure. 



8S1. In shorty iiiaefaiiies cnaUe us to ibrm a coovenieot commoBt 
oaiioD betweeo the power and the weight ; to give to the weight any 
required direction or yelocitjr ; to apply Ibrce to the hest advantage ; 
to vary the circumstaoces of velocity and time as the amount of our 
force may require ; and to bring to our aid the great moving powers 
that exist in nature. Our next okgecti th^efore, will be to see by 
what particular methods, these several purposes are accomplished. 



CHAPTER IV. 

REGULATION OP MACHINERY, AND CONTRIVANCES FOR MODI- 

FYINa MOTION. 

322. It is highly important to the successful operation of any 
machine, that its motion should be regular and uniform. Jolts and 
irregular movements, waste the power, wear upon the machine, and 
perform the work unevenly. The sources of irreguhrity are vari- 
ous, hut they are chiefly the three following, viz. variations in the 
power, variations in the weight or resistance, and changes of velocity 
in parts of the machine itself. Thus in the steam engine, the fire 
may bum with more or less intensity and produce corresponding 
quantities of the moving power; the load to be carried (as that of a 
steam boat,) may be much greater at one time than at another, and 
be subject to sudden changes ; and the motion of the piston, which 
carries the machinery, ceases altogether at the highest and lowest 
points, and would move a machine by hitchei or separate impulses, 
were there no contrivance connected with it for keeping up a uniform 
motion. 

823. The kinds of apparatus employed to obviate these difficul- 
ties, and to secure uniform movements to machines, are, in general, 
called BEOULATOBS. Large machines or engines themselves, in con- 
sequence of thehr inertia, acquire and maintain, to a considerable 
extent, uniformity of motion. A flour mill carried by water, when 
it has acquired a certain rate of going, will not suddenly change that 
rate by any alteration in the force of the steam ; and a ship sailing 
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between the opposite forces, arising from the impulse of the wind and 
the resistance of the water, will moTe steadily along, notwithstanding 
the breeze that carries it may fluctuate continually. We can see 
this principle sometimes operating on a smaller scale. . A grindstone 
turned by a winch moves steadily, although the force applied at (Hie 
part of the revolution b much greater than at another. Large grind* 
stones exhibit the advantage of this principle much more than small 
ones. But in many instances, this natural tendency towards uniform 
motion is not sufficient, and artificial contrivances are introduced ex- 
pressly for this purpose. As examples of Regulators we may espe- 
cially notice three, the Pendulum, theFly Wheel, and the Governor. 

324. The Pendulum^ by its equal vibrations, communicates to 
delicate machinery a motion extremely regular, and hence its appli- 
cation to the measurement of time. 

The Fly Wheel affords the most common and eflbctual method of 
equalizing motion, especially in heavy kinds of machinery. It con- 
sists of a heavy wheel (Fig. 155.) affording as much weight as 
possible under as small a surface, in order that the hiertia may be 
great, while the resistance from the ai^ is small. It is therefore usu- 
ally a heavy hoop of iron with thick bars of the same metal. The 
Fly is balanced on its axis, and so connected with the machinery as 

Fig. 156. 




to turn rapidly around with it, aud receiving a constant impulse from 
the moving power, it becomes a magazine or repository of motion. 
Consequently, by its inertia, it is ready to supply any deficiency of 
power that may arise from the sudden diminution of the moving 
force, or to check any sudden impulse which may result from an 
accidenul excess of that force. Suppose, for example, the handle 
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of a pamp to be connected with a water wheel, and to be earned 
by it. Here the power, namely the water^iaU, is constant, while 
the weight is subject to continual alternations, amounting to a heavy 
load as the piston is ascending, but opposing scarcely any resistance 
while the piston is descending. The motion, therefore, would vary 
between nothing and a highly accelerated velocity, and the ma- 
chinery would be subject to constant strains and jolts. A Fly pre- 
vents these altematbns and renders the ascent and descent of the 
pkton nearly uniform. In pile engines or stamping mills, a team of 
horses is sometimes employed to raise a heavy weight, which, when 
at a certain elevation, is suddenly disengaged and falls with great 
force. As the disengagement is instantaneous, the horses would 
instantly tumble down were not their motion checked by some 
contrivance which should prevent the machinery from receiving any 
sudden increase of velocity. This purpose is completely answered 
by the Ply.* 

325. Beside the use of the Fly Wheel in regulating the action of 
Machinery, it b employed for the purpose of aeeumtdaiing suc- 
cessive exertions of a power so as to produce a much more forcible 
efiect by their aggregation than could possibly be done by their sepa- 
rate actions. If a small force be repeatedly applied in giving rota- 
tion to a Fly Wheel, and be continued until the wheel has acquired 
a very eonsiderahle velocity, such a quantity of force will be at length 
accumulated in its circumference, as to overcome resistance and pro- 
duce effects utterly dbproportionate to the immediate action of the 
original force. Thus it would be very easy in a few seconds, by the 
mere action of a man's arm, to impart to the circumference of a Fly 
Wheel, a force which would give an impulse to a musket ball equal 
to that which it receives from a full charge of powder.f 

326. The same principle explains the force with which a stone 
may be projected from a sling. The thong is swung several times 
around by the arm until a considerable portion of force is accumu- 
lated, and then it is projected with all the collected force. If a 
heavy leaden ball be attached to the end of a strong piece of cane or 
whalebone, it may easily be driven through a board : by taking the 
end of the rod remote from the ball in the hand, and striking the 

* Gregory's Mech. II. 14. t Library of Usefnl Knowledge. 
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board a smart blow with the end bearing die ball, sucb a velodtj 
may easily be given to tbe ball as will drive it through the board** 

327. Tbe astonishing effects of a Fly Wheel, as an accumulator 
of force, have led some into the error of supposing that such an 
apparatus increases the actual force of a machine. So iar from this, 
since a Fly cannot act without friction and resistance from the air, a 
portion of the actual moving force must unavoidably be lost by the 
use of this appendage. In cases, however, where a Fly is properly 
adjusted and applied, this loss of power is inconsiderable, compared 
with the advanti^eous distribution of what remains. As an ac(5a- 
mulator of force, a Fly can never have more force than has beep 
applied to put it in motion. In this respect it is analogous to an elas- 
tic spring. In bending a spring, a gradual expenditure of power is 
necessary. On the recoil, this power is exerted in a much shorter 
time than that consumed in its production, but its total amount is not 
altered. In this way tbe Fly Wbeel is used. Thus^ in mills for 
rolling metal, the water wheel or other moving power, is alkwed for 
some time, to act upon the Fly alone, no load being placed apoa 
the machine. A force is thus gained which is suffieient to roll a 
large piece of metal, to which, without such means, tbe mill would 
be quite inadequate. In the same manner, a force may be gained 
by the arm of a man acdng on a Fly for a few seconds, sufficient to 
impress an image mi a piece of metal by an instantaneous strcdce. 

Fig. 1S6. 




The Fly is, therefore, the principal agent in coining presses. Its 
power is often transmitted to the working point by means of a screw. 
At the extremities of the cross arm AB, (Fig. 156.) which works 
the screw, two heavy halls of metal are placed. When the arm 
AB is whirled round, those masses of metal acquire a momentum, 
by which the screw, being driven forward, urges the die with im- 

• Library of Useful Knowledge. 
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mease force agftinsl the substance destioed to recrive the iofpresrion. 
Some engines used m cpining have Flies with arms four feet long, 
bearing one hundred weight at each of their extremities. By turn* 
log such an arm at the rate of one entire circmnference in a secondi 
the die will be driven against the metal with the same force as that 
with which 7500 pounds weight would fall from the height of 16 
feet ; an enormous power, if the simplicity and compactness of the 
machine be considered. By the actbn of a Fly, woriung in this 
manner, is produced the open work of fenders, fire grates, and some** 
tiroes ornamental articles wrought in metal. The cutting tool, 
shaped according to the pattern to be executed, is attached to the 
end of a screw ; and the metal being held in a proper position be- 
neath it, the Fly is made to urge the tool downwards with such 
force as to stamp out pieces of the required figure. When the pat- 
tern is complicated, and it is necessary to preserve with exactness the 
relative situation of its dififerent parts, a number of punches are im- 
pelled together, so as to strike the entire piece of metal at the same 
instant, and in this manner the most elaborate work is executed by 
a single stroke of the hand.* 

328. To maintain a UDiform velocity with a varying resistance, 
one of the most beautiful contrivances ever used is the Governor j an 
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instram^t used in mill work, but the applicatton of whieb is mocr 
conspicuous iu the steam engine, when that machine is applied to 
manufacturing purposes. The principle on which the efficacy of 
this instrument depebds, is easily explained. Let AB be a vertical 
axis which is made to revolve by the wheel A, acted on by the oth- 
er parts of the machinery, and so that it always revolves with a 
velocity proportional to that of the fly wheel. Two heavy balk C, C 
are attached to metal rods, which work on a pivot at B, so that 
they are capable of receding from the axis AB. As they recede 
from the axis, the joints D, Jy recede from one another, and the 
joint E is drawn down.^ This joint E is connected with the end of 
a lever or a system of levers, the action of which we shall presently 
explain. 

329. Now by the revolution of the spindle or axis AB, the balls 
C, C^ acquire an obvious tendency to fly off from the axis, and this 
tendency is resisted by their weight ; so that, when tbe instrument 
is revolving with a certain velocity, the balls remain suspended, and 
neither move to or from the axis. A greater velocity, by giving a 
greater centrifiigal force, would cause the balls to fly farther off, 
(Art. 227.) and a less velocity, would cause them to fall towards 
the axis. This is strictly true only when the range of the balls is 
small, compared with the length of the rods to which they are at- 
tached, which, however, is "always the case in practice. If there- 
fore, the action of the levers with which the joint £ is connected » 
directed upon the first mover in such a manner, that its energy is 
diminished when E is depressed, and increased when E is elevated, 
it is plain that tbe uniformity of velocity which is sought may be 
obtained. Let us suppose that the levers on which E works com- 
municate with a valve which admits steam to the piston of k steam 
engine, to which this Gdtemor is applied ; and suppose that when 
E is raised, and the balls C, C^ rest in their seats, the valve is fully 
open, so as to allow the steam to flow in a full stream to the piston ; 
but that, according as E is depressed, the levers gradually close the 
valve, so as to admit the steam in a constantly diminished quantity. 
Now suppose that the engine has been working twenty printing 
presses, and that tbe action of ten of them is suddenly suspended. 
The engine thus loses half its load, and would if the same power of 
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steaiD continued to be admittedi move with about twice its former 
velocity. But the inoment an increased velocity is perceived in the 
machine, the balls C, C^ recede firocii the axis, draw down the joint 
£, partially close the vatve, and check the supply of steam to the 
cylinder. . The impellidg power is thus diminished ; and if it be di- 
minished in exactly the same degree as the load, the machine will 
move with its former velocity ; but if it should, at first, be more di- 
minished, the velocity will be less than its former velocity, and the 
balls will again move towards the axis and open the valve, and will, 
at length, settle into that position in which the steam admitted to 
the cylinder is exactly proportioned to the load on the machine ; 
and the proper velocity will thus be restored.* 

CONTRIVANCES TOR MODIVVING MOTION. 

330. In Chapter III. we have already explained the mode in 
which motion is communicated, and its velocity regulated, by toheel 
y>orJc. We proceed now to consider a few examples of the more 
special contrivances by which motion is modified to suit particular 
purposes, recommending it to the student of mechanics to make 
himself acquainted with other contrivances of the same nature, by 
the actual inspection of machinery as opportunity may offer. 

331. The motion required for a particular purpose may be recti- 
linear^ as that of a carriage or bucket drawn out of a well, or rotary 
as in ordinary wheel work, or reciprocating as in a saw mill, or a 
pendulum. 

The simplest mode of producing rectilinear motion is by means of 
a rope or chain, instances of which are familiar to every one. The 
simplest mode o{ changing the direction is by means of pulleys ; but 
toothed wheels are also extensively employed for the^ame purpose.* 
The connexion of one toothed wheel with another is called gearing. 
(Art. 294.) When both wheels with their teeth are in the direction 
of the same plane, it is called spur gearing, (Fig. 148, 49, and 50.) ; 
if the teeth, instead of being cut on the circumference in a direction 
parallel to the axis, are cut obliquely, so that if continued they would 
pass round the axis like a screw, it is called spiral gearings (Fig. 

* Library of Useful Knowtedge. * Emerson^s Meebanics, Prop. CX. 
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168.) ; and wbea wheels are not situated in the same or pandkl 
planes, but form an angle with each other^ the wheels themselves are 
sometimes shaped like frusta of cones^ having their teeth cut ob- 
liquely, and convei^ing towards the point where the apex of tbe cone 
would be situated, and it is then called bevd gearing/^ (Fig. 159.) 

Fig. 158. Fig. 159. Fig. 160. 






333* The universal joini consists of two shafts or arms, each ter- 
minating in a semicircle, and connected together by means of a cross 
upon which each semicircle is hinged. (Fig. 160.) When one shaft 
is turned, either to the right or left, the other shaft turns in tbe same 
direction. 

Tbe ratchet wheel, (Fig. 161.) is used to prevent motion in one 
direction while it permits it in the opposite. Tbe teeth are cut with 
their faces inclining as in the figure, and a catdi is so placed as to 
stop the wheel in one direction, while it slides over the teeth without 
obstruction in the opposite direction. 

Fig. 163. 



Fig. 161. 





333. The eccentric wheel (Fig. 162.) revolves about an axis 
which is more or less removed from the center, and, consequently, 
the difierent portions of the circumference move with dififerent de- 
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grees of veloeity. Heace if tbb wheel ij made to act upon a shaft 
or pinion, as in the figure, it will carry it with a corresponding move- 
ment* In orreries, such wbeds are employed for indicating the 
variable velocities of the heavenly bodies, as they revolve about 
their centers of motion. 

334. Recipbocatinq Motion is produced in various 
ways. The most common method b by means of the 
eraink. In figure 16S, a shaft AB is urged backwards or 
forwards, (either vertically or horizontally,) by means of 
the crank aA, moving on a wheel H, which may be turned 
by water or any other power acting at H. By consider- 
ing the different positions of the crank during the revo- 
lution of the wheel, it will be readily seen that the shaft 
will move up and down like the saw in a saw mill, or 
backwards and forwards, a use to which it is applied in 
polishing plane surfaces, as marble. 

The motion produced by cranks is easy and gradual, being most 
ffipid in the middle of the stroke, and gradually retarded towards 
the extremes ; so that shocks and jolts in the moving machinery are 
diminished, or wholly prevented by their use.* 

The steam engine, as seen in steamboats, furnishes to the student 
of Mechanics a valuable opportunity of observing various contri- 
vances for producing, regulating, and modifying motion. Levers 
and wheels of various kinds and variously connected ; fly wheels 
and cranks ; circular and reciprocating motions ; and numerous other 
particulars which appertain to the '' elements of machinery," are 
there seen to the greatest advantage. 




335. The arch head (Fig. 164.) is a circular form given to the 
end of a lever, that moves on a gudgeon or pivot in a vertical plane, 
(like the working beam of a steam engine,) by means of ^ich the 
piston, or weight, whatever it be, is made to ascend and descend 
perpendicularly in a straight line, with a uniform motion, while the 
end of the lever itself works in the arc of a circle, and while the 
power, if fixed in the usual way at one point at the extremity of the 
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lever, would lose a part o£ its efficacy, as its direction became ob- 
lique to that of the lever. Id the figure, BD represents the aidi 
bead of a working beam, which turns on a gudgeon at C. At the 
top B is applied a flexible chain resting loosely upon the arcb, aad 

Fig. 164. 




always maintaining a tertiecd pdniian in every situation of the beam ; 
and, being a tangent to the circle at the point of contact, always 
acting at right angles to the lever, and consequently imparting to 
the weight a uniform motion. In cases where force is to be exerted 
only in one direction, as in working a pump, the power is applied 
while the piston is descending and drags op the other end of the 
lever. Here, in the descent of the working end, so small a resist- 
aoce is encountered, that it is sufficient to give a slight preponder- 
ance to that end, and it will drag up the piston after the moving 
force is withdrawn, which carried it down. Bat in cases where a 
continued force is required, both in the ascent and descent of the 
piston, (as in most kinds of manufacturing operations,) then the 
flexib)e.*chain, being incapable of forcing the weight upwards, is 
inapplicable, but the object is attained by arming the arch head with 
teeth that act on rack work in the upper end of the piston rod. 

836. The kne^ joint (Fig. 165.) is a contrivance by which % 
constantly increasing resistance^ is overcome by a force which acts 
nearly uniformly. In the figure, we have a representation of it as 
exemplified in printing presses. Here, when the platen (P) first 
descends upon the sheet, the resistance is very slight, but as the 
lever is pulled still further, the resistance rapidly increases, until, 
without mechanical aid, it would require a laborious and exhausting 
effort, to render the contact sufficiently close to give a perfect im- 
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pression. Tbis difficult; is completely obviated, bjr means of the 
cofflUnition oT leven resemt^g the knee joint, where the efficacy 
of the power n coatiousKy increased as tfae levers spproach nearer 
10 the same straight line; so thai without any additional effort od 
Fig. I6S. 



the part of the workmai), the pressure is aagmented a thousand fold. 
The actioD of this joint is exemplified in opening a pair of com- 
passes, or a GuDter's scale which opens oo a joint at the center. 
At Bist, the thnut exerted by the ends is slight ; but as the two 
parts approach the direction of a straight line with each other, the 
thrust rapidly increases, until it becomes immensely great.* 

We shall conclude this chapter with a few practical rules for the 
construction and managemeat of machinery, selected chieBy froin 
Emerson's Mechanics. 

337. If the given power is not able to overcome the given resist- 
ance when directly applied, then we must employ a longer time by 
making the power move over a greater space than the weight, in 
order to make the- momentum of the power exceed that of the 

* See an able article on tbi* subject by Prof. Fiaher, Atttr. Journal of Science, 
Vtt. in. p.3\l. 
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weight. This is eflfected by means of osachiDeiy. We must con- 
sider that the power must have a momeDtum which is equal to the 
amount of all the resistances to be overcome, in order just to sm^ 
tain or counterbalance the weight ; and to put the machine in mo- 
tiauj a greater power must be allowed, more or less, according to the 
velocity with which the machine is required to move. The ratio 
between the power and the weight in a given machinCi when in eqoi- 
libriumi may be ascertained by observing the comparative $pae€» 
over which they move in a given time ; the power being as much 
less than the weight, as its space is greater. A due proportion be- 
tween the two must also be observed ; for if the machine or engine 
is competent to overcome the resistance, and perform its work in a 
convenient time, it is sufficient for the end proposed ; and to increase 
the power any further, must not only be a needless expense, but the 
engine would lose time in working. If a weight is to be moved but 
a little way, the lever is the most simple, easy, and ready instru- 
ment. If the weight be very great, the common screw is preferable. 
But if the weight is to be moved over a great space, the wheel and 
axle, the pulley, or a system of pulleys, or the endless screw, (Fig. 
99.) is to be employed. When great wheels are wrought by men 
or cattle, their axes are most advantageously placed perpendiculariy, 
as in figure 153 ; if wrought by water, they are placed horizontally. 

338. But most machines are combinations of some or all of the 
mechanical powers. Thus the lever b combined with the screw in 
a common press ; the wheel and axle with pulleys in various ways, 
and with the endless screw; pulleys are combined with pulleys, 
and wheels with wheels. The wedge is the only one among the 
mechanical powers, that does not admit of combination with others. 
In wheels with teeth, the number of teeth that play together in two 
wheels ought to be prime to each other, that the same teeth may not 
meet at every revolution, but as seldom as possible. The strength 
of every part of a machine ought to be made proportional to the 
stress it is to bear ; and no part must be stronger or heavier than is 
necessary, for all superfluous matter is nothing but a dead weight 
upon the machine, and serves for nothing but to clog its motion. 
The accomplished mechanic contrives all the parts to last equally 
well, so that when the machine fails, every part shall be worn out. 
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339. Everjr machine ought to l>e made of as few partSf and as 
simple as possible, to answer its purpose ; not only because the ex- 
pense of making and repairing will he less, but it will be less liable 
to get out of order. Any useless motions also waste some portion 
of the power. Uniformity or steadiness of motion is carefully to be 
preserved. All these advantages are more easily attained in large 
than in small machines. All mechanical errors have a less ratio to 
the motion of the machine in great machines than in small ones, and 
these will therefore work with more uniformity and exactness, al- 
though being proportionally weaker, they are less able tp resist any 
violent shocks.* 



CHAPTER V. 



OP FRICTION. 



340. The term Friction, in its usual acceptation, being generally 
understood, we have already employed it in the foregoing pages, but 
we proceed now to inquire more partfcularly respecting its nature, 
the laws of its action, and its effects upon machines. 

In investigating the mathematical principles of Mechanics, we first 
proceed on the supposition that the forces in question act without 
any impediments ; that the surfaces which move in contact are per- 
fectly polished and suffer no friction ; that axes and pivots are math- 
ematical lines and points ; that ropes are perfectly flexible ; and, in 
short, that the power is transmitted through the machine to the work- 
ing point without sustaining the least loss or diminution. Great sim- 
plicity is. attained by first bringing the subject to this ideal standard 
of perfection, and afterwards making suitable allowances for all those 
causes which operate in any given case to prevent the perfect ac- 
tion of a machine. 

341. Surfaces meet with a certain degree of resistance in moving 
on each other, in consequence of the mutual cohesion of the partSf 

* Emerson's Mechanics, 4to. p. 175. 
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(S.) Friction is proportioned to the preiiure. If the pressare of 
the brick be doubled or trebled by laying weights upon it, the amount 
of friciion will be increased in tbe same ratio. 

(3.) Friction is increased by bodies remaining far «o«e time m 
caniact with toch other. In some cases it does not reach its maxi- 
mum under four or five days. This principle therefore afiects slow 
motions much more than such as are rapid* In the mutual contact 
of metals, tbe friction attains iu maximum aUnost instantaneously. 
But when metal rubs against wood, or one piece of wood against 
another, the friction b always increased by resting. Two pieces of 
wood acquire the utmost friction in an hour or two ; while iron run- 
ning on oak will have its friction augmenting for five or six days. 
The application of a coat of tallow seems to protract the limit of 
friction. This limit is attained by tbe greased surfaces of iron and 
copper in four minutes ; while pieces of wood, treated in the same 
way, will liave their friction gradually augmented during nine or tea 
days.* 

(4.) Tbe friciion is less between surfaces of different kinds of 
matter, than between those of the same kind. Copper slides on 
copper, or brass on brass, with greater difficulty than copper on brass ; 
and it is a general rule never to let two substances of tbe same hard- 
ness move upon each other. To this rule cast steel is said to form 
tbe only exception ; in other cases, pivots revolve with less resistance 
on either harder or softer substances, than upon tlmse of the same 
material with themselves.f When between the surfaces of wood 
newly planed, the friction would be equal to one half the pressure, 
and when between two metallic surfaces it would be equal to one 
fourth, between the wood and metal it would amount to only one 
fifth the pressure.]: 

(5.) Friction is much greater at the first moving of a load, than 
after it is brought freely into motion. In many instances, it is re- 
duced, when a body has attained its final velocity, to less than one 
half of what it was first.<^ With regard to different degrees of velo- 
city in moving bodies, it is a general principle, that the friction i$ 
the eamefor all ^elocitiee ; that a carriage, for example, in travelling 



• Leslie, El. Nat. Phil. 1. 225. t Allen's Mechanics, p. 137. 

t Leslie. f Leslie, Nat. Phil. 1. 818. 
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from one place to another, would encounter the same resistance from 
friction, whether it performed the journey in one hour or in ten. 
The amount of friction, however, is augmented in very slow mo- 
tions, and greatly diminished in those that are very swift. In this 
instance, the increase in the one case and the diminution in the 
other, appears to have some relation to the principle, that the friction 
of bodies is increased by their remaining in contact. From some 
observations of Professor Playfair made at the slide of Alpnach; 
where large fir trees are carried with great velocity down an inclined 
plane eight miles in length, it would appear that, in the case of very 
great velocfties, friction is not, according to the common doctrine, 
either proportioned to the pressure or independent of the velocity ; 
but that the ratio to the pressure is greatly diminished, and the actual 
resistance is far less than at common velocities. Thus, none but 
large trees could descend the plane at all ; and when a tree broke 
into two pieces, the larger part would proceed while the smaller 
would stop ; and the trees acquired in their descent a rapidity of 
motion, incompatible with the supposition that ** friction acts as a 
uniformly retarding force," which has been considered as an estab- 
lished principle.* 

The foregoing considerations are in favor of rapid travelling, 
whether on common roads or on railways, since the amount of the 
resistance is so much less than in slow movements ; and accordingly 
it is said that the great speed given to stage coaches in England, 
amounting in some instances to 10 or 12 miles per hour, has not 
been attended with the degree of exhaustion to the teams that would 
have been anticipated.! 

345. The angle at which an inclined plane must be elevated, in 
order that a given body resting on it may be on the point of sliding, 
IS called the angle cf fiiciion^ or sometimes the angle of repose. 
Let ABC (Fig. 166.) be the inclined plane, and let FD, parallel to 
BC, represent the whole weight of the body. FD being resolved 
mto FE perpendicular to the plane, and ED coincident with it, ED 
will be the force with which the body tends to slide down the plane, 

* Playfair's Works, Vol. I. or £d. Phil. Joar. YI. 345. Also see IfichoUon'« 
Oper. Meeh. II. 335. 
f Nich. Oper. Mech. 
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•nd of course, that which is resisted hy the friclioD, and hence it 
may be taken as the representative of the friction. But ED is to 
F£ as BC to BA, or as the height of the plane to the base, or as 

C Fig. 166. 




B A 

the tangent of the angle of friction to radius. Consequently, put« 
ting F for the friction, P for the whole pressure on the plane, and a 
lor the angle of friction, then, 

F : P::tan.a : rad. .'.F^Pxtan.a; 
that is, the friction is always such a part of the entire pressure, as is 
denoted by the product of that pressure into the tangent of the an- 
gle of friction. This angle often determines the 6gure which nat- 
ural objects spontaneously assume. Hence, sand hills are more slo<- 
ping than eminences composed of ordinary mould, the movable par- 
ticles arranging themselves in obedience to the foregoing law. The 
angle of friction of iron pressing on iron, is found to be 16 degrees. 
The angle given to the threads of a screw, is regulated on this 
principle.* 

346. The laws of friction in foiling bodies were ascertained by 
Coulomb, by comparing the forces necessary to roll a cylinder upon 
a table under various circumstances ; and by similar experiments, 
were found the modes in which friction takes place in bodies revol- 
ving on an axis. The comparative loss of power which takes place 
in these three cases is as follows : 

Friction of the sliding body equal to |tb the pressure or 25 per cent. 
. do. revolving do. 15 

do. rolling do. 5 

In the case of hollow cylinders revolving on an axis, the leverage 
of the wheel aids in overcoming friction as has been already ex- 
plained in Art. 300. 

— I ^-~- • - — - , ■ - 

• Leslie. 
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847i JFViction trAecb^a contrivance by which friction is diminished 
in the greatest degree possible, owe their efficacy in part to the op- 
eration of the same principle.* Here the axis of a wheel, instead 
of revolving in a hollow cylinder, or instead of rubbing against a 
fixed surface, rests at each of its extremities, on the circumference of 
two wheels placed close by the side of each other, with their cir- 
cumferences intersecting. The axis rests at the point of intersec- 
tion, and as it revolves, the wheels revolve with it with the same ve- 
locity, and thus all friction between them and the axis is prevented, 
and what remains in the machine in consequence of the weight of 
the wheels themselves is transferred to the axles, and therefore 
(Art. 300.) is diminished, in the ratio of the diameter of one of the 
wheels to that of its axis. This combination may be repeated by 
several pairs of friction wheels. Eight wheels would contract the 
friction to the thousandth part.f 

348. Other more common methods of diminishing friction are, 
by rendering the surfaces smooth, by using rollers, and by lubrica- 
ting the parts in contact. The amount of friction in the several me- 
chanical powers is very different. In the lever it is very small, es- 
pecially when the turning edge is of hardened steel and shaped like 
a knife or prism, and turns upon a hard and smooth basis. The 
Wheel and Axle acting upon the same principle as the lever, occa- 
sions but little friction. The stifihess of the cordage, however, and 
the friction of the gudgeons:|: of the axis, have an effect in most cases 
equal to about 8 or 10 per cent, of the entire resistance. The 
Pulley is attended with great loss from this source. It is rarely less 
than 20 per cent, and often exceeds 60. The Inclined Plane in- 
volves but little friction when bodies simply roll on it; but when 
heavy bodies rest on axes, as in wheel carriages, the resistance from 
friction takes place in the same manner as upon plane surfaces. The 
transportation on inclined planes, as railways, is usually by means 
of wheels, since the resistance to sliding movements is too great to 
permit the use of them. The Screw is attended with a great deal 



• A fine example of the application of the friction wheels is seen in Atwood's 
Machine, 
t Leslie, El. Nat. Phil. I. 233. 
t Pivots when large take the name of gudgeons. 
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of frictioo. Those with sharp threads have more than those with 
square threads^ and the endless screw has most of all.* . In both the 
Screw and the Wedge, the friction evidently exceeds the reustance ; 
otherwise they would not retain their position. 

349. Friction is not, therefore, in all cases to be considered as 
unfavorable to the operation of machinery • It is, in many instances, 
a highly useful force. Many structures, as those of brick and stone, 
owe no small part of their stability to the roughness of the materials 
of which they are composed ; without this resistance, the screw and 
the wedge would lose their efficacy, and wheels could not advance, 
nor could animals walk on the ground ; and nails would lose their 
power of binding separate parts together. The art of polishing sur- 
faces depends on the same cause, and the edges of most cutting in* 
struments are saws, the teeth of which are more or less fine, and act 
on a similar principle. Even in certain rotary motions. Friction, 
by a rope or otherwise, becomes a moving force and urges a body in 
particular directions contrary to the force of gravity. 

The resistance which moving bodies sustain from the air, and from 
water, will be considered hereafter. 



CHAPTER VI. 

OP PROJECTILES AND GUNNERY. 

350. Early in the 17th century, Galileo, a celebrated Italian 
philosopher, established the mathematical theory of Projectiles, as 
given in the former part of this work. Since missiles thrown by 
instruments of warfare are among the number of projectiles, these 
principles were supposed to constitute the foundation of the art of 
Gunnery ; and several of the kings of Europe, held out munificent 
encouragement to experiments in this department of science .f Gali- 
leo had indeed intimated that the resistance of the air, (which is not 
taken into the account in the mathematical theory of projectiles,) 

• Emeisoa. t Robison's Mech. PhU. 1. 167. 
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might occasion some deviation in bodies from the carve of a para- 
bola ; but this fluid appears so light in comparison with the heavy 
metals of which balls are made, being 10,000 times lighter than 
lead, that for a long time afterwards it was totally neglected^ 

351. About the year 1740, Mr. Robins, an eminent English 
mathematician, instituted a series of experiments on Gunnery, which 
showed that the parabolic theory of projectiles is so modified by 
the resistance of the air, as to be wholly inapplicable to practice. 
Experiments on the same subject have since been performed by 
Count Rumford, and by Dr. Hutton of the Royal Military Acad- 
emy at Woolwich, which iiave confirmed the results obtained by Mr. 
Robins. By the tabors of these several gentlemen, the parabolic 
theory of projectiles has received its proper modifications. 

352. It is ascertained, in general, that projectiles moving slowly, 
describe curves which are nearly parabolas ; while such as move 
smfily, deviate very far from this curve. Indeed, the curve which 
a body moving with great velocity in the air describes, is so compli- 
cated, that the utmost resources of the calculus have hardly been 
able to investigate its nature ;* and it is a remarkable fact, that we 
understand the motions of the heavenly bodies better than we do 
those of a cannon ball, and can trace the path of a planet better 
than we can that of an arrow. The parabolic figure described in 
the case of projectiles moving slowly, may be observed in tracing 
the path of a small stone thrown into the air, and more especially 
in the curves described by jets of water, spouting upwards, as in 
fountains. But when the jet of water is more rapid, and spouts at 
a high angle, as 45 degrees for example, we can plainly see that the 
curve deviates greatly from a parabola. The remote branch of the 
corve is seen to be much less sloping than the rising branch ; and 
even in very great jets which are to be seen in some great water 
works, the falling branch is almost perpendicular at its remote ex- 
tremity ; and the highest point of the curve is far from being in the 
middle between the spout and the place where the water falls. This 
unequal division of the curve by its highest point may also be ob- 
served in the flight of an arrow or a bomb-shell.f 

• Hatton's Tracts, No. 37. t Robison's Mech. Phil. 1. 185. 
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353. The following facts also show the discordance between the 
parabolic theory of gunnery and experience. A cannon ball, fired 
in such a direction and with such a velocity, that its random or bori* 
zontal range, ought to be 24 miles, comes to the ground short of ond 
mile. The times of rising and falling, if that theory held good, 
ought to be equal ; but the time of rising is greater than that of 
falling at great elevations, and at small elevations, less than that of 
falling. According to the theory, the greatest random is at an angle 
of elevation of 45 degrees, (Art. 191.) but in practice it is found to 
be much below this. The greatest random of art arrow is when the 
elevation is about 36 or 38 degrees. Indeed, the angle for the great- 
est horizontal range, may be at all degrees from 45^ to 30^ ; the 
slowest motions and the largest shot being almost at 45^, but grad- 
ually more and more below that degree as the shot is smaller and 
the velocity is greater; till at length with the most rapid motions, 
and the smallest shot, the angle is little above 30 degrees.* The 
following experiments were made in France by Borda, with a 24 
pounder, with the same charge of powder in each experiment. 

Elevatioa. Range. 

15^ 1950 

30 2235 

45 2109 

60 1700 

75 950 

Whence it appears that at the elevation of 15 and 75, the randoms 
instead of being the same, (being equally distant from 45,) were as 
the numbers 1950 and 950 .f 

354. All this discordance between theory and practice is owing 
to the resistance of the air, which, when the projectile moves with 
great velocity, becomes enormous. Nor will it be difficult on a 
little reflection, to comprehend the reason why this resistance should 
be so great. The force with which a projectile strikes the air at 
rest, is the same as that with which the air moving with equal ve- 
locity would strike the body at rest. This, in the case of a caonon 
ball, would greatly exceed the most violent hurricane. Again, as a 
ball moves through the air, it displaces, that is, gives motion to^ 

• Htttton, Tract 37. t Robison's Mech. Phil. 183. 
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great quantities of air ; yet whatever motion it imparts to other bo- 
dies is extingubhed in itself. The loss of motion therefore increases 
very &st with the velocity. It is said to be in general as the square 
of the velocity : sathat a body moving through the air with ten times 
the velocity of another body, would encounter one hundred tinies as 
much resistance* In* very swift motions, the resistance was ascer- 
tained by Robins to be even much greater than in the ratio of the 
square of the velocity. 

355. The researches of Mr. Robins were made chiefly by the aid 
of an instrument of his own invention, called the Ballistic Pendth 
lum* It consists of little more than^ a large block of wood, like a 
log, suspended after the manner of a pendulum. Now if a bullet 
be fired into the block, as the bullet will be stopped, and as it im- 
parts to the block whatever motion it loses, consequently the mo- 
mentum of the block after the stroke, is precisely that of the ball be- 
fore the stroke. Hence the weight of the block and that of the ball 
being known, and the velocity imparted to the block being readily 
determined by observation, it is easy to find the velocity of the ball; 
fbr the weight of the ball is to the weight of the block, as the velo- 
city of the block is to the velocity of the ball.*^ 

Example, — On firing an 8 pound cannon shot into a ballistic pen- 
dulum that weighed 500 pounds, the pendulum was made to move 
over a space of 16 feet per second : What was the velocity of the 
ball ? Ans. 1000 feet per second. 

356. This simple apparatus is sufficient for ascertaining a great 
number of particulars relative to the art of gunnery. If the ball is 
fired nearly in contact with the block, we find with what velocity it 
leaves the gun ; if at different distances from the block, we find how 
much the velocity is retarded by passing through the air, for those 
distances respectively. If at a given distance we vary the charge 
of powder, we find the respective changes which the velocity un- 

* That is, putting W, to, for the weight of the block and ball respectively, and 
V, », for their velocities, then W X V=wX »i and v : W : : V : r. In other exper- 
iments on this subject, the gun itself has sometimes been suspended like a pendu- 
lum, and the velocity of the ball estimated by the distance to which the gun re- 
coiled, since action and reaction are equal, and in opposite directions. 

Vol. I.— N. P. 36 



38S APPLICATIOlfS Ot IfEGHAMICa. 

dergoes, and bence letrn the ratio that ought to be obaenred between 
the powder and the ball, ia order to produce the maximum effect* 
The efiects resulting from variations in the length, shape and bore 
of the gun, are also ascertained with equal facility. 

357. The following are some of the practical results aacertwned 
by the experiments of Mr. Robins, Count Rumibrd, and Dr. Hutton* 
A musket ball, discharged with a common charge of powder, issues 
from the muzzle of the piece with a velocity between 1600 and 
1700 feet in a second.* The utmost velocity that can be given to 
a cannon ball is 2000 feet per second, and this it has only at the 
Bioroent of leaving the gun. In order to increase the velocity from 
1600 to 9000 it requires half as much more powder, which involves 
a hazardous strain upon the gun, and the velocity will be reduced 
to 1300 befiue the ball has proceeded 500 yards.f 

358. Mr. Robins, in the course of his experiments on the resist- 
ance of the air, made a curious observation. In very moderate 
velocities, the retardations were nearly as their squares. As the 
velocities were increased, the resistances increased at a somewhat 
greater rate, but with a certain observable regularity, till the velocity 
exceeded 1 100 feet per second. But when the velocity is increased 
from 1100 to 1200, the increase of resistance is prodigious. After 
this, the resistance goes on increasing nearly with its former regu- 
larity. Mr. Robins accounts for this singular fact in the following 
manner. As the ball rushes through the air, the air falls in behind 
it, being pressed in by the weight of the surrounding air. Bat the 
ball may move so rapidly that the air cannot instantaneously fill up 
the place left by the ball. In this case the ball is retarded, not only 
by the resistance of the air which it displaces, but also by its having 
the pressure of the atmosphere on one side and not on the other. 
It is found by calculation, that the velocity with which air rushes 
into a vacuum, is about 1100 or 1200| feet per second; conse- 

• Space fallen thioogli to acquire the velocity of 1600 feet per second sJi^^^l^ 

(Art 34, p. 97.) s=40.000 nearifss^,$ miles. 

t Robison's Meeh. Phil. 1. 901. 

t The velocity with which air begins to rash into a void, has been estimated at 
1338 feet. (See Cambridge Mechanics, p. 377.) 
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queotly, it is when the ball is moving at ibis rate, that it loses tbe 
entire pressure of tbe atmospbere bebiod it.* It is remarkable (says 
Dr. Robison,) tbat this is also nearly tbe velocity of soimd, and 
tbere is an observation of tbis kind, wbicb seems to bave some con- 
nection witb tbe mecbanical fact observed by Mr. Robins. If a per- 
son stand in sucb a direction from a cannon, wben it is discbarged, 
tbat tbe ball may pass bim at no great distance, be will bear tbe 
noise made by tbe ball rushing tbrougb tbe air at tbe time of its 
flight, and as the ball approaches him, the noise should become more 
audible. But he will hear the noise loudest at the very first, imme- 
diately following the report of the gun ; and after about two seconds, 
he may observe the sound change all at once, and not only become 
more faint, but even change its kind, after which the sound increases 
as the ball comes nearer. It seems highly probable that this abrupt 
alteration in the sound, takes place just at the time when the resist- 
ance undergoes such a change ; and that it is owing to the difference 
in tbe nature of the undulations, when there is* a void behind the 
ball, and when there is not.f 

359. From the foregoing considerations it is inferred that great 
charges of powder are absolutely useless in tbe service of artillery, 
especially wben tbe distance of the object is considerable, and that a 
velocity exceeding 1 100 should not be aimed at. The maximum 
service charge is | the weight of the ball. In close naval engage- 
ments great velocities are injurious, for the ball may then pass through 
both sides of the vessel without lodging, and tbe number of splinters 
produced by a ball in rapid motion, is much less than is caused by 
one moving more slowly. By reducing the charge we may also 
reduce the size and strength of the gun ; and hence guns are made 
of smaller dimensions now than formerly, in order to do tbe same 
execution. The velocity with wbicb a charge of powder expands 
itself at first, is estimated by Hutton as high as 5000 feet per second.| 
As it expands, this velocity is of course constantly diminishing, but 
will exceed tbat of the ball while the latter is passing through the 
barrel of the gun, and will act as a constantly accelerating force. 
Long guns therefore give to balls a greater velocity than short ones ; 

* Robins, Tract on Gnnnery, p. 181. 

t Robisoa's Mseh. PhiL 1. 900i t Hmton, Tract 97. 
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but the gaio secured in this way after a moderate length is so small,* 
(there being also some disadvantages peculiar to long gunsi) that can* 
non have of late years been much shortened. In the naval service, 
carronadti have been introduced. These are a short kind of guo, 
with small bore, requiring for a charge of powder, only one twelfth 
the weight of the ball. Their weight and thickness are propcxtidii- 
ally reduced, yet in close action they produce efl^ts superior to those 
of long guns.j* 

360. It has been found that no difference is caused in the velocity 
or range, by varying the weight of the gun, nor by the use of wads, 
nor by different degrees of ramming, nor by firing the charge of 
powder in several places at the same time ; but that a very great 
difference in the velocity arises from a small degree in the windage.'!^ 
Indeed with the usual established windage only, viz. about ^V ^ 
the calibre, no less than between \ and | of the powder escapes and 
is lost, and as the balls are often smaller than the regulated size, it 
frequently happens that half the powder is lost by unnecessary win- 
dage.^ To this cause also, namely, too great windage. Dr. Hutton 
ascribes a great part of the sideways deviation of a ball; since when 
in passing through the barrel of the gun, it is knocked from side to 
side, it will finally take the last direction which it happened to have 
at the muzzle of the gun.|| Another cause of this deviation fipom 
the line of direction, arises from a want of perfect sphericity in the 
ball, by which means the two sides do not meet with equal resistance. 
Rifles owe their superiority over common guns, chiefly to their ob- 
viating this deviation. They have a spiral groove cut in their bore, 
making about a turn and a half in the whole length of the barrel. 
The ball, which is made to fit close to avoid too great windage, has a 
corresponding motion impressed on it, which it retains after it leaves 
the gun, continuing to revolve around the line of direction. What- 
ever inequalities, therefore, may exist in the ball, their effects are 

- - '- 

* The random, according to Dr. Hatton, increases only as the fifth root of the 
length, which is so small an increase as to amoanf to only abont a seventh part 
more range for a double length of gun. (Hutton, Tract 37.) 

t Ren wick. Heads of Lectures, in Literary and Scientific Repos. IV. 9dU 

t By windage is meant, the difierence between the diameter of the ball and that 
of the bore of the gun. 

% Hatton, Tracts 3. 255. I Hutton, Tract 38. Frob. 4. 
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neotndisedy by their being first on one side and then on the other of 
this line. 

361. When a ball is projected from a piece of ordnance^ at a small 
angle of elevationi and falls upon water, or on a plane of hard earth, 
its Sight will not cease, but it will rise again and describe a second 
curve similar to th.e first but less ; and it wiU continue to rebound, 
until the whole of its projectile velocity is destroyed. This species 
of firing is called Bieochei. It is applied with great advantage from 
sea coast batteries upon shipping, and in the attack of fortresses. 
The pieces are fired with small charges of powder and elevated only 
iirom 3 to 6 degrees. The word signifies duck and drake, oi re- 
bounding ; because the ball or shot thus discharged, goes bounding 
and rolling along, killing or destroying every thing in its way, like 
the bounding of a flat stone along the surface of water when thrown 
almost horizontally.* 



CHAPTER VII. 



APPUCATIONS OP THE PENDULUM. 

362. The pendulum has three most important and interesting 
uses, viz. as ajflfording a meamre of time, the means of determining 
the figure rfihe earthy and a standard qfweighti and measures. 

363. Time is any portion of indefinite duration, from which it may 
be considered as separated, as a given number of yards of cloth are 
measured off from a piece of unknown length. For the measure 
of time we may employ any instruments or marks that divide it into 
equal portions. The period occupied by a given quantity of sand 
in running through a funnel, as in the hour-glass — ^the successive in- 
tervals through which the surface of a column of water descends 
while discharging itself by an aperture in the bottom or side of the 
vessel — the beats of the hand, as in music, or even the pulsations 

• Hatton*s Math, and Phil. Diet. II. 374. 
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of the wrist, are so many diffisreot modes of measuriog time. Bot 
as the intervals measured by any of these modes are not perfectly 
uniform, and as they are incapable of that minute subdivision which 
is sometimes required, none of them is adapted to the purposes of 
the astronomer, who seeks by this method to estimate the moUons 
of the heavenly bodies, or of the mariner who depends on his dine* 
piece for the means of ascertaining his longitude at sea« 

864. The adaptation of the pendulum to the measuring of time, 
was first noticed by Galileo on observing the vibrations of a lamp 
suspended from the ceiling of a church. The theoretical doctrioes 
of the pendulum revealed the fact, that all the vibrations of a pen- 
dulum, of given length, are performed in nearly equal times, and, 
when made to move in the arc of a cycloid, (Art. 180.) in times 
that are exactly equal. Hence tlie pendulum becomes a measure of 
time. Galileo, indeed, used this instrument by itself, counting the 
number of its vibrations ; but Huygens, an astronomer of Holland, 
first connected it with clock*work, by which its motions are indefi* 
nitely continued, more precisely regulated, and the number of its vi* 
brations exactly registered. Pendulums are usually made of such a 
length as to beat seconds, or to indicate, at each vibration, the tyttt 
part of a mean solar day ; but as the period occupied by the passage 
of a star from the meridian round to the same meridian again (called 
a siderial day) is less than that occupied by the sun, so the pendu- 
lum, regulated to solar time, may, by being shortened a little, be 
made to indicate the corresponding aliquot parts of a siderial day. 
Since, moreover, the times of vibration are as the square roots of the 
length, (Art. 181.) a pendulum may be made to beat half-seconds 
by being made only one fourth the length of the seconds pendulum, 
or to beat once in two seconds by making it feur times as long« 

365. As the vibrations of the peodalum in circular arcs are not 
exactly equal to each other, it has been attempted to make it vi- 
brate in the arc of a cyck>id (Art. 179.) ; but the practical difficul- 
ties involved in making the pendulum rod adapt itself to the cheeks 
of a cycloid are so great, that this method has been abandoned io 
practice, and is at present regarded only as a theoretical curiosity. 
Where the arcs of vibration are very small, they will not difier sen- 
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stbljr from pCNrtkxis of a cycloid, and the times of vibration may with- 
out sensible error be considered as equal. In cases where extreme 
accuracy is required, the exact allowance, mathematically deter- 
mined, may be applied to vibrations performed in circular arcs to 
reduce them to the corresponding vibrations in a cycloid ; and a still 
further allowance may be made for the resistance of the air, so as to 
make the vibrations correspond to such as they would be if per- 
formed in a vacuum. The pendulum is stiU liable to some sources 
of inaccuracy, which it has cost much labor and skill to obviate. 
The rod and bulb are both subject to expand by heat and contract 
by cold. In the former case the center of oscillation (Art. 170.) is 
carried too far from the center of motion, that is, the pendulum be- 
comes too long, and the clock goes too slow ; in the latter case, the 
pendulum being shortened, the clock goes too fast. With a pendu- 
lum hanng an iron rod, a difference of temperature of 25 degrees, 
would make a difference of six seconds in 24 hoursMn the rate of 
the clock.* 

Pendulums so constructed as to remedy these defects arising from 
change of temperature, are called Compensation Pendulums^ The 
general principle of these instruments is as foIk>ws : we connect 
with the pendulum rod, some substances which are made to expand 
or contract in a direction opposite to that in which the rod itself con- 
tracts or expands, and thus maintains the center of oscillation, at a 
uniform distance from the center of suspension. The length of the 
theoretical or simple pendulum, it may be remarked, depends wholly 
on the distance between these two points, and not upon the length 
of the pendulum rod. If then we make the pendulum rod of one 
kind of metal as steel, and connect with the bulb another kind of 
metal as brass, which is expanded more by the same amount of heat, 
a less length of the latter expanding upwards, will compensate for a 
greater length of the former expanding downwards, and the center 
of oscillation will be kept at the same constant distance from the 
center of suspension. Now it is found by experiment that the 
lengths of these substances which are equivalent to each other are 
as 1 : .6091, or as 100 : 61 nearly. Therefore, if we connect 61 

inches of brass with 100 inches of steel, the former so arranged as 

-..--- - - - . — . ■ 

« Kater. 
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to expand upwards wbUe the latter expands downwards, we shall 
have a compensation pendulum. The first instrument constracted 
on this principle is called the Oridinm Peniuhim, a name whicli it 
derives from the fancied resemblance which the parallel bars of steel 
and brass have to the gridiron. In the follow- 
ing figure, the five bars marked « are of steel, 
and the four marked ft are of brass. It will be 
seen by the figure that the rods of steel can 
elongate themselves only downwards, while 
those of brass can expand only upwards ; and 
being combined in the ratio of 100 to 61, they 
will exactly compensate each other. A clock 
furnished with the gridiron pendulum is found 
capable of keeping very accurate time. Indeed 
a clock of this kind, constructed by Harrison, 
the inventor of the gridiron pendulum, gained 
the great premium offered by the British Board 
of Longitude, for a ume-keeper which would 
keep time for a given period to a certain de- 
gree of accuracy. 

Another form of the compensation pendulum 
consists of a jar of mercury, suspended from 
the rod in the place of the bulb. By means 
of a kind of stirrup the jar is so connected with 
the rod as to expand upwards while the rod 
expands downwards. The mercury being a 
very expansible metal, the lengths required for mutual Compensation 
are as 1 : .07 ; that is, 39 inches being the length of the steel rod, 
the lerfgth of the column of mercury is only 39 X riv =3.73 incbes. 




366. The use of the pendulum in investigating the Jigure of the 
earthj results from its power of measuring the intensity of the force 
of gravity in any given place. (Art. 183.) Now as this force varies 
inversely as the square of the distance from the center of the eartb, 
when the force of gravity is ascertained at a great number of places 
remote from each other, a comparison of these observations indicates 
the respective distances of these places from the center of the earth, 
and of course, when the observations are sufficiently multiplied, tbey 
indicate, collectively, the figure of the earth. 
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Since in this mode of ascertaining the force of gravity, the length 
of the pendulum is a given quantity, and since that length varies at 
different places, it is necessary to ascertain, by experiment, the true 
length of the seconds pendulum for each place of observation. The 
most convenient method of doing this is that of Kater. It depends 
onr the principle that the centers of suspension and of oscillation are 
convertible points ; that is, instead of making the pendulum vibrate 
in the ordinary manner, we may exchange ends and cause it to vi- 
brate on the center of oscillation, while the place of the latter is oc- 
cupied by what was before the center of suspension. Hence, the 
pendulum being so constructed that it may be suspended from either 
end, two knife edges on which, respectively, the pendulum is to vi- 
brate being placed at nearly the required distance from each other, 
a slide is attached to the intermediate rod by moving which one way 
or the other, the pendulum may be made to vibrate precisely the 
same number of times, in a given period, whether suspended at one 
end or the other. 

• 

367. It is not necessary, however, to vary the length of the ex- 
perimental pendulum, in order to ascertain the true length of the 
seconds pendulum at different stations. These lengths may be as- 
certained, respectively, by comparing the number of vibrations made 
by the same pendulum at the several places. For (Art. 181.) the 
time of vibration is as the square root of the length, or Tocy^L; 

but the time is inversely as the number of vibrations, or Tocjs* 

Hence \/L ccjy and L cc|^3* Hence, calling the length of the ex- 
perimental pendulum, at any other station L^, and we have 

11 , N* 

L: L'::^: j^,» .-.L'^LXj^; that is, 

Multiply the length af the experimental pendulum^ by the square of 
the number of vibrations ^ at any given place^ and divide the product 
by the square of the number of ffibrations at any other place^ and 
the quotient is the length of the pendulum at the latter place. If 
the experimental pendulum is adjusted to seconds, this rule will give 
the lengths of the seconds pendulum at the several places respect- 
ively. 
Vol. I.— N. P. 37 
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368. The result of ihe observatiODS mtde with tlie pendulom, 
like those obtained by measuring arcs of the meridian, show that the 
figure of the earth is that of an oblate spheroid, having the polar di- 
ameter shorter than the equatorial. The most correct determination 
is supposed to be ,| j of the greater diameter; that is, the polar is so 
much shorter than the equatorial diameter. This is denominated 
the Mipticity of the earth. From the measureroente of arcs of the 
meridian, the eilipticity of the earth is found to be ,^y, making a 
difference of about twenty six miles in the two diameters.* 

369. A third important application of the pendulum is, at a tiand'- 
ard of linear measures. 

In order to insure confidence in business transactions, it is very 
essential that the weights and measures employed, should be and 
remain of a certain known amount or length, — a condition which 
cannot be attained otherwise than by adapting them to a fixed pnd 
invariable standard. To fix on such a standard, is a matter of more 
difficulty than would at first be imagined. All things on the face of 
the earth are more or less subject to change, not only the works of 
man, but even those of nature. The elements decompose or wear 
down, in time, the hardest rocks. In ancient times, the standards 
of weights and measures were derived from the parts of the human 
body; as, a h^ntPs breadth^ a cu&tV, a digiif bo. The Englbh 
linear measures were for a long time, referred to the length of a yard- 
stick taken from the length of the arm of Henry the Vllth, and pre- 
served in the tower of London.f Of the defectiveness of such a 
standard, it is sufficient to mention the impossibility of verifying it 
after the death of the king. The idea of standards involves two 
conditions that are indispensable, — the constancy of the thing itself, 
and the power of verification, should any change in it even be sus- 
pected. These conditions are secured by connecting the standard 
with the immutable laws of nature. In the year 1790, the French 
government undertook to effect a complete change in the weights 
and measures in use throughout the world, and to derive an unalter- 
able standard from the dimensions of the earth itself. For this 
purpose, they undertook the determination of the exact length of a 

* Herschel's Astron. p. 114. t Adams on Weights tnd Measures. 
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quadrant of the meridian, extending from the equator to the North 
Pole. A certain aliquot part (the tea millionth) of this they de- 
nominated a metrey which was to be the unit of all linear measures. 
The square of this furnished a measure of stj^rfaces^ and the cube a 
measure of solids. Measures of weight were deri?ed from the 
weight of a certain volume of water. 

370. In the French system, the whole of the divisions and mul- 
tiples of the units were decimals, which were named by pre6xing the 
Greek numerals to the multiples, and the Roman numerals to the 
decimal subdivisions of the units. Thus the measures of length are, 

Myriametre, - - - 

Kilometre, . - . 

Hectometre, ... 

Decametre, - . - 

Metre, - - - - 

Decimetre, - - - 

Centimetre, - - - ^ 
Millimetre, 

Upon this system Professor Renwick remarks as follows,* '* No 
system can be imagined more perfect and beautiful, in a scientific 
point of view, than this system of the French nation. It is founded 
upon a standard existing in nature, and invariable, and which is sus- 
ceptible of determination to such a degree of exactitude, that no 
probable error that can, in the present state of science, be commit- 
ted in the measure of degrees, will affect the small fraction of the 
standard that forms the unit of length. From this decimal division, 
it is exactly consistent with our usual system of arithmetic ; and its 
nomenclature is systematic, and of easy recollection. Still it is not 
without fault, even in a scientific point of view. The measures of 
length are incapable, for instance, of application to astronomical 
purposes, in which we use the semidiameter of the earth, and not its 
quadrant as the unit ; and these two magnitudes are incommensura- 
ble. Neither are we aware that a measure of the meridian in other 
countries particular in our own hemisphere, would reproduce the 
same magnitude for the quadrant that was obtained in France. The 

* Mechanics, p. 296. 
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measure of a sui&cient arc, whence to determine the length of a 
quadrant, is an operation of great expense, and would occupy a long 
time. Hence, in presenting the types of the units to the National 
Assembly, the commission propose to verify them, if suspected of 
alteration, and reproduce them, if lost, by reference to the pendulum 
of the Observatory of Paris ; thus recurring to the same natural stan- 
dard tliat had been rejected by them in the outset. The metre is, 
therefore, after all the labor that was expended in its determination, 
no more than a conventional length, whose relation to the seconds 
pendulum of a particular place is well determined. It has also been 
found impracticable to introduce the decimal division into the meas- 
ure of angles ; and after strenuous attempts for that purpose, and the 
laborious construction of new tables, even the astronomers of France 
have returned to the ancient division of the circle. 

371. " The objections, in a practical point of view, are more nu- 
merous, and have been found insuperable. Thus, however well cal- 
culated for scientific purposes, and even for those of commerce, the 
decimal multiples of the unit may be, decimal subdivisions have been 
found unsuited for the purposes of retail traffic ; for this object no 
other than a binary system can, with convenience, be used. In fact, 
in the subdivisions of the unit, no other method appears to be con- 
sistent with nature ; and those systems which are founded on division 
by two, appear to defy any attempts to alter them. Thus the system 
of money in the United States, which is strictly decimal, is only used 
in written calculations ; while the old binary division of the Spanish 
dollar is retained in all retail operations, in spite of the barbarous no- 
menclature that is applied to it in some of the States. Several of 
the units of the French system, or their decimal divisions and multi- 
ples, are unsuited to ordinary transactions; subdivisions suitable to 
these were, therefore, first introduced clandestinely, and afterwards 
sanctioned by law. Thus a measure of the length of about a foot, 
is the most convenient for many mechanical uses; and for this pur- 
pose a measure of the third part of a metre was formed, called the 
Metrical Foot, to which the ancient duodecimal subdivision was ap- 
plied. The kilogramme differing but little from two ancient pounds, 
its half has become the unit of weight in actual use, and is called 
the Metrical Pound ; to this also, a binary division has been applied, 
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and the decimal sy3tem in the descending scale has not only failed 
in being introduced into commerce, but has been abolished by au- 
thority. 

372. " Thus there are at present in France, in fact, three diverse 
systems; the ancient, nvhich is not wholly abandoned ; the decimal 
system of the commission ; and a system derived from the latter, to 
which the ancient names, and many of the ancient subdivisions are 
applied. 

'^ The system proposed, and partially introduced by the French 
philosophers, may, therefore, be considered as a splendid failure, 
worthy however of a better fate, from the scientific skill with which 
the operations connected with it were executed. It is also memora- 
ble for the light it has thrown on all analogous processes, and the ac- 
tual benefit the researches, in respect to it, have conferred upon 
physical science. Warned by the example of the French, the 
British, Danish, and American governments, have wisely restricted 
themselves to the verification of the measures in actual use, and 
their restoration to their true dimensions* The two former, and 
the state government of New York, have referred them to the pen- 
dulum, a standard existing in nature, determinate, and easily veri- 
fied." 

373. We may exemplify the precautions necessary in order to 
make the pendulum an accurate standard of measures by reviewing 
the conditions under which it is adopted as a standard in the state of 
New York. 

1. The standard is the pendulum vibrating seconds, in a cycloidal 
arc, and in a vacuum in Columbia College in the city of New York. 
The vibrations are required to be in a cycloidal arc, because those 
performed in circular arcs are not absolutely uniform. But the vi- 
brations performed in circular arcs may be reduced to the corres- 
ponding cycloidal arcs upon mathematical principles. As the re- 
sistance of the air might be unequal at different times, such an al- 
lowance must always be made for this, as will neutralize its effect. 
A particular spot is designated, because local causes have some in- 
fluence upon the vibrations of the pendulum. 
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2. The unit of linear ineasures is the yardf which is of such mag- 
nitude as to bear to the pendulum the proportion of 1 to 1.086158. 
Some have proposed to make the seconds pendulum itself the unit 
of linear measures, and to make all other measures of length parts 
and multiples of this ; but it is thought advisable to retain the com* 
mon measures to which the habits of society are adapted, determin- 
ing their exact amount by referring them to this invariable standard. 
The usual subdivisions of the yard into feet, inches, and so on, re- 
main as they are. The standard temperature of the standard yard- 
stick, is that of melting ice. It is necessary to attend to this cir- 
cumstance, because all bodies are expanded by heat and contracted 
by cold, so that the yard-stick is of a uniform length only at a given 
temperature. 

3. The unit of measures of weighi is the Avoirdupois pound, of 
such magnitude that a cubic foot of pure water, at its maximum 
density* shall weigh 1000 ounces or 62^ pounds. 

4. The unit of dry measures of capacity is the gallon, a vessel of 
such magnitude as to hold exactly 10 lbs. of pure water, at its max- 
imum density. The bushel therefore holds 80 lbs. The unit of 
liquid measures b also a gallon, containing eight pounds of distilled 
tooler, at its maximum density .f 

* Water expands as its temperature rises above or falls below a certain point; 
aboat 40^ of Fahrenheit. Hence the necessity of employing it as a standard at 
its maximum density, 

t See an able view of the applications of the Pendalum in Renwick's Me- 
chanics. 
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374. The priDcipIes of Mechanics demoostrated and explained 
In the foregoing pages, are universal in their application, extending 
alike to all bodies, whether solid or fluid. But in addition to those 
properties which fluids have in common with solids, and which bring 
them under the general laws of Mechanics, they have also proper- 
ties peculiar to themselves, and which give rise to a distinct class of 
mechanical principles, not applicable to solid bodies. These are 
embraced under the heads of Hydrostatics and Pneumatics, the 
former division comprising the doctrine of liquids, and the latter 
that of aeriform bodies or gases.* 

375. In Mechanics, after having ascertained a few fundamental 
principles by experiment and observation, the superstructure is raised 
chiefly by mathematical reasoning, and thus the great body of troths 
in that science are established ; but in Hydrostatics, and the other 
subjects of Natural Philosophy which follow, we are much more de- 
pendent on experiment, which frequently affords us more satisfactory 
evidence, than we can o1t»tain by the application of abstract mechan- 
ical principles. 

376. A FLUID is a body whose particles move easUy among them* 
selves, and yield to the least force imfnressed; and uhichj whtn thai 
force is removed, recovers its previous «^a/e.f 

• In some treatises these subjects are distribnted cmder the heads of Hydrostaf* 
ics and Hydrodynamics, the former com prebend in g the mechanical properties 
of fluids at reslf and the ktter those of flnids in motion. In other works, whffi 
relates to liqoids or non-elastic floids, is divided into Bydtostatics and Bydrmulics, 
(the latter denoting the mechanical powers and agencies of ranning water and of 
machines carried by water,) and Pneumatics. The most scientific division is that 
adopted in the Edinburgh En cyclopcedi a, where the term Hydrodynamiu {iroxn 
tlt^ and Awofitf) is used to denote in general the mechanical powers and agen- 
cies of fluids; and this head is divided into the two, Hydrostatics and Hydrav* 
lies. Pneumatics is treated of in a separate article. Bin 1/t^^^^ to follow the 
example of those who arrange these subjects under the tw^^eads specified in 
the text. t Vince. 
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In accordance with the example of Sir Isaac Newton, which has 
been followed by most writers on Hydrostatics, we have introduced 
the foregoing definition of a fluid. Although the best perhaps that 
the subject admits of, yet it is not very discriminating, since such 
substances as quicksand, or the powder of magnesia, have their par- 
ticles as movable as those of tar or syrup, ^hile yet the former are 
solid and the latter fluid bodies. The fact is, that no definition can 
be given of a fluid which would convey to one unacquainted with 
these bodies any adequate idea of the distinction between them ; 
and it may be doubtful whether any better definition can be given of 
a fluid, than that it u a generic term^ comprehending liqvids and 
gases J while liquids are defined to be bodies in the form ofwatcT^ 
and gases bodies in the form of air. The property included in the 
definition of Professor Vince, which we have copied, namely, that a 
fluid when disturbed by any force impressed recovers itself is as 
characteristic of this class of bodies as the mobility of their parts. 

Since water, wind, and steam, are the only fluids that are usually 
employed as mechanical agents, the doctrines of Hydrostatics and 
Pneumatics, have regard chiefly to them ; but the principles estab- 
lished respecting these, are applicable also to all analogous bodies. 

377. It has been usual to denominate liquids and gases respect- 
ively non^elastic and elastic fluids, on the supposition that water and 
other liquids are nearly or quite incompressible. An experiment 
performed by the Florentine academicians, as long ago as 1650, 
seemed to prove that water is wholly incompressible. They filled 
a hollow ball of gold with water, and subjected it to a strong pres- 
sure.* The water, not yielding to the compression, oozed through 
the pores of the gold. Considering the great density and compact- 
ness of this metal, the experiment was for a long time held as prov- 
ing decisively that water is wholly incompressible. Although this 
experiment shows that water is compressed with great difficulty, yet 
later experiments have proved, that it is still capable of compression. 



• The method of applying the pressure is said to have been by neansof ascreir 
working through a water-tight joint. — Partington. As the screw was forced into 
the water, the l^BMpast either be compressed or make its escape from the ball. 
(Art. 2.) An easf^roode of applying the pressure woald have been, to put the 
ball into a vise and flatten it, by which its capacity woald have been diminished. 
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Tbe most decisive evidence of this poiot has been recently afforded 
by the experiments of Mr. Perkins. It had been previously ascer- 
tained that by a pressure equivalent to that of the atmosphere, or 
about fifteen pounds to the square inch, water is compressed about 
one part in twenty two thousand. Mr. Perkins, by methods to be 
described hereafter, applied successive degrees of pressure up to that 
of two thousand atmospheres, or 30,000 pounds to the square inch, 
and found the contraction of volume to be nearly one iwdfih of the 
whole. 

With these preliminary remarks, we may now enter upon the im- 
mediate consideration of the principal subject before us. 



CHAPTER I. 



OF LiaUIDS OR NON-ELASTIC FLUIDS AT REST OR IN 

EaUILIBRIUM. 

378. Htdrostatics if that branch of Natural Pkihiopky whick 
treats of the mechanical properties and agencies of liquids. 

379. Fluids at rest press equally in aU directions. 

A point in a mass of fluid, taken at any depth, exerts and sus- 
tains the same pressure in all directions, upwards, downwards, or lat- 
erally. This is the most remarkable property of fluids, and is what 
particularly distinguishes them from solids, which press only down- 
wards, or in the direction of gravity. This property naturally results 
from the freedom of motion that subsists between the particles of 
fluids ; for if, when a fluid is at rest, the pressure on any given por- 
tion were not equal in all directions, that portion would move in the 
direction in which the resistance was least. But by the supposition 
it does not move : therefore it is kept at rest by equal and contrary 
forces acting on all sides. But tbe most satisfactory evidence of this 
truth is obtained from experiments. On opening an orifice in the 
side of a vessel of water, and estimating the force with which the 
water issues, it is found to be equal to tbe weigl^tfMbe incumbent 
fluid ; and the upward pressure of water at a certam depth is found 

Vol. I.— N. p. 38 
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to sostain the heaviest bodies when exposed to its action alooe, the 
column above the bodies^ and of course the downward pressure being 
removed. 

380. A given presmre or hhv> impressed on any portion of a mau 
oftoater confined in a vessel^ is distributed equally through all parts 
of the mass. 

A given pressure, as that made by a plug forced inwards upoo a 
square inch of the surface of a fluid confined in a vessel, is suddenlj 
communicated to every square inch of the vessel's surface, however 
large, and to every inch of the surface of any body immersed in it. 
Thus if I attempt to force a cork into a vessel full of water, the 
pressure will be felt not merely by the portion of the water directly 
in the range of the cork, but by cdl parts of the mass alike ; and the 
liability of the body to break, supposing it to be of uniform strength 
throughout, will be as great in one place as another, and it will break 
at the point where it happens to be the weakest, however that point 
may be situated relatively to. the place where the cork b applied; 
and the effect will be the same whether the stopper be inserted at 
the top, the bottom, or the side of the vessel. 

381. It is this principle which operates with such astonishing 
effect in the Hydrostatic Press^ by means of which a single man 
can exert a force which is adequate to crush the hardest substances, 
or to cut in two the largest bars of iron.* Its construction is as 
follows. Fig. 168, representis a press made of the strongest tim- 
bers, the foundation of which is commonly laid in solid masonry. 
AB is a small cylinder in which moves the piston of a forcing 
pump, and CD is a large cylinder in which also moves a piston, 
having the upper end of its rod pressing against a movable plank 
£, between which and the large beam above is placed the sub- 
stance to be subjected to pressure, as for example a pile of new 
bound books. By the action of the pump handle, water is raised 
into the small cylinder, and, on depressing the piston, it is forced 
through a valve at B into the larger cylinder and raises the piston 
D, which exj^nds its whole force on the bodies confined at E. 

• Partington's Mannal of Nat. PhU. 
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Now sioco, vbalerer Ibice is applied to any one portioa of the 
fluid, extends alike to every part, therefore ibe force which is ex- 
erted hy the pump upon the smaller column, is irausmitted unim- 
paired to every inch of the larger column, and therefore tends to 
raise the movable plank E with a force as much greater, in the 
aggregate^ than that impressed up<Hi the surface of the smaller, as 



this surface is smaller tbau that of the larger column ; or (nbich is 
the same thing) as the number of square iocbes in the end of the 
piston B is less than that of the piston D. The power of such a 
Diachine is enormously great ; for, vipposing the hand to be applied 
at the end of the handle, with a force of only ten pounds, and that 
this handle or lever is so constructed as to multiply that force but 
five times, the force with which tbe smaller pisum will descend 
will be equal to SO lbs. ; and let us suppose that the head of tbe 
larger piston conuins the smaller 50 times, then the force exerted 
to raise the press-board will equal 2500 lbs. A man can indeed 
easily exert many time* the force supposed, and can therefore exert 
a force upon tbe sub^nce under pressure, equal to many lODs. 

The hydrostatic press involves iar less loss from (riciion than any 
other species of press, and it is said that tbe naked force of man is 
more effective when applied in this way than in any other. By the 
mere weight of a man's body, when leaning on (be extremity of Ibe 
lever, a pressure may be produced of upwards of 2000 tons. It is 
the simplest and most easily applicable of all contrivances for increas- 
ing human power ; and the only limit to the force which may be 
called into action by it, is the want of materials of sufficient strength 
to enable us to apply tbe enormous pressure which it generates.* 

* MoMlr, Htci. ttpptUd U tit ArU, Art. 197. 
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382. The rationale of the principle of the Hydrostatic Press, will 
he best understood by recurring to the following principles, — ^tbat 
opposite forces are in equilibrium when their momenta are equal ; 
that a snnall power may be made to balance a great weight, by mak- 
ing it move, in a given time, over a space as much greater than tbe 
larger does, as its weight is smaller ; and that it may be made to 
overcome that resistance or weight and give motion to it, if its velo- 
city be greater than that of the latter in a still higher ratio. Now 
to apply these principles to the case before us, it is evident that any 
quantity of water forced out of tbe smaller into the larger cylinder, 
must rise in the latter as much slower as the area of the horizontal 
section is larger. If, for example, the capacity of the larger cylinder 
were ten times that of the smaller, then a quantity of water one ioch 
in height transferred from the smaller to the greater cylinder, would 
occapy only the height of one tenth of an inch, consequently, the 
depression of the small piston one inch would raise the large one 
only the tenth of an inch. This case therefore resolves itsdf into 
that general principle, according to which a vast force is exerted 
through a short distance, by moving a small force thiougb a distance 
much greater. 

This press is used for the extraction of oils,' either vegetable or 
animal, for pressing paper or books, and for packing cotton and 
other substances. Hay intended as food for cattle on ship-board, 
is reduced by this press almost to the state of a solid, and enor* 
mous quantities are thus brought into an inconceivably small com- 
pass. There would seem to be no force known to us which may 
not be made to yield to this power. It requires but one of its 
least eflforts to tear up a tree by its roots, or to break a large beim 
asunder. 

383. The eurface of a fluid at rest u horizontal. 

The evidence of the truth of this proposition is threefold.* JFVrt/, 
this result is a natural consequence of the mobility of fluids, since, if 
any portion is raised above the rest, having nothing to support it, and 

being acted on by gravity, it must descend in the same manner as a 

— ~— — — - - .. .. -. .'>. 

* It might appear superflaous to offer so much proof of a point so plain ; but 
-the seireral modes of reasoning will serve to instruct the young learner in the 
peculiar properties of fluids. 
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body placed on a perfeelly smooth iDclined plane. 5econdfy, when- 
ever a body is free to mo?e, its center of gravity will descend as low 
as possible. (Art. 70.) When, therefore, any portion of a fluid is 
raised above the general level, the center of gravity of the mass is 
raised, and drawn out of the line which passed perpendicularly 
through it and the point of suspension, (Fig. 43.) and it must return 
to that line before the fluid can be at rest. Thus, let ABCD be a 
body of water, contained m a cylindrical vessel ; let 
I be the center of the surface, and IGH the perpen- ^Figje9^ 
dicular line passing through the center of gravity 6 
and the base. Through I, suppose a plane, movable 
on a hinge at E, to pass, and to be depressed into 
the situation FIE, by which means the water will be 
depressed on the side AF and raised on the side EB, d 
while the center of gravity will be removed to the 
point G^. Now let the plane be removed, and the center of gravity 
being free to move, it will vibrate around I as a point of suspension, 
until it finally recovers its situation at G, and the surface of the fluid 
will 'return to its original level. T%ird/y, experience shows that the 
proposition is true, since fluids, when free to move, always settle 
themselves ^th their surfaces parallel to the horizon.* It must be 
understood, however, that the surface of large bodies of water, is not, 
strictly speaking, a horizontal level, but is a portion of the convex 
surfece of the earth ; for since the center of gravity of every portion 
of the 'fluid will descend as low as possible, the whole will dispose 
itself around the center of attraction so as to form a portion of the 
earth's surface. For small distances the curvature is so slight that it 
may be neglected, not amounting to one second of a degree for 100 
feet rf and for the dbtance of a mile, the deviation from a straight 



* The only exceptions to this law, are those arising from the aUraclion qfcohe- 
non among the particles of liquids, and the attraction exerted by smalt tubes, 
called capiUarf aUriuAiot^ In conseqiience of cohesion, small portions of a 
liquid form themselves into drops, and large portions present a convex surface, as 
is strikingly exhibited in a wine glass filled with quicksilver. By capillary attrac- 
tion, the surfaces of liquids are made concave, a phenomenon to which we shall 
attend more particularly hereafter. But boUi these causes optrate on a scale com- 
paratively very small. 

. 360X60X60X 100 1296^ 9^ 
26000X5^ I3a**10' 
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line drawn in the difectton of a tangent, b not more than 8 inches* 

The amount of the depressions for different distances, b estimated by 

2L» 
the following formula, D=-o~~ where L represents the number of 

miles, and D the depression in feet. Thus the depresaon for 9 mUes 

Fig. 170. 




2x4 
is -op=2| feet. Let FE or its equal GB be the depression fi>r 

the distance BE. For moderate distances thb arc may be consid- 
ered as equal to its chord. Hence, 6B(D} : EB(L} : :£B : AB ; 

L« 
or I)=Tg9 or, D being expressed in feet and L and AB in miles, 

^ L«X(5280)« L*X5280 2L« 

Das A fa . . g^r.^ = ^^v Tz — =*"3^> nearly. 
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384. A practical application of this principle is made in the art of 
leveUing. A level is sometimes made by merely cutting a groove or 
channel in a flat piece of board and filling it with water. When the 
board is brought into such a situation that the water in the groove 
remains stationary, the position is horizontal. But the spirit levd is 
the instrument more commonly employed for thb purpose. This 
consbts of a small cylindrical tube of glass, from two to six inches 
long, filled with spirits of wine or ether, except a small space which 
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is occupied by a movable bubble of air. When such a tube is placed 
horizontally, the bubble of air will remain stationary in the center of 
the tube, at a fixed mark ; but whenever the tube is inclined, in the 
least degree, the bubble will ascend towards the elevated end. Spirit 
levels are much used for adjusting astronomical, surveying, and other 
delicate instruments. 

385. The pressure iiptm any particle of afiuid of untform den' 
sity, is proportioned to its depth below the surface. 

Case 1. Let the column of fluid ABCD be perpendicular to the 
horizon. Take any points, x and y, at different depths, and con- 
ceive the column to be divided into a number of equal spaces by 
horizontal planes; Then, since the density of the fluid is uniform 
throughout, the pressure upon x and y, respectively, must be in pro- 
portion to the number of equal spaces above them, and consequently 
in propordon to their depths. 

Fig. 171. 
(1) (3) 




A C 

Case 2. Liet the column be of the Sbme perpendicular height as 
before, but inclined as is Fig. 171, (2); then its quantity, and of 
course its weight, is increased in the same ratio as its length exceeds 
its height ; but since the column is partly supported by the plane, 
like any other heavy body, the force of gravity acting upon it is ift- 
minished on this account in the same ratio as its length exceeds its 
height ; therefore as much as the pressure on the base would be 
augmented by the increased length of the column, just so much it is 
lessened by the action of the inclined plane; and the pressure on any 
part of Co will be, as before, proportioned to its perpendicular 
depth ; and the pressure of the inclined column ACoc will be the 
same as that of the perpendicular column ABCD. 
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There are various experiments abo by which this propositioo is 
fully established.* 

386. AccordiDg to Art. 379, the lateral is equal to the downward 
pressure; and consequently on this principle, may easily be estimated 
the amount of pressure on the ddes of any column of water, or on 
the banks of ri?erS| canals, be. At the depth of 8 feet, Uie press^ 
ure on a square foot is equal to the weight of a column of water, 
whose base is 1 foot and depth 8 feet, and consequently its solid 
contents 8 cubic feet ; and since 1 cubic foot of water weighs 1000 
ounces or 68^ lbs. therefore the weight of the column =8x621^ =s 
500 lbs. Hence the pressure on a square foot, at different depths, 
will be as in the following table. 

Tnman on aaqooe foot 

. 3500 lbs. 
. 4000 
. 4500 
. 5000 
. 5500 
. 6000 
330,000 lbs. 
1,650,000 

Hence it appears that at the moderate depth of 64 feet, the pressure 
of a column of water on the bottom or sides of the containing pipe, 
becomes 4000 lbs. to the square foot ; and the pressure on the bot- 
tom of the sea, where it is one mile in depth, is 330,000 lbs. to the 
square foot, and where it is five miles deep, that pressure is no less 
than 1 ,650,000 Ibs.f From these considerations, we may readily 
apprehend the cause of the great difficulty experienced in confining 
a high column of water; and hence also may be inferred the immense 
pressure that is exerted on the bottom of the sea. It is said that the 
Greenland whale sometimes descends to the depth of a mile, but 
always comes up exhausted and blowing out blood, showing that the 
pressure had so acted upon the vessels as to cause them to discharge 
a portion of their contents into the lungs.]; 

• ExperimeDtal illastratioDs are, in this part of the work, supposed to be given 
bj the instractor. 

t Allowance most also be made Cor the ealcneas of the aoa, salt water bein^ 
hcayier than fresh. t Ed. Phil. Jour. Jan. 1838. 
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887. Indications of this vast pressure in deep waters, are mani- 
fested by several iDteresting facts. It has long been known to mari- 
ners, that if a common square bottle be lei down into the sea, its sides 
are crushed inwards before it has reached the depth of ten fathoms. 
If a stronger bottle, (a common junk bottle, for example,) be 6lled 
with water, corked close, and let ddwn to a certain depth, either the 
oork will be forced inwards, or if that be secured in its place, the salt 
water will make its way into the bottle in spile of it, either by com- 
pressing the cork or by forcing in water through it. It was by sink- 
ing an apparatus to the depth of 500 fathoms, that Mr. Perkins 6rst 
proved the compressibility of water, as mentioned in Art. 377. The 
apparatus consisted of a hollow brass cylinder, resembling a small 
cannon,* and furnished with a stopper so contrived as to indicate, 
when the apparatus was drawn up, how far it had been driven in 
while at the lowest depth. The same experiments were afterwards 
repeated on shore, a pressure being applied to the plug, by means of 
the hydrostatic press, equivalent to ''^OO atmospheres. 

The increase of pressure in proportion to the depth of the fluid, 
renders it necessary to make the sides of pipes or masonry, in which 
fluids are to be contained, stronger the deeper they go. The same 
remark applies to dams, flood-gates, and banks. 

388. At the depth of one mile the compression of water is j-^^^ 
of its bulk, and its specific gravity is increased in the same ratio ; so 
that bodies which sink near the surface of the sea, may float at a 
certain depth before they reach the bottom. On the other hand, a 
porous body) that is light enough to float near the surface, will have 
so much water forced into its pores, when it is sunk to a great depth, 
as never to rise. This is the case with ships that are wrecked in 
deep water ; the parts of the wreck do not rise to the surface, as 
they do in shallow water .f 

389. The pressure of a fluid against any surface^ in a direction 
perpendicular to it, varies as the area of the surface multiplied into 
the depth of its center of gravity below the surface of the fluid. 



* A cannon itself was afterwards emplo/ed in these experiments, 
t Amott. 

Vou I.— N. P. 89 
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When a portion, as a square loot, of ihe lateral surface of a col- 
umn of water, is taken, all parts of it are not equally distnot from 
llie surface of the Suid ; and, in this case, the average depib, or 
(which is the same thing) the deplti of the center of gravity, is to 
be understood. 

Let ra, n, (Fig. 172.) be a given portion of the vessel ABCD, 
filled with water or any liquid, and let us conceive this portion to be 
FiR. 172. 



occupied by any number of particles m, o, p, n, be. ; then the pres- 
sure produced by all these particles will be (Art. 83.) «x«ii+ 
oxoj+pxpy + nxws, &tc. : but, by a property of the center of 
gravity,* the sum of the products is equal to the sum of the parti- 
cles, that is, the area of the surface, multiplied into the distance of 
the center of gravity from the surface of Ihe fluid.f 

Hence, the pressure or the side of a cubical vessel, filled with 
fluid, is one half the pressure against the bottom ; and the whole 
pressure against Ihe sides and bottom, is equal to three times the 
weight of the fluid in the vessel. 

390. Flaids rite to the tome letel in the opposite arvu of a re- 
earved tube. 

Let ABC be a recurved tube : if water be poured into ooe arm 
of the tube, it will rise to the same height in the other arm. For, 
by Art. 385, the pressure upon the lonest part at B, in opposite 

• See Ihe lasl step in tbe demonsimiioo of Art. 83, from which GK X(p + P' 

+p":=p-Xpx+p'Xp'x'4.p"xp"i"- 

t Ed. Encfc. ' Hjdrodf namic*.' 
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directions, is proportiooed to Us deplb below the 
surface oflhe fluid. Thereibre, tliese depths must 
be equal, that is, the height ofthe two columns must 
be equal, in order that the fluid at B may be at rest; 
. and unless this part is at rest, ibe other paru ofthe a 
column canool be at rest. Moreover, since the equi- 
librium depends on nothing else than the heighlt of 
the respective columns, therefore, the opposite col- 
umns may differ to any degree in quantity, shape, 
or inclination (o the horizon. Thus, if vessels and 
tubes very diverse in shape and capacity, as in Fig. 
174, be connected nith a reservoir, and water be 
poured into any one of them, it will rise to the same 
level in them all. 

Pig. 174. 



y 



The reason of this fact will be farther understood from the appli- 
cation of the principle of equal momenta, (Art. 149.) ; for it will 
be seen that the velocity of the columns, when in motion, will be as 
much greater in the smaller than in the larger columns, as the quan- 
tity of matter is less ; and hence the opposite moraenla will be coo- 
slantly equal. 

391. Hence, water conveyed in aqueducts or running in natural 
channels, will rise just as high as its source. Between the place 
where the water of an aqueduct is delivered and the spring, the 
ground may rise into hills and descend into valleys, and the pipes 
which convey the water may follow all the undulations of the coun- 
try, end the water will run freely, provided no pipe is laid higher 
than the level ofthe spring. Waters running in natural channels in 
the earth are governed by the same law. 



J 
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392. The aqueducts constructed by the ancient Romans, were 
among the. most costly monuments of their arts. Several of tbem 
were from thirty to one hundred miles in lengthi and consisted of 
vast covered canals built of stone. They were carried over valleys 
and level tracts of country upon arcades, which were sometimes of 
stupendous height and solidity.* From the fact that the ancients 
built aqueducts with so much labor, raising them to a great height in 
crossing valleys, instead of availing themselves of the principle under 
consideration, some have supposed that they were unacquainted with 
this principle. It appears nevertheless that they were acquainted 
with it, and even understood the use of pipes in conveying water ; 
but probably the expense of pipes, and the difficulty of making them 
strong enough to resist the pressure when laid at a considerable 
depth below the source, prevented their general use. 

393. 7%€ pressure vpon the horizontal base of any vessel con^ 
iaininga fivid^ is equal to the weight of a column of the fluids 
found by multiplying the area of the base into the perpendicular 
height of the column^ whatever be the shape of the vessel. 

This follows from Art. 389, since here, the distance of the center 
of gravity of the base from the surface of the fluid, is the same as the 
perpendicular height of the column. With a given base and height, 
therefore, the pressure is the same whether the 
yessel is larger or smaller above, whether its fig- 
ure is regular or irregular, whether it rises to the 
given height in a broad open funnel, or is carried 
up in a slender tube. Hence, any quantity of 
water^ however small^ may be made to balance 
any quantity^ however great, Tffis is called the 
hydrostatic paradox. The experiment is usually 
performed by means of a water bellows, as rep- 
resented in Fig. 175. When the pipe AD is 
filled with water, the pressure upon the surface 
of the bellows, and consequently the force with 
which it raises the weights laid on it, will be equal 
to the weight of a cylinder of water, whose base 



Fig. 175. 




• Bigelow, El. Tech. 303. 
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is the surface of the bellows, and height that of the column AD. 
. Therefore, by making the tube small, and the bellows large, the 
power of a given quantity of water, however small, may be in- 
creased indefinitely. The pressure of the column of water in this 
case corresponds to the force applied by the pistoii in the Hydro* 
static Press, (Art. 381.) and the explanation according to the prin- 
ciple of equal momenta, is the same in both cases.* 

394. The principle of the Hydrostatic Paradox, is sometimes ex- 
emplified by pouring liquids into casks, through long tubes inserted 
in the bung holes. As soon as the cask is full, and the water rises 
in the pipe to a certain height, the cask bursts with violence. The 
same cause is supposed sometimes to produce great effects in nature, 
such as splitting rocks, heaving up mountains, and other e&cts re- 
sembling earthquakes. For, suppose that in the interior of a moun- 
tain there were an empty space ten yards square, and only an inch 
deep, in which the water had lodged so as to fill it entirely ; and 
suppose that a crevice in the earth should extend from this spot two 
hundred feet above, which should also become filled with water by 
rain or otherwise : the force exerted would be adequate to shake 
the mountain, and perhaps rend it asunder.f 

395. Although the weight of a given quantity of water would 
not be altered by varying the shape of the vessel, yet the pressure 
which it exerts on the bottom of the vessel will be greater in pro- 
portion as the altitude of the mass is greater, and of course greater 
in a narrow vessel than in a wide one. If it be asked why the 
weight is not increased as the downward pressure is increased, the 
answer is, that the pressure in that direction is exactly counterbal- 
anced by an equal pressure in the opposite direction. 

OF SPECIFIC ORAVITT. 

396. jHIc Specific Gravity of a body, is its weight compared with 
the weight of another body of the same bulk, taken as a standard, 

* The bellows rises throagb so small a space, that its motion is hardly percep- 
tible, but it may be rendered very striking by connecting with the bellows (as is 
done in the lectnre room at Yale College,) a lever, and several multiplying wheels, 
which give rapid motion to a pointer. 

t Library of Useful Knowledge, * Hydrostatics.' 
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Water is the standard for all solids and liquids, and commoa air 
inr gases. Therefore the spedfic gravity of a solid or a liqaid 
body, b (he ratio of its weight to the weight of an equal roluoie erf" 
water ; and the specific gravity of an aeriform body, is the ratio of 
its weight to the weight of an equal volume of air. But a ratio b 
expressed by a vulgar frection, whose numerator is the anlecedent, 
and whose denominator is (Tie consequent. If, therefore, tbe weight 
of a body is made the numerator, and the weight of an equal volume 
of water the denominator, the value of the fraction, that is, the 
quotient, will express the specific gravity of tbe body. Hence, the 
weight of a body being given, and being made the numerator, every 
process lor finding the specific gravity, consists in finding for the de- 
nominator the weight of an equal bulk of water or air. Tbe prin- 
ciples upon which the methods of doing this depend, are now to be 
explained. 

397. A body immer$ed in afiuxd, lottt lu much weight oi it e^tiaf 
to the weight of an tquat volume of the fiutd. 
Fig. 176. 



Let EF be a solid body immersed in a vessel of Water or any 
Suid, and suppose it divided into an indefinite number of perpen- 
dicular columns, reaching to the surface of the fluid, as mon. Now 
the upward pressure at n is as its depth, and the downward pressure 
at o as its depth ; therefore the upward pressure exceeds tbe down- 
ward, by the weight of a column of water equal to no. The same 
is true of all the columns, however numerous they may be, that 
can be drawn parallel to no ; but these columns, taken collectively, 
make up a body of water equal in bulk to tbe solid. Hence the 
solid is pressed upwards more than downwards, by the weight of a 
quantity of water of the same magnitude, and consequently loses so 
much of its weight. Hence the specific gravity of any solid body 
that will sink in water, is found by the following 
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Rule. — Divide the weight of the body by Us loss of weight in 
water. 

398. When the body whose specific gravity is required is lighter 
than water, as a cork, for example, the object is still to find the 
weight of an equal bulk of water, since that will constitute the de- 
nominator, or divisor^ as before. To ascertain this, suspend any 
heavy body, as a mass of lead or glass, in water, and find its weight. 
Attach to It the lighter body. Now the cork will not only lose all 
Its own weight, but will diminish the weight of the heavy body ; and 
the weight of an equal bulk of water will be indicated by the whole 
of what the cork loses, namely, its own weight added to the loss 
occasioned to the other body. Whence we have the following 

Rule. — To find the specific gravity of a body lighter than water, 
Divide its weight by the sum of its weight added to the loss of weight 
which it occasions in a heavy body previously balanced in water. 

■ 

399. A solid which is soluble in water, as a lump of salt, is pro* 
tected from solution by smearing it with oil or a thin coat of bees' 
wax ; and solids that are very porous and would absorb water, and 
thus increase their specific gravities, as certain kinds of wood, are 
first covered with varnish.* The specific gravity of solid substances, 
which are too minutely divided to be weighed in water, separately, 
as grains of sand or shot, may be found by weighing them in a small 
bucket previously balanced in water. 

400. The specific gravity of liquids may be ascertained by seve- 
ral dififerent methods. 

Rule I. — Weigh equal volumes of the liquid and of water^ and 
divide the former result by the latter. 

Rule II. — Ascertain the loss of weight of any solid body, first in 
the liquid and then in water, and divide the former result by the latter. 

Both these rules obviously depend upon the same principles as 
those explained in Art. 396, the weight of the liquid being immedi- 
ately compared with that of an equal bulk of water ; but there is 

another method, founded on the following proposition. 

■ ■ ■_ - . ■ 

• Cavallo, I. Si3. 
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401. Two columns of fiuids of different speeifie gravities, press- 
ing freely on each other at their bases, balance one another, when 
their heights are inversely €ls their specifk gravities. 

Let AB be a recurved tube, and let the height of P'g- 177- 
the column of the fluid B be as much greater than 
that of A| as the fluid B is lighter than the fluid A ; 
the two columns will then be in equilibrio. 

If the tube be of uniform bore throughout, then the 
proposition is manifestly true, because the quantities 
of matter pressing on each other in opposite direc- 
tions will be equal and will have equal momenta ; but 
from the peculiar nature of fluids, (Art. 390.) the op- 
posite pressures will be the same, when the heights of 
the columns are the same, whatever may be the shape 
or capacity of the tube. If we introduce mercury in- 
to one arm of the tube and water into the other, the ^ 
graduated scale will indicate that the water stands 
13} times as high as the mercury. Therefore the 
specific gravity of mercury is 13i. Proof spirit will 
stand at .923; sweet oil at .915 ; and their specific 
gravities are the same, water being 1« 



402. These comprehend the most common methods of determin- 
ing the specific gravities of bodies ; but when great accuracy is re- 
quired, the process of finding the specific gravity becomes one of 
much delicacy. The balance roust be very sensible ; the body 
when suspended in water must hang by a fine thread or hair, and 
the water must be of a standard temperature, since it alters its den- 
sity by a change of temperature, so that the quantity of water which 
we wish to find, (namely, a quantity equal in magnitude to the given 
body,) will weigh more when the water is cold and less when it is 
warm.* 

As expeditious methods of finding the specific gravity are sought 
for in commerce and the arts, various instnments have been invent- 



* The standard temperature is not nniversally agreed on. The temperature of 
G09 is usually understood, at which a cubic foot of water weighs 62.353 lbs. or a 
little less than 1000 ounces. A better standard is that of 40^, at which tempera- 
ture the weight of a cubic foot is still nearer to 6Si lbs. or 1000 ounces. 
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ed for this.purpose, which are called in general, hyircmeiers. But 
before we can understand the principles on which these instruments 
depend, we must attend to the theory of floating bodies, so far as it 
is contained in the following propositions. 

403. If a body floats on a fluids it displaces as much of the fluid 
as is equal to its own weight. 

For the body P+Q* is supported by the pressure of the fluid 
upwards against the part immersed. But before the body was im- 
mersed, the same pressure supported a quantity of the fluid which 
occupied the same space and was therefore of the same magnitude 
with Q ; and since the same pressure must sustain the same weight, 
when there is an equilibrium, the weight of the body must be equal 
to the weight of a quantity of the fluid equal in bulk to Q. 

This proposition is also easily established by the experiment ; for if 
into a vessel full of water a floating body, as a piece of wood, be 
introduced, the quantity of water displaced will be found to be exactly 
equal in weight to the body. Or if the vessel full of water be accu- 
rately balanced in a scale, and then removed and the piece of wood 
introduced, on restoring the vessel it will still remain in equilibrium, 
the wood exactly compensating for the water it displaced. 

404. If a body floats on a fluids the part immersed bears the same 
ratio to the whole body, as the specific gravity of the body bears to 
that of the fluid. 

Let S be the specific gravity of the fluid, and s that of the solid ; 
then the absolute weight of the body (P+Q)* will equal (P+Q) 
X s,t and the weight of a quantity of the fluid equal to Q is Q X S ; 
and by Art. 403, these weights are equal to each other, that is, 

(P+Q)x*=QxS .-. Q : P+Q: :« i S. 

405. A floating body will be at rest only when its center of grav- 
ity is in the same vertical line with the center of gravity of the part 
of the fluid displaced. 

* Q, represents the part immersed ; P the other part 

t 5 denotes the specific gravity of the body, water being 1.; and s = p a 

( Art 396.) . • . W = (P+a) X s. 
VoL.1.— N. P. 40 
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As tbe space from wbwb tbe fluid has been dtsplaeed, exactly 
copiea the figure o{ tbe part of tbe body immeraed, tiie center of 
gravity or tbe displaced Suid is the same with ibat bekinging to tbe 
figure of the segment. Let tha center of gravity be at C, (S'^. 
17S.} while that of tbe enUre body is at G. Now tbe Quid, pre- 



vious to its removal, was sustwoed by an upward force equal to its 
own weight, acting in the vertical line DC ; and tbe same upward 
ibrce now acts upon tbe floating body at tbe point C. But tba 
body, being free to move, is carried downwards by a force acting in 
the direction of tbe vertical Jine GH. Were these two forces ex- 
actly opposite and equal, tbey would keep ibe body at rest ; but this 
is the case only when the points C and G are in tbe same vertical 
line : in every other positiiMi of these fmnts the two parallel forces 
tend to turn the body round. (Art. 70.) 

When the floating body is a regular aolid, as a sphere, tbe space 
cxM:upied by tbe immersed segment being always tbe same, its center 
of gravity is immovable. If tbe body is of uniform density, so that 
the center of gravity coincides with the center of magnitude, it will 
remain at rest in every position ; for the center of gravity of tbe 
whole body and of tbe segment, will always be in the same vertical 
diameter. But if tbe sphere is of unequal density, then it will turn 
- around tbe center of gravity of the segment as around aGxed point, 
and be at rest, only when its center of gravity la either directly above 
or directly below that of tbe segment. 

Persons have sometimes attempted to walk on the water, by at- 
tachiug to the feet inflated bladders, or air bags of India rubber. 
Tbe body can be kept from reversing its position, only by maintain- 
ing its center of gravity directly over that of tbe fluid displaced,-^ 
a point of such delicacy, as to require great skill and dexterity. Tbe 
feat is rendered easier by carrying a staff having a blown bladder at 
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the end of it, by which three pmnti of support are coramBnded, and 
oomaqueotly a greyer breadth of baM is secured. Most persons, 
however, in attemptrng Uiii feat, would sboitlj find their heads down- 
wards, and their feet out of water. 

lift prtitnsn, consisting c^ air bags attached to the waist, act 
en the foregoing principles, and, in Dumeroua ioataocea, hare been 
instmmantal in saring the lives of shipwrecked mariners. 

406. The Htdbohetxr, an instmmeat used in commerce for de- 
termining at ODce the specific gravity of liijuors, depends on the 
principle enumerated in Art. 404. 

The most common Hydrometer is represented in Fig. 179. It 

consists of a. hollow ball, with a long slender stem, and since it trill 

sink until it has displaced a quantity of the fluid equal in weight to 

itself, it trill of course sink to a greater depth the lighter the fluid. 

Pfg.l'n; 



Pig. 180. 




From the depths to which it sinks, therefore, as indicated by the grad- 
uated stem, the correspooding speclfio gravities are estimated accord- 
jpg (o the formula io Art. 404, and arranged in a table. Nicholton'i 
^Hydrometer, (Fig. 180.}is the most useful of this class of iostrumenu, 
wme it may be applied to finding the specific gravities of solid bodies. 
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In addition to the bollow ball of the common hydrometer, k is liuv 
nisbed with a dish AB for receiving weights, and a stirrup £F for hold- 
ing the substance under trial* The instrument is so adjusted that 
when 1000 grains are placed in the upper dish, the whole will siuk in 
distilled water at the temperature of 60^ Fahr. to the pdnt m in the 
middle of the stem. If therefore in the case of different fluids, we 
add weights until m suads at the level of the fluids, the quantiUes 
displaced will be the same in all, and the weight of each quantity 
will be that of the instrument W together with the weight to added 
to the dish, which will constitute the numerator of the fraction ex- 
pressing the speci6c gravity, (Art. 396.) while W+1000 expresses 
the denominator^ being the weight of an equal bulk of water; and 
since the weight of the instrument is known, the only thing to be 
determined in any case is the weight to be added, in order to «nk 

TIT I ^» 

the point m to the level of the fluid. Then -^ — 4^ — — = the spe- 
^ W+1000 ^ 

cific gravity. 

To determine the specific gravity of a solid body not exceeding 
100 grains in weight, we first place the instrument in water, put the 
body into the dish, and add weights to sink the point m to the level 
of the water. Then, since the weight of the body itself and the 
weight added, together equal 1000 grains, the weight of the body 
sslOOO - the weight added. Now we transfer the body to the stir- 
rup EF, and ascertain what weight must be added to the dish to sink 
it to the same level as before. This weight will show the loss of 
weight of the body in water ; and the weight in air, divided by the 
loss of weighrin water, gives the specific gravity. As the cylin- 
drical stem of the instrument is only one fortieth of an inch in di- 
ameter, the instrument will rise or fall nearly one inch by the sub- 
traction or addition of one tenth of a grain. It will therefore indi- 
cate a change of weight less than one twentieth of a grain, and give 
the specific gravity correct to five places of decimals.*^ 

407. An accurate knowledge of the specific gravities of bodies, 
is of great use for many purposes of science and the arts, and they 
})ave therefore been determined with the greatest possible precision* 
The heaviest of all known substances is platina, whose specific grav- 
ity, in its state of greatest condensation, is 22,f water being 1 ; and 

■ »' ■ ■■ " ■ II m ■■..■■■ !■■ ■■ I I ■ >i ■ |, , ■ I- • 

♦ Ed. Encyc. X. 781. t Ed. Encyc. X. 7M. 



i 



SPBCIFIC GRAVITT. 317 



ibe lightest of all ponderable bodies is hydrogen gas, whose specific 
gravity is .078, common air being 1. Also, air is 818 times lighter 
than water. Hence» by calculation, it will be found that platina is 
about 847,000 times as heavy as hydrogen, and a wide raqge is 
allowed to the various bodies which lie between these extremes. 
The metalsi as a class, are the heaviest bodies ; next to these come 
the metallic ores; then the precious gems; and finally, minerals in 
general, animal, liquid and vegetable substances, in order, according 
to the following table. 

MetaU^ (pure,) not bcluding the bases of the alkalies and 
earths, fjK>m - - - - * -- 5 to 23 
Gold, 19.25 Steel, 7.84 

Quicksilver, 13.58 Iron, 7.78 

Lead, 11.35 Tin, 7.29 

Silver, 10.47 Zinc, 7.00 

Copper, 8.90 

MetaBic OreSf lighter than the pure metals,but usually above 4.00* 
JPrecious Gesu , as the ruby, sapphire, and diamond, 3-^ 

MMeralif comprehending most stony bodies, - - 2 — 3 

JAquidM, from ether highly rectified to sulphuric acid highly 

concentrated, - - - • - « - { — ^2f 
Acids, in general, heavier than water. • 
Oils, do. lighter ; but the oib of cloves and cinna- 
mon are heavier than water ; the greater part lie between 

.9andl. .9^1 

Milk, 1.032 

Alcohol, (perfectly pure,) - - - - . .797 

Do. of commerce, ---••- .835 

Proof Spirit, .923 

Wines ; the specific gravity of the lighter wines, as Cham- 
pagne and Burgundy, is a little less, and of the heavier 
wines, as Malaga, a little greater, than that of water. 
WoodSf cork being the lightest, and lignum vits the heaviest, } to liX 

« la a few instances, metallic ores, when largely combined with foreign ingre- 
dients, fall below 3. t Ed. Encye. 

t The lightest kinds of wood, are poplar, pear, and sassafras, all of whieh are 
below .5 ; the heaviest, are ebony, cedar, mahogany, oak-heart, box, and pome- 
granate, which are heavier than water. Wood increases in density by age. 
Knots have been known to reach the specific gravity «f 1.76. 
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408. If we balance, in a pair of scales, a tonbler fflled whb wmter, 
to a certain mark near the top, and then, turning out all the water 
except a small quantity, introduce any solid body, (as a tumble m 
little less than the first,) so as to raise the water on the sides to the 
same mark as before, the equilibrium will be restored* Here, the 
space occupied by the solid immersed, b the same with that beiore 
occupied by the water. On the same principle, a ship is floated io 
a dock with a very small quantity of water^ and sttll rides as freely 
as on the ocean. By the ascent of the water, on the ades, the up- 
ward pressure on the bottom is increased, on the same principle aa 
in the Hydrostatic Paradox, (Art. 303.) Though in this caacy we 
cannot say that a quantity of water is displaud equal in weight to 
the solid, (since the whole of the water originally in the vessel may 
not have been nearly sufficient to fill the space occupied by the ship,) 
yet the effect is the same, in regard to the pressure on the water be- 
low the ship, and of course on the upward pressure, (Art. 379.) as 
though tbe^ace occupied by the ship below the level of the fluid 
on its sides, were filled with water. On this principle, the weight of 
a loaded boat in the lock of a canal is easily estimated* 

Boats are sometimes made of iron instead of wood, their tbick-i 
ness being so much less, that the entire weight of the boat, is not 
greater than when made of wood. 

409. The human body, when the longs are fiUed with air, b 
lighter than water, and- but for the difficulty of keeping the lungs 
constantly inflated, it would naturally float.* With a moderate de- 
gree of skill, therefore, swimming becomes a very easy process, efr> 
pecially in salt water. When, however, a man plunges, as divers 
sometimes do, to a great depth, the air io the lungs becomes com- 
pressed, and the body does not rise except by muscular effort. The 
bodies of drowned persons rise and float after a few days, in oonse* 
quence of the inflation occasioned by putrefaction* Quadrupeds 
swim much more easily than man, because the motions of the limbs 
necessary to sustain themselves, nearly coincide with their natural 
motions in walking, while the body maintains nearly its usual posture. 

♦ See Dr. Franklin's remarks on this subject, in his Works. 
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410. ^a {oify 19 hiU beneath the surface of a fluid j the force with 
Vfhich it will aseendy if ii is lighter than the fluids or with which it 
will deeeendy if it is heavier, is equal to the difference bettoeen its 
Mwi weight and the weight of an equed quantity of the fluid. 

Let s be the specific gravity of the solid and S that of the fluid, 
and M the weight of ad equal bulk of water* Now the body held 
beneath the water obviously descends with its own weights MXfy* 
while it is pressed upward with the weight of the quantity of fluid 
dispIaced=MxS; consequently, the force with which it ascends 
must be (MxS) — (Mxs), and the force with which it descends is 
(Mxx) — MxS, which are the differences between the weight of 
the body and the weight of the fluid tlisplaced.f 

411. On the foregoing principle, is founded the construction of a 
machine called the Camel, for raising sunken vessels, or for lifting 
ships over sand banks. A similar effect is exibited in rivers, where 
the ice is formed upon the stones at their bottom. Ice is specifically 
lighter than water, and therefore when it accumulates to a certain 
degree round the stones, the upward pressure upon the stones ex- 
ceeds their pressure downwards, and they are brought to the sur- 
face, having been sometimes torn up with great force. Huge masses 
of stones appear in many cases to have been floated by the ice ad- 
hering to them, and carried to a great distance from the place of their 
formation.^ 

412. Rocks and stones being onlyja little more than twice as 
heavy as water, of course nearly half their weight is sustained while 
they are immersed in water ; and hence the increased weight which 
is felt when a large stone is lifted from the bed of a river, as soon as 
it reaches the surface. Large masses of rocks are transported with 
far greater facility by torrents, on account of their diminished weight. 
On the same principle, the limbs feel very heavy after lying for some 
time in a bath. Life boats have a large quantity of cork mixed in 
their structure ; or of air-tight vessels of thin copper or tin plate, so 
that, even when the boats are filled with water, a considerable part 
still floats above the surface.^ 

W 

• For tesr-jj . • . WsM X 5. t Ed. Encyc. X. 738. t lb. 

I Arnott. 
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When light bodies are attached to heavier for the purpose of 
makiog them float, some caution is necessary, since, on account of 
the tendency of the center of gravity to seek the lowest point, there 
will be danger of upsetting. Thus, persons endeavoring to swin 
by attaching to their persons blown bladders, sometimes have thdr 
heads turned downwards ; and a man undertaking to walk oo the 
water in a pair of cork boots, would shortly disappear and oothbg 
would be seen except the boots sticking opt of the water«* (Art. 405.) 

413. The magniiuit of bodies may frequently be most oonven- 
iendy and accurately estimated from the doctrine of speciflc gravities. 
Suppose we wish to ascertain the exact number of solid inches con- 
tained in a stone of rude and irregular shape, we should find great 
difficulty in applying to it any linear measurement; but if we ascer- 
tain its loss of weight in water, then we have the weight of an equal 
bulk of water, and since 1000 ounces contain 1728 cubic inches, we 
may easily find how many cubic inches correspond to the weight of 
water of equal magnitude with the body in question. 

We may estimate the quantity of ice in an island of ice, such as 
occur in the northern seas, by applying the principle demonstrated 
in Art. 404. 

414. As examples of the manner in which questions are solved 
by the principles of Hydrostatics, we subjoin a few problems of the 
more difficult class, with their solutions, to which we shall add a 
variety of questions as an exercise for the leanier. 

PBOBLKMS. 

1. What is the weight of a chain of pure gold, which raises the 
water 1 inch in height, in a cubical vessel whose side is 3 ilfehes ? 
and suppose a chain of the same weight were adulterated with 14} 
oz. of silver, how much higher would it raise the water in the vessel ? 

The contents of the chain are 3 X3 X 1 ==9 cubic inches. 

Since a cubic foot or 1728 inches of dbtilled water weigh 1000 
oz.f avoirdupois, and since 192 oz. avoirdupoisssl75 troy, in which 

* AmoU. 

t By act of Parliament, 1835, 19 cubic inches of distilled water, temp. 60* 
Fahr. weigh 10 oz. troj. These numbers may be used instead of those in the text. 
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gold and silver are weighed ; therefore, 1728 inches of water weigh 
911.458 oz. troy ; or 1 cubic inch weighs .5274 oz. The specific 
gravity of gold being 19.25, and that of silver being 10.47, there- 
fore 1 inch of gold toeighs 10.15 oz. and 1 inch of tUver weighs 
5.52 oz. Hence the chain weighs 91.35 oz. Again, 
10.15 oz. : 1 in.::14.5oz. ; 1.428s=cubic inches ofgold in 14.5 oz. 
5.52 :1 ::14.5 : 2.626= do. silver do. 

•'.9 - 1.428+2.626=sl0.198scoluron of water raised by the chain ; 

10.198 
and — g— =1.133 ss whole height, and 1.133— 1=. 133 Ans. 

2. The specific gravity of lead being 1 1 .35 ; of cork, .24 ; of fir, 
•45 : How much cork must be added to 60 lbs. of lead, that the 
united mass may weigh as much as an equal bulk of fir ? 

Let x=weight of the cork in pounds. 
Then 60+^^weight of united mass = weight of an equal bulk of fir. 

60+a; , ^ 
>•» ^E =do> of an equal volume of water. 

60 X 60+dP 

And rjr35+"o4=^^® same, and therefore = ^g 

Hence, x=65.8527 lbs. Ans. 

3. A cone, whose height is 6 inches, is immersed in water, with 
its vertex downwards. Its specific gravity being {th that of the 
water, what part of the axis will be immersed ? 

Let d? 2= part of the axis immersed : 

V /216\4 6 
Thena?» :6»::1 : 8/.art:^-g- j*=2=one*a(/' ^Aea«t». Ans. 

4. A sailor bad a 10 gallon cask half full of brandy, and not being 
allowed to keep liquors on board, be threw it overboard for the pur- 
pose of concealment, attaching to it a mass of lead just suflScient to 
keep it under water: Required the weight of the leadf the wood of 
the cask containing 216 cubic inches, the sp. gr. of the brandy being 
.886, that of sea water 1.030, that of the lead 11.35, and that of 
the wood .8 ? 

The whole quantity of water displaced=231 X 10+216 = 2526 
inches; and 231x5=1155=quantity of brandy. 
Vol. I.— N. p. 41 
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Then, 17S8 : 1080! :2526 : 1505.66»wt. of water. 

1728: 886:: 1155: 592.2 =wt. of brandy. 

1728: 800:: 216: lOO. =:wt. ofwoo^. 
Then 1505.66 -^ (592.2+ 100=692.2) =813.46 =weight of the wa- 
ter above that of the brandy and caskj which is the buoyant power 
to be counteracted by the lead. 
Now, how much lead will it take to weigh 813.46 in water ? 

Let x=wt. of lead required ; then fTQM^ weight of an equal bulk 

of water. Therefore ^-^1-^= 8 13.46, and a?=894.64 oz. ©r 
%tarh^ 56 lbs. Ans. 

(QUESTIONS ON HTDROSTATIC9. 

1. i» a Hydroifaiic Frea, (Fig. 168.) the heighi of ike mwS 
column AB on which the power acts is 2 feet above the bottom of the 
large piston CD ; the diameter of the cylinder AB if 1 inth, and 
of the cylinder CD 1 foot. By means of a screw turned by a hper^ 
a man can exert a force on A equal to 500 lbs. ; What amount of 
pressure can he apply with the aid of this presSj combining his own 
strength with the pressure of the column of water AB?t 

Ans. 72098.17 lbs. 

2. A Junk bottle, whose lateral surface contained 50 square 
inches^ was let down into the, sea 3000 feet: What pressure would 
the sides of the bottle sustain, no allowance being made for the vir 
creased specific gravity of the sea waterl Ans. 65104.166 lbs. 

3. A Cbreenland whale sometimes has a surface of 3600 square 
feet : What pressure Ufould he bear at the depth of 800 fathoms 1 

Ans. 1080,000,000 lbs. or more than 482142 tons. 

4. A MtU'Dam, running perpendicularly across a river ^ slopes at 
an angle of 25 degrees with the horizon. The average depth of the 
stream is 12 feet, and its breadth 500 yards : Required the amount 
of pressure on the dam 1 Ans. 15971906 lbs. or 7130+tons. 

• The specific gravity of lead above sea water. 

t It is obvious that the elevation, and conseqaently the pressure, of this colamn 
would be continually diminishing. The question respects only the commencement 
of the process. 
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5. A mineral weighi 960 grains in air, and 139 grains in water : 
Wkai is its specific gravity 1 Ans. 4.344. 

6. What are the respective weights ef two eqt/al cubical masses 
ofgM and eorlcy each measurii^ 2 feet an its linear edge 7 

Ads. Tbe gold weighs 96S5 lbs.=4,297 tons ; the cork weighs 
120 lbs. 

7. On one of the peaks of the Alps, is a single nuus of granite 
rock of a nearly globular shape, which is estitnated by measure to 
contain S949 cubic feet. H^ whole mass is so nicdy balanced on 
its center of gravity, that a single mem tnay give it a roMng motion* 
By tritd made upon a smaU fragment, its specific gravity was found 
to be 2.6: What is its weight? Ads. 431.568 tons. 

8. An island of ice rises 90 feet out of water, and its upper mr- 
face is a dreular plane, containing fths of a square acre. On the 
supposition that the mass is cylindrical, required its weight, and 
depth below the water, the specific gravity of sea water being 1 .0363, 
and that of ice .92} Weight 243900 tODs ; depth 259.64 feet. 

9. fVtshing to ascertain the exact number of ciMc inches in a very 
irregular frc^ment of stone, I ascertained its loss of weight in water 
to be 5.346 ounces: Mequired its dimensions 7 

Aos. 9.238 cubic inches. 

10. Biero, BSng of Syracuse, ordered his jeweller to make him a 
crown of gold, containing 63 ounces. The artist attempted a fraud 
iy siubsiituiif^ a certain portion of silver; which beif^ suspected, 
the king appointed Archimedes to examine it. Archimedes, putting 
it into water, found it raised the fluid 8.2245 inches; and having 
found that the inch of gold weighs 10.36 ounces, and that of silver 
5.85 ounces, he discovered what part of the king^s gold had been 
purloined. B is required to repeat the prices. Ans. 28.8 ounces. 
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CHAPTER 11. 

OF UaUIDS OR NON-ELASTIC FLUIDS IN MOTION. 

415. That branch of Natural Philosophy which treats of fluids m 
maiiamt is usually deDominated Hydraulici, from S^i vmUr^ and 
utUgt a torrent. It embraces, therefore, the phenomena exhibited 
by water issuing from orifices in reservoirs — ^projected obliquely or 
perpendicularly — ^flowing in pipes, canals, and rivers— -osdllating ia 
waves — or opposing a resistance to die progress of solid bodies.* 

In this part of the doctrine of fluids, the deductions of ihecry aUme 
are of little value, and are in fact so discordant with experience, that 
little reliance can be placed on them, except as modified by experi- 
ment. When thus modified, the truths learned respecting the laws 
that govern the motions of fluids, have a high degree of practicri 
utility. 

The causes of this discordance between theory and experiment 
are such as the following ; — the di£kreot states in which the same 
fluid is found in consequence of changes of temperature, and diflbr- 
eot degrees of purity — the attraction existing between its particles 
and preventing that perfect fluidity which is contemplated by the 
definition, and upon which our reasonings are founded — ^the friction 
against the sides of the vessel— the resistance of the air — the siae 
of the vessel in proportion to the aperture — the shape of the aperture 
itself — the diflerept directions in which the various parts or JUamenti 
(as they are called) of the fluid run towards the aperture— and the 
vortices, or irregular motidhs which are communicated to the fluid 
by a variety of causes, even by an obstacle to the stream at some 
distance from the aperture.f 

416. The manner in which vessels of water discharge themselves 
through small orifices in the bottom or sides of the vessels, has been 
carefully observed by introducing into a column of water contained 
in a glass vessel, small solid particles, which render the currents of 



« Ed. Encyc, Art. Bj^drodfnamics. f Cavallo, I. iff!. 
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the fluid visible. From such obserrations it appears, that the parti- 
cles of fluid descend in rertical lines, until they arrive within three 
or four inches of the oriflce, when they gradually turn into a' direc- 
tion more or less oblique, and make directly for the orifice. When 
the surfiu:e of the descending column comes very near to the orifice, 
a funnel-shaped hollow or cavity makes its appearancei and the va- 
rious particles which rush towards the orificCi converge to a point 
without the orifice, at the dutanee of the eemi-diameter of the orifice 
itself where is the pomt of greatest contraction, called the vena con- 
traeia. 

From the great number of propositions which contain the doctrine 
of Hydraulics, we shall select those which appear to be most valua- 
ble on account of their practical utility, adding such remarics as will 
serve to show the modifications to which they are subject in practice. 

417. If a fluid runs through any tube, pipe, or canal, and Jceeps 
it constantly jvU, its velocity in any part of its course, UfiU be in- 

VSRSKLT AS THE ARKA OF THE SECTION at that part. 

Let A and a be the areas of two cross sections of a tube of une- 
qual bore, and let V and v denote the velocities of the fluid as it 
flows through A and a respectively. Now the quantity of fluid 
which passes through any section, must depend upon the area and 
velocity conjointly ; and since the tube is, by the supposition, kept 
constantly full, the same quantity, runs through every section of the 
tube in any given time. Hence AxV^aXo •-. A : a::« : V ; 
that is, the velocity is inversely as the area of the section. 

If follows from the foregoing proposition, that the velocity of a 
stream increases as either the breadth or the depth decreases. In 
a tube, the parts near the axis move with greater velocity than near 
the sides ; and in every canal or river, the velocity of the stream is 
greater in the central parts, or channel, than at the sides, and greater 
at the surface than at the bottom. The mean velocity, therefore, is 
to be inferred from the combination of at least three dfstinct meas- 
urements. For example, the velocity of a stream was found to be 

On the surface of the channel, - - 5 miles per hour. 
At the bottom, ♦ • - . - 3 " " 
At the sides, 8^ " " 



826 HTDBAULICS. 

5+3+3.5 11.5 ^^ .. 
Therefore, the mean velocity =5 — g «-g- =3.83 nules pei 

hour- 
It is important to avdd all unnecessary expansions as well as 
contractions, in pipes or canals, since there is always a useless ex- 
penditure of force in restoring the velodty which is lost in the wider 
parts.* 

418. To find the qum^ of water which flows in a river, we 
may first ascertain the area of a section by taking the depth in 
various parts of the section, and dividing the sum of all the depths 
by the number of measurements, which gives us the maoii depth. 
Thb multiplied into the breadth of the stream, gives the area of 
the sectbn, which multiplied into the average velocity, (Art. 417.) 
shows the quantity required. 

Ecample. — ^Wishing to know tbe quantity of water that discharged 
itself per minute through a certain strait, I chose a place below the 
strait where the water flowed at a nearly uniform rate, where, by 
noting the time occupied by light substances in floating through 
various parts of the stream, for a given distance, I found the average 
velocity to be 96 feet per minute. The mean depth of a section 
was 8} feet, and the breadth, 560 feet. Hence, 

81 X 560 X 96 =456960 cubic feet per minute. 

419. The phenomena of Rivers have sometimes been explained 
on the supposition that rivers are bodies falling freely down inclined 
planes. But the conclusions deduced from this doctrine, are so at 
variance with experience, as to be of no value.f Were every part 
of the bed of a river uniform, like a tube, tbe channel or poruon 
which moves with tbe greatest velocity, would be in the center of 
the surface ; but inequalities in tbe sides and bottom usually throw it 
out of the center, and incline it to one side or the other. The in- 
creased velocity of a stream during a freshet, while the stream is 
confined within its banks, exhibits something of the acceleration 
which belongs to bodies falling freely down an inclined plane. It 



« YoDog's Lectures on Nat. Phil. I. 283. 

t See Robison's Mech. Phil, or Encyc. Brit., Art. THieary qf Bivtrs. 
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presents the case of a river flo\ving upon the top of another river, 
and consequently meeting with much less resistance than when it 
runs upon the rough unequal surface of the earth itself. The aug- 
mented force of a stream in a freshet, arises from the simultaneous 
increase of the quantity of water and the velocity. In consequence 
of the friction of the banks and beds of rivers, and the numerous 
obstacles they meet with in their winding course, their progress is 
very slow, whereas, were it not for these impediments, it would be- 
come immensely great, and its eSocts would be exceedingly disas- 
trous. A very slight declivity is sufficient for giving; the running 
motion to water. Three inches per mile, in a smooth, straight chan- 
nel, gives a velocity of about three miles per hour. The Ganges, 
which gathers the waters of the Himalaya Mountains, the loftiest m 
the world,.at the distance of eighteen hundred miles from its mouth, 
is only eight hundred feet above the level of the sea,— that is, about 
twice the height of St. Paul's church in London ; and to fall these 
eight hundred feet, in its long course, the water requires more than 
a month. The great river Magdalena, in South America, running 
for a thousand miles between two ridges of the Andes, fiiUs only five 
hundred feet in all )hat distance.* 

The motion of rivers soon becomes uniform, even in very great 
inclinations, the sum of the resistances forming an equilibrium with 
the acceleration produced by the descent on an inclined plane. The 
smallest inclination capable of giving motion to water is a descent 
of one foot in a million ; or about ^^jth of an inch per mile. A fall 
of 3 feet per mile^ makes a mountain torrent^ 

420. The velocity mih which a fluid issues from a smaU orifice 
in the bottom or side qf a vessel^ kepi constantly full, varies as the 
SQUARE ROOT OF THE DEPTH bdow the surfacc of the fbiid. 

The pressure at different depths varies as the depth, (Art. 385 ); 
also the momentum is as the force impressed, and likewise therefore 
as the depth. Hence, let Q, Q^, denote the quantities of fluid dis- 
charged at each orifice respectively ; V, V^, the corresponding ve- 
locities, and AB, AC, the depths. Then, since the momentum is 

asQxV, 

QxV:Q'xV'::AB: AC. 



♦ ArnQlt's El. Phys. 1. 260. t Rennie, Reports of Brit. Assoc. 1834. 
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But, through a given orifice, the quantitj of fluid discharged 
deotl/ varies as the velocity, or Q oc V ; hence, 

V«:V'«:: AB: AC, or 

V :V' :VAB;^/AC- 
It appears therefore, that the fluid issues with the velocity wbicfa 
a body would acquire by ialling freely iirom the surface of the fluid 
to the orifice, for that is also as the square root of the space. (Ait* 
29.) And since a body when projected upwards with a certain ve- 
locity, will rise to the same height as that from which it must have 
Alien to acquire that velocity, consequently, if a fluid issue firom 
the side of a vessel through a spout bent upwards, it would, were 
it not for the resbtance of the air, and friction at the orifice, rise to 
the level of the fluid in the reservoir. 

It folbws from the foregoing proposition, that an orifice sixteen 
inches from the surface will discharge twice as much fluid in a given 
time as one at the depth of four inches ; and tbb is conformable to 
the law that the pressure varies as the depth ; for since twice the 
quantity flows with twice the velocity, of course the pressure or mo- 
mentum is four times as great at the depth of sixteen, as at that of 
four inches. In order, therefore, to draw off from a cistern four 
times as much water as before, we must place the gate sixteen times 
as deep. A gate opened in a reservoir at the depth of sixty four 
inches, will discharge only four times as much as at the depth of 
four inches. 

421 . In the construction of water works it is eustomaiy to conduct 
the stream, or such a part of it as is required, into a cubical cbtem, 
and to let it issue from the side of this, near to the bottom, and thus 
fall upon the main wheel. Instead of admitting the water to the 
wheel in this manner, it has sometimes been supposed that an ad- 
vantage might be gained by letting the water fall down a height 
equal to that of the top of the cistern, perpendicularly upon the 
wheel, on the supposition that we might thus avail ourselves of the 
force acquired by the water in falling. But according to the prece- 
ding proposition, the force would be the same whether the water is- 
sued from the cistern and thus applied itself to the wheel, or whether 
it fell upon the wheel from a height equal to that of the surface of 
the water in the reservoir above the orifice. This is true in theory ; 
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but in practice it would be found more advantageous to take the 
water out of the cistern, since the force of water falling through the 
air is considerably diminished by tbe resistance of the air. 

48S. If a cylindrical or prismatic vessel j of which the horizontal 
section is every where the same, is filled with fluid, and empties itself 
by an orifice, the velocity with which the surface descends^ and also 
the velocity unth which the water issues, is uniformly retarded. 

The velocity with which the surface descends is proportional to 
that with which the fluid issues from the orifice, and therefore is as 
the square root of the depth. (Art. 420.) But the velocities of 
bodies projected perpendicularly upwards are in the same ratio to 
their spaces, (Art. 30.) and therefore a body projected perpendic- 
ularly upwards is in tbe^ame relative circumstances as the descend- 
ing surface of the fluid ; and as the projected body is uniformly re- 
tarded, the same is true of the descending surface. 

On thb principle is constructed the Clepsydra, or water-clock. 
Since the descent of the surface is uniformly retarded, the spaces 
which it describes in equal times, reckoning from the bottom, are as 
the odd numbers, 1, 3, 5, 7, be. ; and if a cylindrical vessel of water 
be furnished with an orifice at the bottom which will exactly dis- 
charge the whole column in twelve hours, and the sides of the vessel 
be divided into spaces corresponding to the foregoing numbers, the 
successive heights of the column become measures of time. 

423. Jff* we accurately mark the time in which a cylindrical or 
prismatic vessel, whose horizontal section is every where the same, 
discharges itself to the level of a given orifice, and then draw off 
for the same time keeping the vessel constantly full, we shall obtain 
double the quantity of fluid in the latter case as in the former. 

When the vessel is kept constantly full, tbe velocity at the orifice 
(and of course the quantity discharged) continues uniformly the same 
as at first ; and since the circumstances of this case are exactly analo- 
gous to those of a body projected perpendicularly upwards ; and since 
if a body thus projected were to continue to ascend with the first ve- 
locity, it would pass over a space twice as great in the same time as 
when uniformly retarded ; therefore, the truth of the proposition 
is mainfest. 

Vol. I.— N. P. 42 



HTDKinUCI. 



424. A fiuid tpouling from the n4* tf e vettel, deaeribea Uke 
emrve of a parabola. 

The fluid is pre^sely in the same circamsUncea ss i pnjectile 
acted on by ibe Torce of projection (viz. tfae pressure of the incum- 
bont fluid) mnd by the force of gnvity. Therefore, ■ccordiag to 
An. 48, it describes ibe carve of a parab<rfa. As io the ease of otbar 
projectiles, tbe proposition holds good, whatever tnay be the aogte of 
elevalicn of the jet. 

435. Jf a KRi-ctrc& be drteriied on the perpendiaitar litU of m 
mffd, 01 a dioMeter, and a fiaid ipotU horixoniaUy from aay ptiat 
ut the diawuttr, iU niiufosi wtU equal tuna the leagtk of tke ordmfe 
to thai point, 

Tfae velocity with which the fluid isaaes from the vesel, being 

that which is due to tbe beigbt BG, (Fig. 161 .) is such as if pcessrred 

would carry the jet through a apace equal to 9BG, io tbe tinw of 

Fig. 181. . 



the fall through BG ; but after leiviDg the oriGce, tt arrives at the 
horizoDial plane ia the same time as that in which a body would (all 
freely through GD. And since, in falling bodies, tbe times aie 
as tbe square roots of the spaces, (Art. 39.) theiefbre, -/BG ; 
■^GDl'.lBG ; (GD,* that is, the time employed in reaohiog the 
place-t But in tbe time of describing BG, the jet would be carried 
uniformly and horizontally orer a space equal to 2BG ; iberefore, 
to find how far it will proceed in a horiwntal direction while it b 
descending through GD, we have 

■ I aignifies Ihe lime of r&lliog ilown the spaces BQ and GD. 

t For Ihe jel will reach the plane in the cnrve, acted on by Ihe Iwo forces of 
projeclion and gravity, in tbe Mue tine in which it wonM dttetai Anagh the 
perpen die alar heigbt, arged by gravity alone. 
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v^BG : v^GD::2BG : DE= -^^ =2v/(BGxGD} = 

SGH, that IS, doyble the (Nrdim^te to the point G. 

The greatest random will be when the fluid spoats rrom the center, 
fcr then the ordinate (and of cotnse twice the ordinate) b greatest ; 
and the randoms will be equal at equal distances above and below 
the center, for at these points the ordinates are equal. 

426. The term Friction is applied to the obstruction occasioned 
to the passage of fluids in the same manner as it is to solids ; and it 
exists to such an extent as to become an object of considerable incon- 
venience in practice. It can be obviated only by making the con- 
veying pipe of much larger dimensions than would otherwise be 
necessary, so as to allow the free passage of a sufficient quantity of 
fluid through the center of the pipe, while a ring or hollow cylinder 
of water is considered to be at rest all around it. Other circum- 
stances beside friction likewise tend to diminish the quantity of fluid 
which would otherwise pass through pipes, — such as the existence 
of sharp or right-angled turns in them, permitting eddies or currents 
to be formed, or not providing for the eddies or currents that form 
naturally, by suiting the shape of the pipe to them. It follows, 
therefore, that whenever a bend or turn is necessary in a water-pipe, 
it should be made in as gradual a curve or sweep as possible ; that 
the pipe should not only be sufficiently capacious to aflbrd the ncr 
cessary supply, but should be of a uniform bore throughout, and free 
from all projections or irregularities against which water can strike, 
and form eddies or reverberations, since these will impede the pro- 
gress of the fluid as efllectually as the most solid obstacles. 

427. An unexpected facility is gained in the discharge of a fluid 
from the bottom or side of a vessel, by applying a pipe to the orifice. 
On Recount of the friction known to occur in the passage of a fluid 
through a tube, it might be supposed that a simple orifice made in the 
vessel might be more favorable to the discharge of the fluid than an 
opening prolonged by a tube; but it has been found by experiment, 
that a vessel of tin, with a smooth hole formed in its bottom, did not 
discharge water as rapidly as another containing the same weight of 
water, and an orifice of the same dimensions, to which a short pipe 
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was applied. B/ varying the length of thai pi pe, it is found that 
when its length is twice its diai;netery it produces the most rapid dis- 
cbarge, delivering in this case 82 quarts of water in 100 seconds, 
while the simple bole delivered but 62 quarts in the same time. If, 
however, the pipe projects into the vessd, the quantity discbaiged 
is diminished instead of being increased by the pipe,* 

42S. When water is conveyed through a straight cylindrical pipe 
of any length, the discharge of water may be increased by only alter- 
ing the shape of the terminations of that pipe, viz. by making the 
end of the pipe which is close to the reservoir, or the entrance to it, 
of the conical shape of the vena contracta, (Art. 416,) and by ma- 
king the other extremity of the pipe, where the water issues, of a 
trumpet shape.f By this means, the quantity of water wfaicb is dis- 
charged in a given time, is more than doubled.:}^ 

WATER WHEELS. 

429. Three kinds of water wheels are employed under di£krent 
circumstances, namely, the overshot^ the vndershot, and the breast 
wheeL 

The overshot wheel is used when the supply of water is scanty, 
since this construction admits of a more economical use of the water 
than either of the others. Figure 182, represents a section of an 
overshot wheel at right angles to the axis. Its diameter is usually 
nearly equal to the whole fall of the water* It is placed under the 
head of water in such a way as to receive its whole force into buck- 
ets, connected with the rim of the wheel. These buckets are made 
of such a shape as to retain as much of the water as possible until 
they reach the lowest point of the wheel, but none at all after pass- 
ing that point. By this means the weight of the water in the buckets 
is made to exert as much weight as possible on one side of the wheel, 
thus causing it to descend, while they oppose little resistance to the 

• Ed. Encyc. Art. Hydrodynamics. — Millington's Epitome of NaL Phil. 181. 

t Experience shows that the divergency of this termination mast not exceed a 
certain degree, for in that case it will prove rather'^disadva&tageoas thaxLOsefuL 
It appears that when the divergency is greater than an angle of 16 degrees, tlie 
effect ceases entirely ; and that the greatest quantity of flaid is discharged, when 
the divergency is eqnal to an angle of aboat 3 degrees. — Cavaiio, 

t Cavallo, 1. 876. 
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ucflDt of the opponte aide of the wheel. Let ua trace the efiect 
of a single bucket \a its reTolution. Were it to receive the water 
directly oa the top at H, the only effect would be lo cause an ia- 
creased pressure oo tbe axis of the wheel, while it would not con- 
Fig. 189. 



tribute to turn the wheel ; and, indeed, within a eertain distance 
fixuB H towards a, tbe weight of (he water increases the resistance 
from friction on the axle more than its force tends to turn the wheel. 
It is evident, therefore, that (be water must begin to fait on tbe 
wheel so far towards the side, that its leverage, measured from O 
on the line OF, may enable it to overcome tbe friction and all other 
impediments. As the wheels revolve, the weight of the water acts 
with a constantly increasing leverage, until, at F it acts with its great- 
est force. From this point, the force declines from two causes, 
namely, tbe loss of water from the buckets as their position is grad- 
ually reversed, and tbe diminution of tbe leverage or efiective dis- 
tance fixtm O on tbe Kne OF, until, before it reaches the lowest 
point L, it may again slightly act as an impediment by increasing, 
from its weight, the friction on the axle more than it contributes to 
turning the wheel. 

430. There is a certain velocity with which an overshot wheel 
should move in order to produce the greatest effect. If, on tbe one 
hand, the wheel is loaded so heavily that the weight of water is in- 
sufficient to move it, then of course the effect is nothing; and if, on 
the other hand, tbe velocity of the wheel were to equal that with 
which water would iall freely, then its pressure on the buckets would 
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become notbiog sod its moving power nothiog. The best relo^tj 
that ean be given to an overshot wheel is found to be tbree ket 
per second. 

«g. 183. 



431. The vndenhot wheel (Fig. 183.) is carried, sot by the 
weight of the water simply, (as is the case in the ovenbot wheel,} 
but by the momentum or force of running water. Instead of ckee 
buckets for holding water, it is furnished with float boardg, which 
receive (he impulse of the stream. When these are placed, as in 
the figure, with their planes at right angles to the rim of tba wheel, 
the latter may turn either way ; and this, therefore, is the form of 
wheels employed in tide mills. When the wheel is required to turn 
only in one direction, an advantage is gained by pbcing the Boat 
boards so as to present an acute angle towards the current, by which 
means, (he water acts partly by its weight, as in the overshot wheel. 
The undershot wheel is adapted to situations where the supply of 
water is always abundant. It acts, moreover, with the greatest 
efieci, when its velocity is half that of the stream. 

Fig. tU. 



433. The breatt whed (Fig. 164.) combines tbe advantages of 
both (be others, and is therefore adapted to situaiiooa where tbe 
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supply of water is generally sufficient) but not always abundant. 
The planes of the float boards are at right angles to the rim of the 
wheel, and are brought so near to the mill course that the float 
boards bold water like buckets. 

According to Smeatoui the efiect of overshot wheels, under the 
same circumstances of quantity and fall, is, at a medium, double 
that of an andecsbot wheel. 



CHAPTER III. 

OP CAPILLARY ATTRACTION, RESISTANCE OP FLUIDS, AND 

WAVES. 

433. The definition of a fluid, (Art. 376.) proceeds on the sup* 
position that fluids are destitute of cohesion, and that their particles 
move among themseWes without the slightest impediment. All /i- 
jnifcb, however, have in fact more or less cohesion or mutual attrac- 
tion among tfaeir particles. This is apparent in their forming drops, 
and in the viscidity of certain liquids, as oil and tar, which on account 
of this property are sometimes denominated semi-fiuiels. It is owing 
to this property that water so readily forms itself into drops, and that 
its surface when viewed in a small cup or wine glass, appears con- 
Vex. Both of these properties are still more observable in quick- 
silver, wbksb when poured on a table, forms numerous globules of a 
perfectly spherical figure ; and the convex figure of the surface, as 
seen in a wine glass, is very striking. When we dip a glass tube 
into water, it comes out covered with drops of the fluid, which are 
held by the attraction of the glass for water; but the tube when dip- 
ped into quiefcnlver comes out dry, because the cohesion between 
the partkles of quicksilver for one another is greater, than the mutual 
attraction that exists between the metal and the glass. Hence, a 
solid body when immersed in a fluid, is sometimes wet by it and 
sometimes not, according as the attraction between the solid and the 
fluid is greater or less than that which exists between the particles 
of the fluid for one another. 
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434. If a disk or thin plate of almost any sbltd substance, as of 
glass or metal, be suspended from the arm of a balance and coon- 
terpoised, upon bringing it into contact with the surface of a fluid 
capable of wetting it, it will adhere with a considerable force, the 
amount of which will be indicated by the weights required to be ad- 
ded to the opposite scale, in order to detach it. This experiment 
shows that a lamina of water is held to a contiguous lamina by a 
strong force, and hence when a cause operates upon the surface of 
a fluid to draw up the lamina, a column of fluid may rise along with 
it, in consequence of the mutual cohesion of the successive lamime* 
We see the same principle strikingly exemplified in viscid fluids, as 
tar, where, on drawing up a small portion of the surfiice, a colunm 
of the fluid follows it. The foregoing fact will lead us to an under- 
standing of the causes of capillary attraction. 

435. Capillabt Attraction if the aitracti&n which cautes the 
aiceni offtuidi in tnudl tubes. 

The tubes must be less than one tenth of an inch in diameter, and 
tubes whose bores are no larger than a hair, {eapittuSf} present the 
phenomenon the most strikingly. But though the rise of water 
above its natural level is most manifest in small tubes, it appears, in 
a degree, in all vessels whatsoever, by a ring of water formed around 
the sides with a concavity upwards.* 

436. The following are the leading facts respecting cafNllary at* 
traction. 

1. When snuM tubes , open at both endsj are immersed perpend 
Ocularly in any liquid, the liquid rises in them to a height uMch is 
inversely as the diameter of the bore. Though tubes of glass are 
usually employed in experiments on this subject, yet tubes made of 
any other material, exhibit the same property. Nor does the thick* 
ness of the solid part of the tube, or its quantity of matter, make the 
least difference, the eflect depending solely on the attraction of the 
suiface, and consequently extending only to a very small distance* 

S. Different fluids are raised to uneqwd heights by the safsie tube. 
Thus, according to Gay Lussac, a tube which will raise water S3 
inches will raise alcohol only 9 inches. 



♦ Plsyfatr, OuUines, 1. 177. 
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3. A tube fl^ of an inch in diameter rabes water 5.3 inches ; 
and, since the height is reciprocally as the diameter, the product of 
the diameter into the height is a corutant ^antity^ namely, the 
•0S3tb part of an inch square** 

4. Fluids rise in a simUar manner between plates ofglassy metal^ 
tfc placed perpendicularly in the fluids and near to one another. 
If the plates are parallel, the height to which a fl^id will rise is in- 
verseltf as the distance between the plates; and the whole ascent is 
just half that which takes place in a tube of the same diameter. If 
the plates be placed edge to edge, so as to form an angle, and they' 
be immersed ia water, with the line of their intersection vertical, the 
water will ascend between them in a curve having its vertex at the 
angle of intersection. This curve is found to have the properties of 
the hyperbola. 

5. If a capillary glass tube be immersed in mercury, the mercury 
instead of risings sinks to a lower level within than without ^ and its 
surface is convex instead of concave. 

6. Tubes which are wider at bottom than at top, elevate fluids to 
the same height as though the bore were throughout only equal to that 
of the smaller part. As this experiment does not succeed in vacuo, 
when the wider end is immersed, the column, in this case, is sup- 
ported by the pressure of the atmosphere.f 

437. Such are the leading facts ascertained respecting capillary 
attraction. Various explanations of them have been attempted, but 
that of La Place is most generally received. According to this high 
authority, the action of the sides of the tube draws up the film of 
fluid nearest to it, and that film draws along with it the film immedi- 
ately below it, and so each film drags along with it the next below, 
until the weight of the volume of fluid raised exactly balances all the 
forces which act upon it. The fact that the elevation of the water 
between the parallel plates, is exactly Aa^fthat in a tube of the same 
diameter, clearly indicates that the force resides in the surrounding 
body ; and the additional fact that the thickness or quantity of that 
body makes no difference, proves that the force resides in the sur- 
face, and that the action extends only to a very small distance. The 



• Playfeir, Outlines, L 177. t Biot. 
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coDcave surface exhibited by water and all fluids capable of wetliog 
the tube (where, of course, the aitractbn between tbe fluid and the 
tube, is greater than between tbe particles of the fluid amoDg tbem* 
selves,) still farther indicates a force acting in tbe directioo of the 
surface of tbe tube, while the convex surface and depiessbn of mer- 
cury^ are such effects as might be anticipated firoro tbe cohesion of 
its parts, which greatly exceeds its attraction for glass and other 
substances. 

438. Various Phenomena in nature and art are explained upon tbe 
principles of capillary attraction. Capillary action is not confined to 
tubes, but is exerted among all substances which are perforated by 
pores, or subdivided by fissures or interstices. On this power de- 
pend chiefly tbe functions of tbe excretory vascular systeoi in plants 
and animals, and hence also the ascent of humidity dirough tbe 
shivered fragments of rocks, unglazed pottery, gravel, earth and sand* 
Thus if the pores of the human skin (which are known to be ex- 
ceedingly small) are estimated at the jj\j part of an inch in diame* 
ter, they will support the fluids that circulate through them to tbe 
height of 120 inches, or ten feet, or higher than b required for the 
animal system.* The ascent of tbe sap in trees has usually been 
ascribed to capillary attraction, their circulating vesselsbeing a con- 
geries of small tubes ; but physiologists now maintain that this ac- 
tion is dependent not on the mechanical structure, but upon some- 
thing which they denominate the living principle of vegetables. 

439. According to Professor Leslie, if a soil of gravel contains 
pores 100th part of an inch in diameter, water will ascend in it by 
capillary action more than four inches ; and supposing the particles 
of coarse sand to have interstices of the 500th part of an inch, tbe 
water would rise through a bed of sixteen inches ; and if the pores 
were diminished to the 10,000 part of an inch, water would rise 
twenty five and a half feet. Hence, in agriculture, are derived tbe 
advantages of deep and perfect tillage ; since, tbe more effectually 
a soil is pulverized, the better fitted it is to raise and retain water 
near the surface. 

♦ Leslie, Elcm. Nat. Phil. Vol. L 
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^ 440. Several familiar examples of capillary attraction may be 
added* A piece of sponge, or a lump of sugar, touching water by 
its lowest corner, soon becomes moistened throughout. The wick 
of a lamp lifts the oil to supply the flame, to the height of several 
inches. A capillary glass tube, bent in the form of a syphon, and 
having its shorter end inserted into a vessel of water, will 611 itself 
and deliver over the water in drops. A lock of thread or of candle 
wick, inserted in a vessel of water in a similar manner, with one end 
hanging over the vessel, will exhibit the same result An immense 
weight or mass may be raised through a small space, by first stretch* 
ing a dry rope between it and a support, and then wetting the rope."*^ 

RESISTANCE OF FLUIDS. 

441. The Resistance to a body moving in a fluid, arises from the 
inertia, from the cohesion, and from the friction of the fluid, admit- 
ting the particles to be in contact. The influence of this last cause, 
granting it to exist, is probably very small ; and the second is in 
most fluids inconsiderable, when compared with the inertia. The 
resistance, therefore, which we shall here consider, is that which 
arises from the Inertia of the fluid. f 

442. Tht resistance tohich a plane surface meets with tokile it 
moves in ajluid^ in a direction perpendicular to its plane, is propor^ 
tioned to the square of its velocity. 

Whatever motion or momentum is imparted to the fluid, exactly 
the same amount is extinguished in the moving body, constituting 
the resistance (R). But the momentum is proportioned to the quan- 
tity of matter and velocity conjointly ; or MocQxV. Again, in 
the present case, the quantity of fluid displaced must evidently be 
proportioned to the velocity of the moving body ; that is, Q Qc V. 
Therefore, M or R oc V^ 

This proposition is found to hold good in practice, where the ve- 
locity is very small, as the motions of boats or vessels in water ; but 
when the velocity becomes very great, as that of a cannon ball, the 
resistance increases in a much higher ratio than as the square of the 

* Arnott's El. Phys. L 19.— Robison's Moch. Phil. t Yince's Hydrostatics. 
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▼elocity. (See Art. 357.) Since actioo and reaction are equal, it 
makes no difference, in the foregoing proposition, whether we cod- 
sider the plane in motion and the fluid at rest, or the fluid in motioD 
and striking against the plane at rest. 

443. On account of the rapidity with which the resistance in- 
creases as the velocity is augmented, when a vessel or a steamboat 
is moving in water, it is only a comparatively moderate velocity that 
can possibly be given to it. A vessel driven by a wind which moves 
60 miles an hour, is not carried forward faster than at the rate of 12 
or 14 miles per hour. Steamboats are sometimes urged forward at 
the rate of 16 miles an hour; but to gain the additional speed over 
and above 1 2 miles, requires a great expenditure of force. If a steam 
engine of 20 horse power give a motion of 4 miles an hour, it would 
require one of 180 horse power to increase the speed to 12 miles an 
hour. But, it must be observed that the resistance decreases as fast 
when the velocity is diminished, as it increases when the velocity is 
augmented ; and consequently, that canals may have the advantage 
over railways, when heavy articles are to be transported by very 
slow motions, although railways, encountering only the resistance of 
the air instead of water, have greatly the advantage when the mo- 
tion is swift.* 

Reckoning the resistance to increase only as the square of the 
velocity, it follows that twice the speed encounters four times the 
resistance ; four times the speed, sixteen times ; and ten times the 
speed, one hundred times the resistance. Hence a body descending 
freely through the air by gravity, for a great distance, does not con- 
tinue to be accelerated throughout the whole distance, but is finally 
brought, by the resistance of the air, to a uniform motion. 

Notwithstanding the difficulties attending the mathematical theory 
of Hydraulics, so much has already been done by the assistance of 
practical investigations, that we may in general, by comparing the 
results of former experiments with our calculations, predict the eSect 
of any proposed arrangement, without an error of more than one 
fifth, or perhaps one tenth, of the whole, — a degree of accuracy folly 
sufficient for practice.f 

♦ See Leslie, Nat. Pbil. I, 443. t Dr. Young's Lccinres on Nat. Phil. 1. 3T7. 
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Formation of Wave$. 

444. When the surface of water is pressed upon unequally^ ia 
parts contiguous to one another, the columns most pressed are short- 
ened, and sink beneath the natural level of the surface, while those 
that are least pressed are lengthened, and rise above that level. As 
soon as the former columns have sunk to a certain depth, and the 
latter have risen to a certain height, their motions are reversed, and 
continue so, until the columns that were at first most depressed have 
become most elevated, and those that were most elevated have be- 
come most depressed.* 

445. * The alternate elevationt and depressions of the surface of a 
body of water f produced by a force acting unequatty on the surface, 
are called waves* 

The water tn the formation of waves has a vibratory or recipro- 
cating motion, both in a horizontal and in a vertical direction, by 
which it passes from the columns that are shortened to those that are 
lengthened, and returns again in the opposite direction. Progress 
site motion is not necessary to undulatioo.f 

446. Sir Isaac Newton first observed the analogy between the mo- 
tions of waves and the vibrations of a column of water in a recurved 
tube, and upon thb analogy he founded his theory of waves. Let 
AFGB (Fig. 165.) be a bent tube, of equal bore throughout, hav- 

Fig. I8&. 




ing its sides parallel to each other and perpendicular to the horizon. 
Suppose it to be filled with water or any fluid to the height MM'. 
By any pressure applied at M^ let the column be depressed to N' 



• Playfair's OaUines, I. S08. - t Playfair. 
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aod ratted to E in the opposite arm. The pressure being removed, 
the longer column EF will preponderate and seek to regain its ori- 
ginal level, but the ascending column will not stop at M', but on 
account of its inertia, will ascend to E', that is, to the same 
height as that from which it descended on the other side. It will 
now descend again, and these reciprocal motions will continue until 
destroyed by the natural impediments to motion. On account of 
these, each successive vibration is shorter than the preceding, but all 
of them, like those of a pendulum, are performed in equal times ; 
for the moving force is obviously proportioned to the column EH, 
that is, to the space through which the whole column vibrates ; and 
when the forces are as the spaces, the times are equal. 

447. Now when the surface of water is smooth and at rest, if aDj 
.force (as the action of the wind or the fall of a stone) depress that 
surface in any particular place, the contiguous water will necessarily 
rise all around that place. The water which has thus been elevated^ 
descends soon after in consequence of its gravity ; and by the time 
it has reached the original level, it will have acquired velocity suffi- 
cient to carry it lower than that level ; therefore, it now acts as an- 
other original moving force, in consequence of which, the water will 
be raised on both sides of it. And for the same reason, the descent 
of those elevated parts will produce other elevations contiguous to 
them, and so on. Thus the alternate rising and falling of the water 
in ridges, will expand all around the original place of motion ; but 
as they recede from that place, so the ridges, as well as the adjoin- 
ing hollows, grow smaller and smaller until they vanish. This dimi- 
nution of size is produced by three causes, namely, by the want of 
perfect freedom of motion amongst the particles of water, by the re- 
sistance of the air, and by the remoter ridges being laiger in diame- 
ther than those which are nearer. 

448. From a variety of experiments and observations, it appears 
that the utmost force of the wind cannot penetrate a great way into 
the water ; and that even in violent storms the water of the sea n 
slightly agitated at the depth of twenty feet below the usual level, and 
probably not moved at all at the depth of thirty feet."* Therefore, 

* Boyle's Works, Vol. III. in Cavallo, 1. 960. 
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the actual displacing of the water by the wind cannot be supposed to 
reach nearly so low ; and hence it would seem that the greatest waves 
could not be so very high as they are often represented by navigators. 
But it must be observed that in storms waves increase to an enor- 
mous size from the accumulation of waves upon waves ; for, as the 
wind is continually blowiog, its action will raise a wave upon another 
wave, and a third wave upon a second, in the same manner as it raises 
a wave upon the flat surface of the water. In fact, at sea, a variety 
of waves of difierent sizes are frequently seen one upon the other, 
especially while the wind is actually blowing. When it blows fresh, 
the tops of the waves, being lighter and thinner than the other parts, 
are impelled forward, broken, and turned into a white foam, particles 
of which, called ipray, are carried to a great distance.* 

449. Whilst the depth of the water is sufficient to allow the oscil* 
lation to proceed undisturbed, the waves have no progressive motion, 
and are kept, each in its place, by the action of the waves that sur- 
round it. But if, by a rock rising near to the surface, or by the 
shelving of the shore, the oscillation is prevented, or much retarded, 
the waves in the deep water are not balanced by those in the shal- 
lower, and therefore acquire a progressive motion in this last direc- 
tion, and form breakers. Hence it is that waves always break against 
the shore, whatever be the direction of the wind. Breakers formed 
over a great extent of shore, are distinguished by the name of suff. 
The surf is greatest in those parts of the earth where the wind blows 
always nearly in the same direction.f 

♦ Cayallo. t Playfair. 
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niustrations of Guldinus^s Properties of the Center of Oravity. 
(Vol. I. p. 223.) 

In any figure^ the first property holds good when applied to any 
one of the bounding lines, or to any number, or to the whole. 

Fint. — Let ABC (Fig. 186.) be a tria.ngle, forming a cone by 
its revolution on the line AB. 

1. For the line AC. 

Bisect AC in E, its center of gravity, and draw DE parallel to 
BC. Then in the revolution of the triangle, AC will describe the 
convex surface of the cone, and E will 'describe a circle whose ra- 
dius is DE, and circumference (the path described by the center of 
gravity of AC) =2^DE=7iBC .'. 

27rDEx AC=7rBC X AC= convex surface of the cone. 

2. For the line BC. 

Bisect BC in F, which is its center of gravity. In the revolution 
of the triangle, BC will describe the circular base of the cone, and 
the point F will describe the circumference of a circle, which 
equals 2nBF=:nBC .'. 

27iBF X BC =^BC * = surface of the bast. 

3. For the two lines AC and BC. 

Since AC and BC may be considered as collected in the points 
£ and F respectively, their common center of gravity is in the line 
£F. Let it be at G, and draw KG parallel to BC. Then the cir- 
cumference described by G=2»KG'=yrBC .•. 
S7rKG(AC+BC)=^BC(AC+BC) =nBC x AC+^BC« = con- 
vex surface and base. 

4. For the three sides AB, BC, AC. 

Since G is the common center of gravity of AC and BC, and D 
that of AB, the common center of gravity of the three lines is in 
D6. Let it be at G", and through G^ draw HG'I parallel to BC. 

Vol. I.— N. p. 44 
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Then the path of the center of gravity will be the circumference of 

the circle whose radius is HG^. 

Put a=*iAC, 6=iBC, c={AB. Theo 

a+b : c: :D& : G'G: :HG' : G'l. .-. 

be 
a+b+c : c: :HG'+Ga(6) : Ga=^^^:^ .-. 

be ab+b* /ab+b^\ 

cir. HG'x2(a + 6+c)=4^a4+4^6«=?iBCxAC+^BC«= both 
Mwfaces as before. 



Fig. 186. 
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Secondly. — Let ABCD, (Fig. 187.) be a parallelogram, ibnii* 
ing a cylinder by its revolution on AB. 

1. For the line DC. 

Bisect DC in E, and draw FE parallel to BC. Then £ is the 
center of gravity which, in its revolution, describes the circle of wbicb 
FE (=BC) is the radius. Therefore, 

cir. FE X DC = cir. BC x DC = convex surface. 

2. For the line BC or AD. 

Bisect BC in H, then H is the center of gravity which describes, 
in the revolution, the circum^ence of a circle of which BH is the 
radius. Therefore, cir, BH = \ cir. BC .*. 
cir. BHxBC=i cir, BC xBC=in2BCxBC=^BC«=iM«. 

3. IV the lines BC and CD. 

Join HE, and let G be the common center of gravity of the two 
lines, and through G draw the line IGK parallel to BC. 
Put EC^fl, HC=6, then HE=: v^(a«+6»). 
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a : 6 : HG : GE, and a+b : 6: V(fl» +i«) : GE== \^ ••• 

t^ cL *' 2ab+b' . ,^ ^ (2ab+b'\ 

cfr. IGx(BC+DC)=2/r (^^^) x2(a+6) = 47r(2a6+60 = 

&ra&+47r6*a= conv^op surface and base* 

4. For <Ae three lines AD, BC and DC. 

Through E draw EF and bisect it in M, tl)en M is the common 

center of gravity of AD and BC. Since E is the center of gravity 

of DC, the common center of gravity of the three lines is in ME. 

Let it be in G'. Then, a : 26: :G'M : G'E, and 

26 > 
a+2i : 26 : G'M+G^E(6) : G'E^-^r^ .'. 

*^-^"a+26- a+2b ^ a+2b " 

aV.FG'x(AD+DC+BC)=4n^^|^x2(a+26)=87r(a6+6») 

s=: convex surface and two circular ends. 

5. For the four lines AB, BC, CD, DA. 

The common center of gravity of all these lines is at M. There- 
fore, 

dr. FM = ^ cir. BC=ctr. 6 .'• 

cir. FMx(AB+BC+CD + DA)=2;r6(4a+46)=&r(a6+6«) = 
convex surface and two circular ends as before. 

Examples of the second property in the solid cone and cylinder. 

1. For the cone. 

Ijei ABC (Fig. 188.) be a triangle. Bisect AB in H, join CH and 

and take CG=|CET, and G is the center of gravity of tlie triangle* 

Through G draw EGF parallel to AB. Then EG=iAB .'. 

2.iEG = |7rAB. But ABxiAC=area of the triangle .'. 

^tAB^xAC 
2«EG X AB X iAC^I^AB x AB X iAC = ^ s^ solidity 

of the cone. 
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2. F^r the cylinder. 

Id 6gure 187, M is Ihe cester of gravity of the generating rectangle. 
Then PM^^BC .". 

8«FM snBC. But BC X AC = surface of the rectangle .'. 
2'FMxBCxAC=^BCxBCxAC=nBC»xAC=sf«/«fiiy of 

the cylinder. 
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